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A b s t r a c t .  In  th is  paper we generalize two known results concerning norm al fam ilies 
o f m erom orphic functions. We firs t im prove and extend a theorem  o f L iu  and Nevo

[10], using a com plete ly d iffe rent approach. Then we ob ta in  a genera lization o f G u ’s 

n o rm a lity  c rite rion  stated in  [6].
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1. I n t r o d u c t io n  a n d  t h e  m a i n  r e s u l t s

Let 1  be a fam ily o f meromorphic functions defined in  D . The fam ily 7  is said 

to  be normal in  D , in the sense o f Montel, i f  for any sequence / „  6 7  there exists a 

subsequence f nj  tha t converges spherically locally un iform ly on D  to  a meroraorphic 

function or to  oo (see [13]).

Let /  and g be two meromorphic functions defined in  a domain D , and let a be a 

complex number. I f  g(z) =  a whenever f ( z )  =  a, then we w rite  f ( z )  — a=> g(z) =  a.

I f  / ( г )  =  a => g{z) =  a and g(z) =  a =*■ f ( z )  =  a, then we w rite  f ( z )  — a g(z) =  a, 

and say tha t /  and g share the value a. I t  is assumed tha t the reader is fam iliar 

w ith  the standard notions and fundamental results o f Nevanlinna theory, as found in 

[7, 15, 16].

In  2004, Chang, Fang and Zalcamn [2], have obtained a normal fam ily o f holomorphic 

functions related to a non-vanishing function, which improved the results o f Chen and 

Hua ([3], Theorem 1), Pang ([11], Theorem 1), and Fang and Xu ([4], Theorem 3).
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H igher Education o f Guangdong (no. Y q  2013159), and the  N a tu ra l Science Foundation  o f Shandong 
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TW O R E SU LT S ON TH E NO RM ALITY C RITERIO N

T h e o re m  A . Let У  be a fam ily of holomorphic functions on a domain D  С С. Let 

к  >  2 be an integer, and let h(z) փ  0 be a holomorphic function in  D . Assume also 

that the following two conditions hold fo r  every f  6 7 :

(a) f { z )  =  0 =» f '( z )  =  h(z), and

(b) / '( г )  =  Л(г) => |/<*>(*)| < c, where с is a constant.

Then the fam ily  7  is normal on D.

Recently, L iu  and Nevo [10] have improved the above theorem by allowing h(z) to 

have zeros. Specifically, L iu  and Nevo have proved the following theorem.

T h e o re m  B . Let 7  be a fam ily o f holomorphic functions on a domain D . Let к  >  2 

be an integer, and let h(z) փ 0 be a holomorphic function on D  С С that has no 

common zeros w ith any f  € 7, Assume also that the following two conditions hold 

fo r  every f  e 7 :

(a) f ( z )  ss 0 =>■ f ( z )  =  h(z), and

(b) / ' ( * )  =  h(z) =» | /W  (*)| <  c, where с is a constant.

Then the fam ily  3  is normal on D .

R e m a rk  1.1. In  fact, L iu  and Nevo firs tly  proved Theorem В in [9] under the 

additional condition tha t all zeros o f function h{z) have m u ltip lic ity  at most к  — 1. 

Then they removed this additional condition in [10].

FYom the above theorems, we see tha t for each /  g 7 , the function h is a fixed 

function. So, we now pose the following question: can h be different for different 

functions /  in the above theorems? In this paper give an affirmative answer to this 

question.

To state our result, we first recall a notation. Let У  be a family o f meromorphic 

functions. Denote by 7 ՛ the family of limit, functions, and set 7  =  7  U 7 '. Motivated

by an idea o f Grahl and C. Meng [6], we prove the following generalization of the

above theorems using a completely different approach.
■4

T h e o re m  1.1. Let 7  be a fam ily of holomorphic functions on a domain D . Let к  >  2 

be an integer, and let H  be a normal fam ily o f holomorphic functions on D  such that

0, oo & on D . Assume also that fo r  each f  € 7  there exists h f  € IK such that the 

follow ing conditions hold:

(a) f  and h f  has no common zeros,

(b) f ( z )  =  0 =► f '{ z )  =  h f(z ),

(c) f '( z )  =  h f(z )  ^  |/<*>(ж)| <  с, where с is a constant.



