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A b s tra c t .  The main purpose o f the paper is to  generalize the notions o f the 
Kothe-Toeplitz duals and N ull duals o f sequence spaces by introducing the concepts 
o f a E F - , 0E F -, yEF-duals and N E F-duals, where E  — (En) and F  =  (Fn) are two 
partitions o f fin ite  subsets o f the positive integers. These duals are computed for the 
classical sequence spaces lx , с  and cn- The other purpose o f the paper is to  introduce 

the sequence spaces X (E ,  Д )  =  { *  =  ( i fc)  : ( E ie i3fc ՜  £ ie £ fc_ ,  x ' ) H i  6  * } '  
where .Y e  {/oo.c,co}- We investigate the topological properties o f these spaces, 
establish some inclusion relations between them, and compute the N E F -(ot N u ll) 
duals for these spaces.
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1. I n t r o d u c t io n

Let ш denote the space o f a ll real-valued sequences. Any vector subspace o f ш is 

called a sequence space. Let /,» , с and со be the spaces o f bounded, convergent and 

null sequences x  =  (a *), respectively, endowed by the norm ||я||х> =  supfc>1 |rr*.|. 

We w rite  bs and cs for the spaces o f a ll bounded and convergent series, respectively. 

Kizmaz [6] defined the difference sequence space

Х (Д ) =  {x  =  (x jt) I A x  €  X },

fo r X  €  OoojC,со}, where A x  =  (x* — xic- i ) c£Ll  and xq =  0. Observe th a t X (A ) is 

a Banach space w ith  the norm ||x||д  =  supfc>J |Xk — For a sequence space X ,  

the m atrix domain X a o f an in fin ite  m atrix A  is defined by

(11) Х а  =  {x  =  (x „ )  € ы : A x  € X ) ,

which is a sequence space. The new sequence space X \  generated by the lim ita tion  

m atrix A  from  a sequence space X  can be the extension or the contraction or the 

overlap o f the orig inal space X . A m atrix A =  {ank) is said to  be a triangle m atrix
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i f  flnfc =  0 for к  >  n and ann փ  0 for a ll n  € N. I f  A is a triangle m atrix, then one 

can easily observe tha t the sequence spaces X a and X  are linearly isomorphic, that 

is , X A 9 iX .

In  the sum m ability theory, the /З-dual o f a sequence space is very im portant 

in  connection w ith  inclusion theorems. The notion o f a dual sequence space was 

introduced by Kothe and Toeplitz |8), and was extended to vector-valued sequence 

spaces by Maddox [9]. For the sequence spaces X  and Y , the set M (X , Y ) defined by

M (X ,Y )  =  {a =  (ak) € u  : (акх к)?= 1 е У  Vx =  (x fc) € X )
4

is called the m u ltip lie r space o f X  and У .

W ith  the above notation, the a-, /3- 7  and ІѴ-duaIs o f a sequence space X , denoted 

by X a, Ճ ,Հ. X ՜1 and X N. respectively, are defined as follows:

X et= M { X , l l \  Х р =  М (Х ,сз ), X ՜1 =  M (X ,bs), X N =  M (X , со).

Let E  =  [E n) be a partition  o f fin ite  subsets o f the positive integers such that

(1.2) inaxJ5n <  ոսոՔ ՚ո+ ւ, n  =  1,2, • • • .

For X  6  { lp : Լ» , с, со} w ith  1 <  p <  oo, we define the sequence space X (E )  by

X (E ) = 1 X =  (xfc) e и  : p § ) “  И
\i€Bh )  k=1 )

The seiniuorins Щ.Щр.в on the sequence space lp(E ) (1 <  p <  do) ,  and Щ.Цос.е on the 

space X (E )  fo r X  6 {/oo>c,co} are defined by formulas:

/o o P \ i / p

E f i I , 1 <  p <  oo, Ыоо,Е =  S lip E * i
\ n « l je fc v  \ I

n>l зЩ ,

I t  is worthwhile to  note th a t in  the special case En =  { ո  : n  =  1,2, •••} ,  we have 

X  (E ) =  X .  Recently the Kothe-Toeplitz duals for these spaces were computed 

by Erfanmanesh and Foroutaunia. In  the past, several authors have studied the 

Kothe-Toeplitz duals o f sequence spaces tha t are the m atrix domains o f triangle 

matrices in  the classical spaces l.p. І ^ ,  с and Co- For instance, some m atrix domains 

o f the difference operator have been studied in |2, 3, 10, 12|. In these papers the 

m atrix  domains are obtained by triangle matrices, and heuce these spaces are normcd 

sequence spaces. For more details on the domains o f triangle matrices in  some sequence 

spaces, we refer the reader to Chapter 4 o f [1]. Note that the m atrix domains considered
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in this paper are specified by a certain non-triangle m atrix, so we should not expect 
that the related spaces are normed sequence spaces.

