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A bstrac t. A simple proof of the proposition, stated in ([2], p. 346), asserting that in 
Hilbert spaces a Riesz basis is greedy, is given. Also, greedy approximant for frames 
in Hilbert spaces is defined and it is showirthat frames satisfy the quasi greedy and 
almost greedy conditions. Finally, we give the characterizations of approximation 

spaccs Л*(4'), Л£(Ф) by means of weok-lp and Lorentz scqucncc spates for frames.
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1. Introduction 

L e t IK b e a  separable H ilb e rt space w ith  inner product

D e f in i t io n  1 .1 . (a) A  sequence { х „ } ^ і  С IK is called a Riesz basis for IK, i f  

{z „}5 J L i com plete in  IK and there exist constants А , В  >  0 such th a t

A E  I M I 2 ^  I I E  о»1"!!2 ^  B Y2, Й р  for aU 6 *2-
n = l  n = l  n = l

(b) A  sequence {տ ո }5 յԼ յ С IK is called a fram e (or H ilbe rt fram e) fo r IK, i f  there exist 

constants A , B >  0 such th a t

( l . i )  л |М І2 < £ | ( * , * » ) І 2 < В Д 2 f o r a U * e iK .
իտ1

The constants A  and В  in  (1.1) are called the lower and upper fram e bounds of 

the  frkm e, respectively. They are no t unique. I f  A  =  B , then { i n }  is called an A -tigh t 

fram e and i f  A  = ՛ В  — 1, then {жп }  is called a Parseval frame. The inequality in (1.1) 

is called the  fram e inequality. The opera tor T  : ( 2 —► IK defined as
OO

r( {c fc } )  =  y ^c fc ifc , {c jt }  e  P ,
Ы

6 5

mailto:kholetim@yohoo.co.in
mailto:shikk2003@yahoo.co.in


is called the pre-frame operator (or synthesis operator) and its  ad jo in t operator T *  : 

is called the analysis operator and is given by

T * (x )  =  {(x ,x fc )}, 1 1  Ц

Composing T  and T *  we obtain the fram e operator S =  T T *  : ЭІ —|  !K given by
OO

= Y l(x ՝xk)xk՝ x 6 
fc=l

Observe tha t the frame operator 5  is a positive, self-adjoint and invertib le  operator 

on IK. This gives the reconstruction form ula fo r a ll a: €  IK,
ОС OO

(1.2) X =  SS~*x =  ^2(S^x, Xk)xjc = ^ (ж , S~xXk)xk-
Щ1 fc=i

For more details related to frames and Riesz frames, see [4, 6].

The notion o f N -term  erro r o f approximation and thresholding greedy algorithm  o f 

order N  for Schauder basis in  Banach spaces have been defined and studied in  [9, 12, 

13, 15].

Le t X  be a Banach space and (x „ ,  f n) be Schauder basis fo r X

a „x n : a  С N, |<r| jg N  €  N, a „  a re  s c a la rs }
n€cr

For X  € X, X  =  S neN  fn(x)xn we define

Й§I Щ  /»(*)*»: S11 и 1В11!
n€<r

For each x  €  X  the N -term  erro r o f approximation is defined by 

<rjV(x) =  in f{ ||x  ֊  y|| : у 1

aN(x) =  in f{ ||x  -  y | | :  у €

Let 7  =  be a perm utation o f na tura l numbers such th a t

l /m ( * ) l  >  \fn 2(x)\ >  | / n,(x-)| > .....

We now define the TV-greedy approxim ant as
N

G jv(x ) — 53 f  п., (x)Xrik • 
fc= l

D e f in it io n  1.2. A  Schauder basis ( x „ , / „ )  is said to  be quasi greedy i f  there exists 

a constant С  such tha t ||Gjv(x)|| <  C||x|| for a ll і б Х .

D e f in it io n  1.3. A  Schauder basis (xn , / „ )  is said to  be almost greedy i f  there exists 

a constant С  such th a t ||x — G/v(x)|| <  C o n (x ) fo r a ll x  6  X.
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D e f in it io n  1.4. A  Schauder basis is said to  be greedy i f  there exists a

constant С  such tha t ||x -  Gyv(z)|| <  C a n  (x) for a ll x  €  X.

In  [9], the follow ing relation between greedy basis, almost greedy basis and quasi 

greedy basis has been given:

Greedy basis փ  a lm ost greedy basis => quasi greedy basis.