P E N G  լ Օ ,  JU N F E N O  X U

Then the fam ily  7  is norm al on D .

R e m a rk  1.2. The condition (a) is necessary, even in the case where a ll fty arc the 

same and the m u ltip lic ities  o f zeros o f /  are very large. The next example illustrates 

th is point.

E x a m p le  1.1. Let / „  =  nzp, where p is an integer, and le t Л  be the u n it disc. Then 

fn ( z ) — pnzp~ l  and f n \ z )  =  0 for к  >  p. Le t h (z) =  z. Then, i t  is easy to  see tha t, 

the fam ily { / „ }  satisfies the conditions (b) and (c) o f Theorem 1.1, bu t { / „ }  is not 

normal at 0, no m atte r how large the integer p  is.

Now we consider another problem concerning a norm al fam ily.

In 1959, Hayinan [7] proved the follow ing seminal result: i f  /  is a meromorphic 

function on С and i f  f [ z )  փ  0 and p k'(z )  փ  1 fo r some fixed positive integer к  for all 

z € C, then /  is constant.

The corresponding norm ality  crite rion  is due to  G u [5|. I t  states th a t a fam ily

7  o f functions meromorphic on D  is norm al i f  / ( г )  Ф 0 and ф 1 on D  for

each /  €  5՜. Yang |15] extended the above crite rion  from  a value to  a holom orphic 

function. In  2007, Nevo, Pang and Zalcman studied the no rm a lity  problem  from  

different v iewpoint, and proved the follow ing result (see [14, Lemma 3[).

T h e o re m  C . Let 7  be a fam ily  o f meromorphic functions on a domain D , к  6 N, 

and let Л  be a norm al fam ily  o f holomorphic functions on D  such that h փ  0, oo on 

D  fo r  each function  h e ЭІ. I f  fo r  each f  6 7 , f { z )  Փ 0 on D , and there exists a 

l i f  6 ՅՀ such that f ^ ( z )  փ  h j(z )  on D , then 7  is norm al on D .

Recently, L iu  and Chang [8] generalized Theorem С by allow ing 71 to  consist o f 

m eroinorphic functions.

T h e o re m  D . Let 7  be a fam ily  o f meromorphic functions on a domain D , к  6 N, 

and let 0{ be a norm al fam ily  o f meromorphic functions on D  such that h  փ  0, oo on 

D  fo r  each function  h 6 IK. I f  fo r  each f  €  7 , f ( z )  փ  0 on D , and there exists an 

h /  6  !K such that f ^ ( z )  փ  h /(z )  on D , then 7  is norm al on D .

In  [8], the authors also gave an example showing th a t the condition p k\z )  Փ h/(z) 
cannot be replaced by p k> (z) — h /(z )  փ  0, even when a ll h /  are the same.

E x a m p le  1.2. Let, / „ ( * )  =  for every n  6 N, and h (z) s= Then we have

f n (z) փ  0 and fnk\ z )  — h f(z )  յէ 0 on С for n  >  1. However, the fam ily  { / « }  is not 

normal a t 0.
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In  fa c t , th e  co n d itio n  փ h f ( z )  im plies th a t  /  a n d  h j  have no com m on

p o le s . S o , if  /  i s  h o lom orp h ic , th en  th e  co n d ition  p k)i{z!) փ h f ( z )  co in cides w ith

/ W (*) -  M * )  Փ 0..
FVom E x a m p le  1 .2  w e se e  th a t  th e  fun ction s / , ,  an d  h h ave th e sam e  po le  a t  0 

w ith  th e  sa m e  m ultip lic ity . S o , it is n a tu ra l to  a sk  w h at if  a ll th e  com m on poles o f 

/ »  a n d  h  h ave d ifferen t m u ltip lic itie s?

In  v iew  o f  p a p e r  [8], w e o b ta in  a  gen era liza tio n  o f  T h e o re m s С an d  D.