In this paper, the concepts o f the Kothe-Toeplitz duals and Null duals are generalized 
and the cvEF-, 3E F - , 'yEF- and NEF-duals are determined for the classical sequence 
spaces /<*,, с and Co- Also, the normed sequence space X (A )  is extended to the 
seini-normed space X (E . Д ), where X  e {/oo.c,co}. We consider some topological 

properties of this space and derive inclusion relations. Moreover, we compute the 
N EF-(or Null) duals for the space Х [Е , Д ). The obtained results are generalizations 
o f some results o f Malkowsky and Rakocevic |11| and Kizmaz |7|.

2. T h e  a E F - , 0E F -, yEF-  a n d  N E F -d u a ls  o f  s e q u e n c e  s p a c e s

In this section, we generalize the concept o f m ultiplier space to introduce new 

generalizations o f Kothe-Toeplitz duals and Null duals o f sequence spaces. Furt hermore, 
we deteriidne these duals for the sequence spaces с and со.

D e fin itio n  2.1. Let E  =  (E„) and F  =  (F „) be two partitions of finite subsets of 
the positive integers satisfying condition (1.2). For the sequence spaces X  and Y , the 
set MEA X ,  Y) defined by

Me A X , Y ) =  ja =  (ak) € u  : ( £  a,- £  Л  € Y  Vx =  (* * ) € X  1
(  ѵбРіі J

is called the generalized multiplier space of X  and Y .

W ith the above notation, the aE F -, 0E F-, yE F -  and NEF-d\i&\s o f a sequence 

space X , denoted by X ,tEF, X ,iEF, X lEF  and X NEF, respectively, are defined by

X a E F m M BF{ X ,h l  X 0EF =  MEf (X ,cs),

X ՝ EF =  MEF(X,bs), X n e f  =  M e f (X }co).

I t  should be noted that in  the special case E n =  Fn =  {n } for a ll n, we have 
ЛIe A X , Y) =  M (X, Y), and heuce

X nEF =  X n, X rtRF =  X p, X~<EF =  X՜1, X NEF =  X N.

Lemma 2.1. Let X , Y, Z  С ш and let {X s : 6 € A) be any collection of subsets of
u. Then the following statements hold:
(i) X  С  Z implies M EA Z ՝ Y ) С  M e,f(X , Y),
(it) Y С Z implies Me A X ,Y )  с  Me  A X ,  Z),
(Hi) X  С Me A M fA X ,  Y), Y),

30



(էէ») M Etr (X ,Y )  =  М е,г(Л /Гіе(М е.,г(А . Y) ,Y),Y),

( f)  M nM U stA  Xs, Y) =  Плел M bA ^ s, Y).

P roo f. The statements (i) and ( ii)  immediately follow from the definition of generalized 

m ultiplier space.

( iii)  Let .г € A . We have ( £ i6b՝fc «і E i6F* € Y  for a11 a € V )’ H1,d
consequently x  € M e A ^ f,e {X ,Y ), Y).
(iv ) By applying (it*) w ith X  replaced by M f,e (X ,Y ), we obtain

M e A X ’ Y) С  Л /£ ,И Л /^ (М £ :.И Х .У ') .1 ') .1 ') .

Conversely, due to ( iii) ,  we have X  С M f,e {M e ,f W ՝ Y)՝ Y). So, in new of part (i), 

we conclude that

M e A M f ,e {M e A X * Y ) ,Y ) ,Y )  С  M bA X ,Y ) .