R e m a rk  1.1 , Le t { i n }  be an orthonorm al basis for H ilbe rt space 5f, then {a:n} is 

greedy.

2. R lE SZ  BASIS AND GREEDY APPROXIMATION

We begin th is section w ith  a simple new proof o f the proposition, stated in  ([2], 

p. 3 4 6 ) , asserting tha t in H ilbe rt spaces Riesz bases are greedy. This theorem follows 

from  the fact tha t a Riesz basis is Լ շ -equivalent to  the Haar basis and using Theorem 

2 .1  o f [13]. I t  can also be deduced from  the fact tha t a Riesz basis is democratic and 

using Theorem 1 o f [14]. Here we give a formal proof o f th is result w ith  improved 

constant in  the Greedy estimate.

T h e o re m  2 .1 . Let {ж „ }  be a Riesz basis fo r  H ilbert space !K w ith bounds A and B. 

Then, fo r  any N  €  N

| |x  — Gjv(x-)|| <  (x ) f 0T a H I  9  M .

We firs t provide some term inology which is required in the proof o f Theorem 

2 .1 . Le t {a:,,} be a frame for H ilbe rt space j t  and u C N  w ith  |cr| =  N  € N. We 

denote S®§ =  spann€<r{a:n } . As in  [5], {жп }пб<х is a frame for Let Va be a frame

operator for the frame { x n } ne<7 o f H a . Since is a closed subspace o f ՅՀ, there is

an orthogonal pro jection Pa from  ՅՀ onto !Ka . Thus, for x  6  !K we have

Po(x) =  £ > . ( * ) .  V& I ՝c«)*f> =  7 a'n)a'n
n€<r n€ff

N =  } ( x , V ~ l x n)xn .

L e m m a  2 .1 . Let { z „ }  be a fram e fo r  H ilbert space 0Հ. a  be a fin ite  subset o f N and 

Pa be the orthogonal projection from  JC onto . Then, fo r  a: €  К  we have

— in f{ ||x  -  Pff(a:)|| : а  С N, |<r| =  N } .a
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P ro o f.  For a; € IK we have

Ц і -  P „ (x )II =  d is t(x ,IK a) =  in f{ ||x  -  y|| : у  e  }.

So, for any у  € IK „ we have ||x -  Р Л *)ІІ <  ||x -  j/||. Hence

o n [x ) =  in f{ | |x  -  P„(x) И : a  С N, |a| =  N } .
О

Let { i n }  be a Riesz basis for IK and S be a frame operator fo r { i „ } .  For a  С N, 

define the fo llow ing operators:

( i) S„ : IK Ц IK as

Sa{x) =  xn)xn, for a  С N, |<r| =  N .
ЩЯШ

( ii)  Qa : IK IK  as

Qa(x) =  SaS~l (x) =
ո€ Ծ

Let p =  {n jt } fc li  be a perm utation o f na tura l numbers such tha t 

| ( ւ ,  S ֊1 x n i)| >  |(x, 5 ֊1 а:П;1)| >  | ^ , Տ " 4 - „ , ) |  >  .....

N
The TV-greedy approxim ant is given by G n (x ) =  £  {x ,S ~ 1x nk)x nk.

k= 1

R e m a rk  2.1. (|4|) A  Riesz basis { x n } for IK is a frame fo r IK, and the Riesz basis 

bounds coincide w ith  the frame bounds.

P ro o f,  o f Theorem 2.1 by Remark 2.1, a Riesz basis is a frame for IK w ith  the 

same bounds. Since A  and В  axe the bounds o f the Riesz basis { x n } ,  by the frame 

inequality we have

A \\x \\2 I  5 3  ffe ’ ж" | §  I  5 N I 2> x  I  Вn=l
Note tha t

| | x - G w ( i ) | | 2 =  || V ( i , 5 _1a:„lk>a:„J|2 =  sup | V  ( x ,5 -1 2:„k) (x n jl, j/) |2
k > N  » € Я ,||ѵ ||-1  k > N

$  5 3  K1 - 5 ՜ 11" * ) !2 SUP Щ  K *»*.J /)I2 K x ,S -1 x „ J | 2
k > N  » 6 И ,| |» ||-1  k > N  k > N