(■y) Observe first that in view o f part (i), Xg С Urfg/t for a ll S € A implies

A/b\f(U Xs'Y>) c Ո МвАХб,У)-
б € А  б€А

Conversely, if  а е Г)*ел ^ E .f [X s,Y ), then а € M f..f {X&, Y) for all S € A. Hence

if
\i€F(i i f f *  /  էշ֊ I

for a ll <5 € A  and for a ll x  € Ал. This implies (E ie fv  a՛ E ie £ \ ^  ^  f°r
a ll ж G UrfgM Ад, and hence а € А /с.И ІЛ ел A*. Y). Thus Г і^ л  M e ,f (Xs- У) С

Me A U s<:a X*>Y)- D

R em ark 2.1. Հ ք£ ո  =  Fn =  {n } /o r аМ n, f/ten ti/e Лапе Lemma 1.25 from (11|.

Letting f  to  denote either o f the symbols a, 0, դ  or ЛГ, from now on we w ill use 

the following notation

(A 't£F)tE f՞ =  X ^ EF.

C o ro lla ry  2.1. Let X , У  С w anrf { Ад : 6 6 Ճ }  be any collection of subsets of ա, 

and let f  denote either of the symbols a, /3, 7  or N. Then the following statements 

hold:
(») X ,tEF С  X<*EF С  А*»"* С  и ; in particular, X *EF is a sequence space.

(it) A C  Z  implies Z ՝EF С A tSF.

( i i i)  X  С A " E fi.

GENERALIZATIONS OF k O'J’ME-TOEPLITZ DUALS AND ...
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(it>) X ՝EE =  X ™ EE.

R em ark 2.2. I f  E „ =  F„ =  {»»} /o r a// n, then we /іаие Согоііаіц 1.26 from  |11|.

Below, we determine the generalized m ultiplier space for some sequence spaces. To 
this end, we first recall the following result from |4|. Also, from now on, we denote 

the cardinal number of the set £ * by |£*|.

Theorem  2.1 ([4], Corollary 2.5). The followng statements hold.

(i ) Let sup,, |E „| < oo, then we have X  С X (E ) fo r X  € {Zoc>co}-
( it)  I f  En =  {N n  — N  +  1. Nn  — N  +  2, • ■ • . N n} fo r all n, then с С  c(E).

(Hi) If, in uddition, |£ „| > 1 fo r an infinite number of n, then the inclusion relations 

in parts (/.) and (i i ) are strict.

Theorem  2.2. I f  supfc |E*| <  oo, then the followng statements hold:

( i)  M e ,f (co< X )  =  l a o i F ) ,  where X  6 { /ж.с,с0}.

( ii)  M e ,f ( Ioc, X )  =  c(, (F ) .  where X  6  {c ,c 0} .

( iii)  If. in addition, En =  {N n  ֊  N  +  l ,N n  — N  +  2, • ■ • ,N n )  fo r all n, then

c) =  c (F ) .

P roof, ( i)  Since со С с С կ 0» by applying Lemma 2.1 (ii), we obtain

100(F). Assume first that a 6 l<x>(F) and x € со- Then by Theorem 2.1 we have x € 

ca(E), and hence Աու*_օօ (H igF* “ • £<€£* * i)  =  implying that a 6 M e ,f(cծ ւ°օ) ' 
Thus, we have loo(F) С Л/£.**(со.со).

E . e F *  8ucb t l ia t  p i € F hj a»| >  j 2 fo r j  =  1.2* — • к  the sequence x =  (xi)
is defined by

for i  =  1,2,---, then we have x € c0 and x, Yli&Fkj a* =  (_1 )Ji.  for a ll j-

M e , f ( c 0: t'o) С M e . f ( c o , c )  С M e , f ( c q J o o ) -  

So, it  is euougli to verify the inclusions loo(F) С M e .f (co, cq) and M e ,f (c0>f<x>) c

Hence
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show ing  th a t  k o )  С loo(F).
( i i )  B y  L em m a 2.1 ( i i)  we have

oo« со) С  с).

Hence, i t  is  enough to  v e rify  th e  inc lus ions co (F ) С  M e ,f {1*o, co) and M e .f Voo.c) С 

c o (F ).  Assum e f irs t th a t  a  6  Co(F). T hen  b y  Theorem  2.1 we have

lim  I ^  a i ^ 2  х і J =  0 fo r a ll x  6  /<».
~ * ° °  \ieFk і€Ек J

th a t  is, a €  M e ,f ( Ioc, co)- T hu s  co (F ) с  M e ,f (1 oo .fo)-

N ow  le t a Հ  c o (F ).  T he n  there  are a  re a l'n u m b e r 6 >  0  and a subsequence 

( E i€ F fc> “ ») .m l o f  th c  sequence ( E i €Fb а «)П=і sucb th a t  |£ ~ € F kj °«| >  b fo r a11 

fo r  j  =  1 ,2 , • • • . D e fin in g  th e  sequence x  =  (х і ) as in  p a rt ( i i ) ,  we have x  €  /«> 

and  (5 2 i£ Fk a « х * )П . і ^  C; w h ich  im p lies  a g  M E։f ( Ioo, c) and shows th a t

Л /Б ,И *э о ,с )  С  c o (F ).