Also, by the de fin ition o f greedy approxim ant, for x  6 IK, we have

К . Т . PO U M A I A N D  S. К . K A U SH IK

| { x ,5  Я І  <  5 3  l * „ ) | a, fo r  any 1 1  N,|<t| 1  N .
k>N  n€N\<r
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Thus, fo r any a  С N w ith  |<r| =  JV. we have

И * -  <?л/(а:)||2 <  В  l(x ,S ֊1 x n)[2, for x  €  IK. 
n€N\<r

Le t V„ be the frame operator for the frame { x n} n^ a o f s p a n {x „ } „e<7, and let P „ be the

orthogonal p ro jection from  IK onto s p a n {x „}ne<r, given by Pa(x) — £  (x, V ~ l x n)xn
n€<r

(see Theorem 1.1.8 in  [4]). Also, by inequalities o f canonical dual frame o f { x „ } ,  we 

have

Խ  ֊  P A * ) II2 >  £  l(x  ֊  P»(a:),S~1zn)|2 >  Y ,  I& S ~ 'x n) -  (Բ ժ խ ) , Տ՜ԿՈ)\3
n€N n€N\<r

*  Л  к * . 5 _1я:п) - ^ ( z . V ^ X j H x j - . S ՜ 1! , , ) !2 =  £  | ( * , 5 ֊1 *„> |2.
neN\<r je<7 _ — fieN\<7

Thus, fo r any a  £  N w ith  |«r| =  N , we obtain

II*  ֊  G w (x)||2 <  | j | x  ֊  P „ (x ) II2 for х € І К .

Hence, by Lemma 2.2, we get

||x -  G n ( x ) | |  <  <tn(x) for X 6 IK.

Theorem 2.1 ie proved.

3. F r a m e s  a n d  G r e e d y  a p p r o x im a t io n  

Let Փ =  { x n } be a frame for H ilbe rt space IK w ith  canonical dual frame { 5 _1x n},
OO

and le t x  =  (x, S x „ ) x n for a ll x  €  IK. Define the nonlinear N -term  approximation
n**i

manifolds for frames, in  the sim ilar manner as we have defined for Schauder basis, as 

follows:

У ^^(Ф ) = І£ а т .х „  : <т С N, |<т| = N , а„ are scalars > , 
lng<r J

/ Г ^ ( Ф )  =  I S ~ l x n )x n  : <т c  N, X  €  X  H  =  N  L  
X ln€<r J

We define the N -term  approximation errors as 

<7jv(x) =  in f  (И * -  y | | : у 6

алг(х) =  in f{ ||x  -  y | | : у  е  £ ^ ( փ )}-
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Also, define Sa , Q a : IK -+  IK as

S „(x )  =  £ ( х , х „ ) * п .  о  С N, \a\ =  JV,
n€<7

Q a ( x )  = S*(S~l (*)) = 2 '® ^ ^ © -
Пб9

Let p =  { ո * } յ լ ւ be a perm utation o f na tura l numbers sucli th a t

I (a:, 5 ֊1 x „ , ) | 2 >  >  -

Now, define the N-greedy approximant for a frame { x „ }  as

N
G n (x ) =  ^ ( x ,  S ~ 1 x nk)x nit for X € IK.

kml
We have G n (t ) — Q,T„(x )  for some ст0 С N, |<to| =  N .

L e m m a  3 .1 . ([6]) Let { x „ }  be a fram e with, bounds A , B , and let T  be its  synthesis 

operator. Then £2 =  kerT  ©  R anX *. Moreover, we have

Л ^ | а „ | 2 <  | | 5 3 « nx „ | |2 <  B ^ K I J  f o r  a l l  a  «  { a „ }  €  RanT՛*.
VI Ո  VI

Let {x n } be a frame for H ilbe rt space IK and a  С N. Define the operators Ta , T *  

as follows:

^ * ( { ° ib € * )  =  ( ^ } յ € »  €  i  ! Ta {x ) — { ( * i® j) ) j€ » i  X 6  IK.
j€«

Observe tha t Sa(x ) =  TaT * (x) =  JZ (x, X j ) x }  fo r a ll j  €  a , and T *  is the ad jo in t o f
j e a

operator T „ .

L e m m a  3 .2 . Let Փ  =  { x n}  be a frame fo r  H ilbert space IK w ith bounds A  and B , 

and let a  с  N. Then ||5 „ ( ւ ) | |  <  B ||x || fo r  a ll x  €  IK.