( i i i )  Suppose th a t  а €  c (F ) .  B y  a p p ly in g  Theorem  2.1, we conclude th a t

Oj X j I ex ists fo r  a ll x  €  c. 
i€ / i,  »e£* /

So а  €  M e ,f (c, c)  and  c ( F )  С  М л / ^ с ) .

N o w  we assume a  g  c (F ) ,  and define the  sequence x  b y  x  =  К

is easy to  see th a t  x  €  с  and ( £ ie n  <*. 5ZieEk  х »)П=і =  (£»eFY « *)^ = ւ *  c ՛  Thus> 

a £  M e ,f (c> c)> show ing  th a t  M e ,f {c, c) С  c (F ) .  □

R em ark  2 .3 . / /  E n =  F n =  {n } f o r  a ll n ,  then we have Exam ple 1.28 fro m  |ll).

A s an im m e d ia te  consequence o f  Theorem  2.2, we have th e  fo llo w in g  result.

C o ro llary  2 .2 . ( i )  / /s u p * . |F * |  <  ծ օ ,  then c tfE F  =  / « ( F )  and  l * EF  =  c0(F ) .

( ii)  I f  E n =  {N n  - 1 1  l t N n  -  N 1 2, • , N n} fo r a ll n , then c?*EF =  co (F ).

N o w  we proceed to  o b ta in  th e  « F F - ,  (3EF- and 7 E F -d u a ls  fo r th e  sequence spaces 

/оо, с  and  Co.

T h eorem  2.3 . Suppose that sup* |F&| <  oo, and let f  denote one o f  the symbols a ,  

P, 7 . Then we have c'0E F  =  c tE F  =  l g F =  h ( F ) .

P ro of. W e o n ly  prove  th e  sta tem en t fo r th e  case f  =  /?, th e  o th e r cases can be proved 

s im ila r ly . B y  C o ro lla ry  2 .1 (ii)  we have / £ f г  С  c^EF  С  c(jE F . Hence, i t  is  enough to
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show that l i (F )  С aud c(jEF С Ii(F ). Let о € l i (F )  and x  € l x  be given. Then 
by Theorem 2.1 we have x  6 l x {.E). Hence

S. ERFANMANESH AND D. FOROUTANNIA

E
*■=1

E  “ • E  *<
iGFk

<  sup E * <
»€B* fc=l E - <  OO,

showing that (E t€ F *  a ‘ Е і€ Е *  e  ԹՏ- Thus, we have a € and i j ( F )  С
j£ fF. To prove the inclusion CgEF С l i(F ) ,  it  is enough to  show that for a given 

a £ 1\{F) a sequence x  €  Co can be found to satisfy (J2i€Fk (Կ 52ieEk X i ) Z i * c s- To 

show the existence o f a sequence x  € со w ith the above property, observe firs t that 

since ս  Հ  l չ (F). we may choose an index subsequence ( /ij)  from N  w ith rtu =  Ո and

E  І Е * H  1 ֊հ Հ Հ ? տk=n j-i |i6F*

Now we define the sequence x € со such tlia t the firs t element o f the set Ek is equal to 

j ls9n Hi£Fk °» and ^ ie remaining elements are zero, whenever r ij_ i <  к  <  rtj. Then 
we have

Ո յ-1

E  ( Е аШ р И  E  E *
fc—n,_ i vieFV ie/5fc /  k=n.i_ լ ieFt

0 ,-1

> 1 ,

for j  =  1,2, • ■ •. Therefore (E ie s* Щ Е ,ег* аС = і ^  ся and a & ro > showing that 
c°E F C h (F ). □

Rem ark 2.4. 7 /E „ =  F „ =  {n } fo r all n, then we have Theorem 1.29 from  |11).

D e fin ition  2.2. A subset X  o f и  is said to be E-normal i f  у  € A' and | E t€£ i, *«l ^  

I EfgC t УіЬ /о гк  =  1,2, • • •, together imply x  e X . In  the special case where En =  {n } 
/o r a// n, the set X  is called normal.

Exam ple 2.1. The sequence spaces сц and Іж  are normal, but they are not E-normal. 

Indeed, taking x =  (1, —1.2, —2,**•)» I/ =  ( l . j , - * * )  and En =  {2n  — l,2 n } for a ll n, 

we have | E .e e , * i\  <  IE ,€£„ and У € ^ э о ,  while x g  c0,/oo-

Exam ple 2.2. The sequence spaces cq(E) and 1Ж{Е) axe E-normal, but they are 

not normal. Indeed, taking x  =  (1 ,1 ,2 ,2 ,*••), у =  (1 ,-1 ,2 ,— 2,• ■ ■) and E „ =  

{2n — 1.2n} for every n, it  is easy to see that |x*| <  |y,| and у  € co(E),ltx>(E), while 

X Հ  c o W ^ E ) .

Exam ple 2.3. The sequence spaces с and c(E) are neither E-normal nor normal.
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Theorem  2.4. Let X  be a E-normal subset օ քա . Then we have

mEF _ EF

P ro o f. By Corollary 2.1(i) we have X nBF С X PEF С X ',EF. Hence, to prove the 
statement, it  is enough to verify the inclusion X ',EF С X aEF. Let z € X ',EF and i  € 

X  be given. We define a sequence у  such that J2ieEk Ы =  {я9п T ,i€f„ *•) ІЕ іев* *»l 
for к  =  1,2,•••. I t  is clear that |Л<ееьУ»1 -  |5Z,6£fĉ іі for a ll k. Consequently 
у € X , because X  is E-normal. So, we obtain

S0[)
fc=l \»€f» *€E*

"< oo.

Furthermore, by the definition of the sequence y, we have |23»6Ffc 2‘ £weEfc I «l < 
oc. Taking into account that x  € X  is arbitrary, we conclude that z € X t,EF.

This completes the proof of the theorem. □

R em ark 2.5. I f  En =  F n  =  {n } for all n, then we have Remark 1.27 from [11].

3. G e n e r a l iz e d  d if f e r e n c e  s e q u e n c e  s pa c e

Suppose E  =  (En) is a sequence of finite subsets of the positive integers that satisfy 

the condition (1 2 ) .  For every sequence space X , we define the generalized difference 

sequence space X  (E, Д ) as follows:

X (E ,Д ) =  | *  =  ы  t I X > i -  M  ? i )  Ш І
i€Efc-i fc=l

where X  6 {Zoo: с, co}. The seminorm |||.|||е ,Д on X (E , Д ) is defined by

(3.1) І И  =  sup 
к

I t  should be noted that the function Ц.Це.д canuot be a norm. Since if  x  =  (1, -1 ,0 ,0 , • ■ •) 

and En =  {2n -  1 ,2n} for a ll n, then ЦхЦіе,а =  0 while x Ф 0. I t  is also important 

to note that in the special case En =  { ո  : n =  1,2, ■ • •} we have X ( E ,  Д) =  X (A ) 

and |||а:||ь’,д =  |И Ід .
I f  the infin ite  m atrix A =  (a„k) is defined by

I  -1  i f  к  e En- i
Unk =  S 1 i f  к  € En

I  0  otherwise,
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then w ith  the notation o f (1.1), we can redefine the spaces loo(E), c{E) and Co(E) as 

follows:

U (E , A ) =  (focbi, c(E, A) =  (c)A, co(E, A ) =  (cq)a - 

The purpose of this section is to consider some properties o f the sequence spaces 
X (E , A) and to derive some inclusion relations for these spaces. Also, we characterize 

the ЛГ-duals of A (E , Д ), where X  G {/oe.c.c-o}. We begin w ith the following result 
which plays an essential role in our study of the spaces X (E , A).

Theorem  3.1. For X  G {/<х-с, Co} the sequence spaces X (E , A ) are complete semi- 

normed linear spaces with respect to the semi-norm defined by (3.1).

P roof. The result can be obtained by a direct verification, and so we om it the details.
I t  can easily be checked that the absolute property does uot hold on the space 

X (E ,A ), that is, 1|х||ь\д #  ||? |І£ .д  for at least one sequence in  this space, where 
|x| =  (|xfc|). Thus. X(E , A) is a sequence space o f non-absolute type.