P ro o f.  Using the frame inequality, for x  €  IK we ob ta in

r ; ( x ) | | 2 =  £  | ( ® ( X j ) | 2 <  f ;  | ( x , x ^ | |  <  B ||x ||2.
ІС а  jm l

So, we have ||Г *(х )|| <  \ /5 | |x | |  for a ll x  € IK. Thus, we get

||S,(x)H =  \\тат;(х)\\ < ||4 ||||г ;||.||* і < B | * | ,  X € IK.

The next result shows tha t frames satisfy the quasi greedy condition.

T h e o re m  3.1 . Let Ф =  { x „ }  be a fram e w ith bounds A  and B . Then
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(1) | |C jv (* ) | |S  j \ \ x \ \ f o r a l l x t X .

(2 )  ||x  -  G W (x)|| - *  0  a »  N  - i  ao .

Proof. (1). Le t G n (x ) =? Q a „ix ) for some <гц £  N w ith  |егц| =  N . Then we have

IIGM*)» -  І Й * І  = ||Տ*(>Տ_1(*)11 < I|5»,,IIII5"1II • 11*11-
D

T h e re fo re , by  L e m m a  3 .2 , ||Տ »„ || <  В  an d  | |S _ I || <  A ՜ 1. Hence ||G V (*)II  — 11*11-

T o  p ro v e  th e  a s se r t io n  (2 ) o b serv e  th a t

||x -  G n (x ) ||3 =  II У " ( * , 5 ֊1 i n b>*n»||a =  sup I J *_ (x ,S ~ l x „ k) (хПк,у)\3 
k > N  w e w ,||i/ ||= l k > N

<  5 3  | ( * , ^ ֊1 * ո է>|8 sup Щ К Щ  S B
Ջ &  * е х .и -» й ѵ  M l

B y  th e  d efin itio n  o f  g re e d y  a lg o rith m , for any a С N w ith  |<r| =  N , we have 

Ш \(x ,S ~ l Xnk) f  <  5 3  K * .5 _1x n) la.
k>N  n€N \< r

T h u s , w e o b ta in
■ OO

||.r — G jv (x ) | |a <  В  5 3  l ( * ՝ 5 _ 1 X n)|a ->• O as N  ->  oo
ոաի!-f l

T h e o re m  3.1  is  p ro v ed . N ex t, w e show  tha t frames also satisfy the almost greedy 

co n d itio n .

T h e o re m  3 .2 .  Let Փ =  { x n }  be a frame fo r  H  with bounds A  and B. Then

I I* -G w (* ) ll< y f?*(*).

P ro o f.  A s  in  th e  p r o o f  o f  T h e o re m  3.3 , w e h ave | |х - С л г ( х ) | |а <  В  53  К * ՝  5 _ , x „ ) | a
n€N\«r

for an y  a  С  N  w ith  |<r| =  N  an d  x  6  H. A lso , by  L e m m a  3.1 w e h ave
OO

Л||а||а <  | | 5 > * „ | | a <  B ||a||J for all а щ  { a „ }  6 ke rT 1 .
n > l

M o reo v er, { ( x ,  £ - 1 х „ ) }  =  { ( S ֊ l x ,  x „ ) }  =  T *S ~ l (x) 6  RanT* =  kerT-1՜ . So, for any 

a  6  N  w ith  H  с  N  vie o b ta in

II* -  G w (x )|la <  f l l  5 1  <*• S ՜ 1*» )*» !!3 for a ll X 6
n C N \ir

N ow , le t у  « • 5 3  ( x , S - , x „ ) x n  6  T h en

||x  -  y ||a =  II 5 ^  (x , S _1x n ) x „ | |a  for an y  a  €  N  w ith  \a\ =  N .
nCN\v

F R A M E S  AND NON L IN E A R  A P P R O X IM A TIO N S ...
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Hence, ||x — Слг(х)|| <  ctn& )  for x  € IK. Theorem 3.4 is proved.

Next, we define the weak-lp and Lorentz sequence spaces. We also define the approximation 

spaces Л *(Ф ) and Л *(Ф ) for frames Ф =  {arn } in H ilbe rt spaces. In  [8, 10,12], greedy 

algorithms such as Pure Greedy Algorithm, Relaxed Greedy Algorithm, Orthogonal 

Greedy Algorithm for general dictionaries in H ilbe rt spaces have been defined and 

proved various Lebesgue-type inequalities for greedy approximations. In  the following, 

we give the characterizations o f approximation spaces by means o f sequence spaces.

We first define the weak-£p and Lorentz sequence spaces.

D e fin it io n  3.1. ([7, 11]) For 0 <  p  <  oo, the weak~£v sequence space, denoted by 

w lp, is defined to  be the space o f a ll sequences satisfying

||{a„}||«,£p =  sup n 1/pa* <  oo,

where {a* } 5 ^  is a nonincreasing rearrangement o f { |« * п |}^ і.

D e f in it io n  3.2. ([1, 7)) For 0 <  p <  oo and 1 <  g <  oo, the Lorentz sequence space, 

denoted by l Pl4, is defined to  be the space o f a ll sequences { a „ } ^ i  satisfying

where {a* } ^ _ 1 is a nonincreasing rearrangement o f { la n D ^L j.

The notation stands for C \A  <  В  <  C^A w ith  some constants Շ ւ ,Շ շ  >  0.

R e m a rk  3.1. Note tha t

In the following, we define the approximation spaces for frames.

D e fin it io n  3.3. ([7]) Let Փ =  {scn} be a frame. For 0 <  в <  oo, we define the 

approximation space Л "(Ф ) as the set o f x  €  IK satisfying

IN U *(« ) =  supn4<r„(a:) <  oo.

n>l

(3 .1)
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FRAMES AND NON LINEAR APPROXIMATIONS

D e fin it io n  3.4. ([7]) Let Ф =  {x n } be a frame. For 0 <  в <  oo and 1 <  q <  oo, we 

define the approximation space А *(Ф ) as the set of x  6 IK satisfying

i/«/  oo \  * r f

llx IU;(*) = < oo.

We have (see [7])

(
oo \

5 3 4 ( x ) y > j

For the макс of completeness of our discussion related to  the characterizations of 

approximation spaces, in the form o f a remark, we state a result from [7].

R e m a rk  3.2. Let Ф =  {x n } be an orthonormal basis for IK. Then

(a) X  €  Л *(Ф ) i f  and only i f  { ( x ,x „ ) }  € w£p, -  =  s +  i  p <  2.
p 2

(b) X  € Л ^(Ф ) i f  and only i f  { ( x ,x „ ) }  € £Pt4, -  =  s +  q <  2.p Հ
Now the question of interest is: given a real number a >  0 such that for x  6 IK the 

error o f JV-term approximation for frames satisfies <гдг(х) <  M  • N ~ “ ; N  =  1,2,3,..., 

for some constant M  >  0. The next result concerns this question.

T h e o re m  3.3. Let Ф =  {x n} be a frame for^K  with bounds A and B . / / { ( x ,  5 -1x „ ) }  €

u>£p, then X € A *(V ) , where -  =  e +  — and p <  2.p 2

P ro o f.  Let M  =  | |{ (x ,5 ~ 1xn)} ||w||, and {» jt}  be a permutation o f N such that

|(x ,S -1 xn i)| >  K x .S ՜1! ^ ) !  >  K x .S ՝՜1*,,,)!....

Now, take Վ  =  |(x, 5 _1x nj>)| fo rk  =  1 ,2 ,3 ,4..... . and observe tha t by the assumption

we h^ve <  M  for all к  € N. Also, by Theorem 3.1, for N  6 N we have

||x -  С?лг(х)||а <  В  յ է  \(x ,S ~ H xnk))\2 =  В  g  c j2, x  € IK.
k = N + 1 к=ЛГ+1

am+‘ - i
Consider the dyadic sums jF* =  cj®, m =  1,2 ,3 ,... Then we have

*=am

S I
F ^ <  У 2  М *к ~ * /р <  A /32~a" “  for a U m =  1,2 ,3 ,... 

fc=2m
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Also, le t 21 < N  <  2l+1 fo r / =  0 ,1 ,2 ,3 ,... Then we can w rite
00 oo

N 2”a% (x) <  N 2‘ \\x -  G n (x ) || j  <  N 2‘ B  £  Հ  N * ‘ B  Ц  c*k*
*=N+1 *=г*

<  B 28*(,+1) ^ 2  d 2 =  Д 22*<'+1) ^ 2  Բ Լ <  B M 22յ *('+ 1> 2 3  շ ՜ 2"** «  В М 2У ' - { .
кж2* m as/ т а = /

Thus, sup N * ffn (x )  <  oo and the result follows. Theorem 3.3 is proved. 
l< A T < o o

Next, we show th a t the converse o f Theorem 3.3 is true  for Riesz bases.