Theorem  3.2. Let M  =  {x  =  (x „) : YljeEn xj  =  0,Vn}. For X  G {foo.c.co} the 
quotient space X (E , A )/M  is linearly isomorphic to the space X (A ).

P roof. Consider the map

T : X ( E , A ) — > X ( A ) ,  x  — > I ^  I
1 # ё  /  n = i

and observe that Г  is a linear and surjective map. So, the desired result follows from 

the first isomorphism theorem. □
Note that if  |E „| > 1 only for a finite number of n, then we have X (Д ) =  X (E , A). 

In the following, wc derive some inclusion relations for the spaccs X , X (E ), X (A )  
and X(E , A), where X  G {Іж ,с,со}.

Theorem  3.3. The following statements hold.

(i) //su p n |En| <  oo, then X  С A (E , Д) fo r X  G {Joo.co}.
( ii)  I f  E „ =  {N n  — N  + 1 ,N n — N  +  2, • • • , N n) fo r all n, then с С c(E, Д ).

( ii i)  I f \E n\ >  1 fo r an infinite number of n, then the inclusion relations in parts (i ) 
and ( it)  are strict.

(iv) We have X (E )  С X (E , Д ), where X  G {/oo,c,Co}- Moreover, these inclusions 
are strict.

(u) I f  En =  {N n  -  N  +  1, N n  -  N  +  2, • • • , N n) fo r all n, then X (A )  С X (E , A), 
where X  G {/eo,c,co}. Moreover, these inclusions are strict when N  >  1.
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P roof. Parts (t) and ( ii)  can easily be obtained by applying Theorem 2.1.
( i i i)  Since by assumption \En\ >  1 for an infinite number of n, one can choose a
sequence (rij)  w ith |E,t) | >  ] for j  =  1,2, • • •. Define a sequence x =  ( ik )  as follows:

{j ,  i f  к  =  min EHj
—j ,  i f  к  =  min Enj + 1  к  =  1,2, •••.

0, otherwise,

It is obvious that x< =  0, hcncc x  € X (E , Д ), while x Հ  X  for X  € {/oo,c.co},
showing that the inclusions in parts ( i)  and ( ii)  are strict.

(iv ) Putting E „ =  {n } in  parts (i) and ( ii) , it  can be concluded that X  С X (A ). Let

X 6 X (E )  be given. I t  is casjjpto chcck that ( £ i€Ejr e X  and (£ ie £ * Xi)T=i e
А '(Д ). Thus, X € X (E , Д ), and hence X (E )  С X (E , Д ). Moreover, i f  the sequences 

X =  (xfc) and у =  (ук) are defined as follows:

_  j  j ,  if  к  =  min Ej _  f  1, i f  к  =  min Ej
լ  0, otherwise, J/fc — լ  otherwise,

then we have x 6 X (E . Д ) — X (E ) for X  € {іэс ,е} and у 6 Co(E, Д ) — co(E).
(v) Taking into account that

5 2  xi -  5 2  X i =  (X nN  ~  ^ ֊ l )  +  2(ЖпЛГ-1 -  XnN-շ )  + -------Ւ ІѴ (x„jV—,V + l ֊  XnN-N)
ie.En ieEn-i

+  (N  — 1 )(X nA '-JV  — X n N - N - 1) +  • • • +  (х „л /-2Л '+2  ~  Я:пЛг- 2Л '+ і) ,

it  is clear that x  6 Х (Д ) implies x € X (E , Д ). Moreover, if  TV > 1 then we define 
the sequence x  =  (ж*) as follows:

{ I  i f  1 1  n N  -  І  +  1
1 -  n, i f  к  =  n N  — N  +  2

0, otherwise,

and observe that x € X (E , Д ) — АГ(Д). □

Below, we compute the УѴ-dual of the difference sequence spaces X ( E .  Д ), where 
X  6 {/oc,c,co}. In order to do this, we first give a prelim inary lemma.

L em m a 3.1 . The following statements hold.

(i) I f  X e Zoc(A).- then supfc | ^ |  < oo.
( ii)  I f  X € с(Д ), then գ  - *  Հ (к  -> oo), where Д х* ֊4 Հ (к  oo).
( iii)  I f  X € со(Д), then գ  0 (A: -+ oo).