T h e o re m  3 .4 . Let Ф *= { x n } be a Riesz basis fo r  IK w ith  bounds A  and B . Then

X 6  Л *(Ф ) i f  and only i f  { (x ,  S -1 a:n ) }  €  w tp, -  — s +  p  < 2 .
P  *

P ro o f.  I f  { (x ,  S ֊1 x n) }  6 w tp, theu the result follows from  Theorem 3.3.

Conversely, le t x  €  A ’ . Then for any fin ite  subset a  С N w ith  |<r| =  TV, x  €  IK and

from  the p roo f o f Theorem 2.1 we have

00 1 
Y .  |(s, 5 _1x „ ,,) |2 <  -T<rj/(x) fo r a ll x  6  IK,

fc=Af+l
As in the proof o f Theorem 3.3, take e j =  |{x, S ֊1 x njk)| fo r k=s=l, 2, 3,..., to  obta in  

£  c l 2 < N ~ 1 f ;  с f S N - ' - ^ i x ) .
k = N + 1 k —N  +  1

Since a s im ila r inequality holds fo r Сдо+і, we have the other im p lica tion  o f the 

asserted equivalence. Moreover, by assumption, <*лг(з) <  N ֊? *||x||3 i. fo r N  >  1. 

Therefore

N 2/pc'n =  N 2$+1cmN <  յ խ \ \ \ .  <  oo fo r any N  >  1, 

im p ly ing tha t { (x ,  S _ I x n) }  e w lp. Theorem 3.4 is proved.

Now, we give a characterization o f approxim ation space Л *(Ф ) by means o f Lorentz 

sequence spaces.

T h e o re m  3 .5 . Let Ф =  { x n}  be a fram e fo r  ЭІ w ith  bounds A  and B . I f  { (x ,  S ~ 1x n) }  €

f Pt4, then X 6 А ;(Ф ) ,  where -  =  а +  -  and 0 <  q <  2.
P  2

P ro o f.  As in  the p roof o f Theorem 3.3, take Վ  и  |< * ,Տ _1* Ո4) | fo r к  =  1 ,2 ,3 , .....

Then, by Theorem 3.1 for m  €  N we have

Հ ( ւ )  <  II* -  Gm(x)||2 <  В  5 3  cI 2. *  6 IK.
fcem+1
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Also, siuce an Հշ-uorin  does uot exceed an { 4-uo in i, we cau w rite

av..(x) < V b( c;2)1/a շ  Ѵ в( £  c; 2) , /2  < V b ( ^  2 fcc jt 2) ,/2
fc-2"*+l fc=2"* fc=m
oo

<  2 * , / 2c ;k, ) 1/».
k=*m

So, i t  follows tha t w ith  some constant С

У '  (ж) շ  В ч/2 2 m*«  շ ^ / շ^ «  <  в « / 2с  5 2  2 ^ 9 2 * 4 / 2 ^ 4
m sa l m *=l Jt= ,n  M

OO

< Вч/2с £  2k4/pc*ik4 < oo,
kml

im p ly ing  th a t x  6  Л^(2)). Theorem 3.5 is proved.

F ina lly, we show tha t the converse o f Theorem 3.5 is true for Riesz bases in H ilbert 

spaces. In  |8), a s im ilar characterization o f Л "(Ф ) by orthonorm al basis is given.

T h e o re m  3.6 . Let Ф =  { x n} be a Riesz basis fo r  !K w ith  bounds A  and B . Then 

X €  Л ;(Ф )  i f  and only i f  { {x , 5 ~ Jx „ ) }  6 i p,4< -  =  s +  9 <  2.

Proof. I f  { {x ,  5  x n) }  € ( р,я, then the result immediately follows from Theorem 3.. 

Conversely, let x  € Л ‘ ( ѣ ) .  Then, by Theorem 3.12 we have

c* <  n “ 1^2 - is < rn (x), for n  € N, X €  Oi.
VA

Therefore

£  n , / p“ i n “ , / af f * ( x ) = — f ;  n ’ - v x ( x )  <  00.
n= 1 n=l n=l

Hcuce. { ( x , 5 _ 1x n) }  €  lp,4. Theorem 3.6 is proved.

A c k n o w le d g e m e n t: The authors are thankfu l to  the Referee for his critica l 
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o f the paper.
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