The proof is triv ia l and so is omitted. 37



S. ERFANMANESH AND D. FOROUTANNIA

T h eorem  3.4 . The following equalities hold:

cn e f (E, A ) =  1” e f {E, A ) =  Ia  =  (a*) : 6 cqJ :=  dL.

P roof. We firs t show that cNEF(E, A) =  d\. To this end, assume a 6 cNBF(E, A ), 

and observe that
lim  У՜* ві 7  Xi =  0,k—ioc 4€Ffc «ЕЩ

for a ll X € c(E, A ). We choose the sequence x  such that a-'i =  fc for a ll A:,

so X € c(E ,A ) and hcncc limt_+,x, к Yl%eFk ai =  Thus c.n e f (E, A ) С d |. Now let

о 6 di. Since {T.ieEk х ‘)П=і € с(д ) for evcry1 € c(®» д )>imd there is a real number 
Հ such that

I
\j£B k Щ Ш I

by Lemma 3.1 we have

lim  Oi Xj =  lim  к  Հ""* ai ̂ 'jeEt.—-  =  0.
fc ֊»oo ^  “  fc—»oo fc»eFfc j€Ek * CFfc

Therefore a € cn e f (E, A ), and hence rfi С cn e f (E, A ).

Now we show that l£.EF(E, A ) =  dj.. I t  is clear that c(E, А ) с  /оо(Е, A ), implying

that l£.EF(E, A ) С cn e f (E, A ) =  rfi- Let a € d\ and x  € 1Ж(Е ,А ). Then we have

(SieEfc х*)ь=і e and suPfc I — I < oo by Lemma 3.1. Therefore

lim  V  а, Xj =  lim  к  г  =  0,
*-*oo  fc—»oo ^  fci6Ffc <6Efc i€Ffc

implying that a € l'£EF(E, A ). □

C o ro lla ry  3.1. The following equalities hold:

<ГѴ(Д) =  £ ( Д )  =  { « = М  : ( fca*)eco}.

P roo f. The result follows from Theorem 3.4 w ith En =  Fn =  {n } for a ll n. □  

Let X  and У  be two sequence spaces, and let A  =  (a„* )  be an infin ite  m atrix 
of real numbers a,,*, where n,fc € N =  { 1 , 2 , - - } .  We say that Л defines a m atrix 

mapping from X  into Y, denoted by A : X  -> У , i f  for every sequence x =  (x *) € X  

the sequence Ax =  {(A c )„} exists and is in Y, where (A x)„ =  YlkL\ On.fc®fc for 
n =  1,2,•••. By ( X , У) we denote the class of all in fin ite  matrices Л such that 
A : X  -> У .

38



Theorem  3.5 ((11). Theorem 1.36). We have A € (co.co) i f  and only i f  the following 
conditions hold:
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and

lim  Onk =  0 ( *  =  1 ,2 ,...) ,
M—»oo

sup
fc=1
5 2  \a„k\ I <  OO .

Theorem  3.6. We have

<$e f (E, A )  =#|я =  M  : ^ к  2 € loo J :=  d2.

P roo f. Let a e ճշ. Since (£ ieE * x*)T=i e for a ll x  e co(E,A), by Lemma 3.1
jra

we have lim*—»no -  * — — 0. Therefore

lim  V ' Oj Y " Xj =  Um к  У *  a, — - =  0, 
fc-wo :  fc֊+oo A:

j€ £ \  *€ffc

implying that a € c.q EF(E, Д ).

Now le t a € Cq EF(E, Д ) and ж € (E , Д ) be given. Then there exists only one 

sequence у  =  (ук) € Cq such that £ je£fc =  Х)*=1 у>. Therefore

£  P I »  i  Ш I £ I  -«■
J=1 i62?fc j€£fc

for a ll у =  (ук) € cq. Defining the m atrix >1 =  (а^)^!, by

S w  *  1 m  ^
I  լ 0 if  j  > k,

we have liinfc-»oo j akjVj =  0 for a ll у  €'сц. Hence we can apply Theorem 3.5 to 

conclude that A  =  (a jy) 6 (co,c<j) and

sup
к

к oo

к  5 2  <4 =  sup Е Е - =  sup 5 2  “ кj
*€  Fk к Щ  i€Fk к j= 1

<  00.

C o ro lla ry  3.2 (|7), Lemma 2). We have cff(A) =  {a =  (a*) : (fca*) € /<»}•

P roo f. The result follows from Theorem 3.6 w ith En =  Fn =  {n } for all n.
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