In  w h a t fo llow s, we u se  th e  follow ing n o ta tio n :

(1 .1 )  L [ f )  =  а о / ^  I H p E • • • +  a fc_ i / '  +  a kf

d e n o te s  a  lin ear  d iffe ren tia l p o ly n o m ia l o f  / ,  w here oo, • • • , a k a re  h olom orph ic functions

w ith  ao  (z) ^  0.

Theorem 1.2. L e t 7  be a  fa m ily  o f  m erom orp hic fu n c tio n s  on a  d om ain  D, an d  let

JC be a  n o rm a l fa m ily  o f  m erom orp hic fu n c tio n s on  D  su ch  th at հ փ 0 , oo on D  fo r

each  fu n c t io n  h  6  IK. A ssu m e  a lso  that f o r  each  / 6  3՜ there e x is ts  a  fu n c tio n  h f  €  IK 

su ch  th at the fo llo w in g  co n d ition s hold:

(1) /0 0 * 0 ,
(2 ) a ll the zeros o f  Լ Ա )  — hf  com e fro m  the zeros o f  hf,
(3) the m u ltip lic ity  o f  zero s o f  L ( f )  -  h f  is  not la rg e r  than  th at o f  zeros o f  h f  at 

the co m m on  zero s o f  Լ Ա )  — h f  an d  h f ,

(4) the m u ltip lic ity  o f  po les o f  L ( f )  i s  la rge r  th an  that o f  po les o f  h f  a t  the 

co m m on  p o le s o f  L { f )  a n d  h f .

T h en  the fa m ily  7  is  n o rm al in  D .

T h e  n e x t  e x a m p le  sh ow s th a t  th e  co n d itio n  (4 ) in T h e o re m  2 is  necessary . 

Example 1 .3 .  L e t  / « ( * )  =  J y  for every  n  6  N , h (z )  =  an d  D  =  [ z  : |z| <  1 } .

T h e n  for n >  1 w e h av e  / « ( г )  Ф  0  a n d  f n \ z )  -  h (z )  փ 0 on  D . H ow ever, th e fam ily  

{ / n K ՝ 8 u o t n o rm al a t  0.

F in a lly , w e g iv e  an  e x a m p le  to  show  th a t  th ere  e x is t s  a  n o rm al fam ily  7 sa tis fy in g  

a ll th e  c o n d itio n s o f  T h e o re m  1.2.

Example 1.4. L e t  / n (z )  f=  — ■ for every  n  6  N, h {z )  =  z e ‘  a n d  D  =  { г  : |г | <  1 }. 

T h e n  for n  >  1 we h ave f n (z )  /  0  an d  f „ ( z )  — h (z )  =  z e *  ( £  — 1) on C . Hence 

f ^ ( z )  — h (z )  a n d  h (z )  h ave th e  sa m e  zero s w ith  th e  sa m e  m u ltip lic itie s. It is e a sy  to 

se e  th a t  th e  fam ily  { / n }  sa t is f ie s  a ll th e  co n d itio n s o f  T h e o re m  1.2, an d  hence { / „ }  

is  n o rm al o il D .

TW O  R E S U L T S  ON T H E  N O R M A LIT Y  C R IT E R IO N  ...
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R e m a rk  1.3. The condition (3) plays an im portan t role in  the p ro o f o f Theorem 

1.2. However, we don 't know whether i t  is necessary or not.

Throughout the paper we use the follow ing notation : D denotes a domain in  C; 

Д ( г 0, г )  =  { z  : I z -  z0\ <  r }  and A '{z o ,r )  =  {z  : 0 <  \z -  Ip  I <  Ц fo r z0 6 С  and 

г  >  0.

2. P r o o f  o f  T h e o r e m  1.1 

To prove our m ain results, we need some lemmas (see [2], [7], [12|).

L e m m a  2.1 ([7]). Let f  be a meromorphic func tion  on С such tha t f ( z )  փ  0 and 

f№ (z )  փ  с fo r  some constant с փ  0 and a ll z 1 C. Then f  is a constant.

L e m m a  2.2 ([2)). Let g be a nonconstant entire fun c tion  w ith  p{g) <  1. Let к  >  2 

be an integer and let a be a nonzero f in ite  value. I f  g (z) — 0 Ш  g '( z) =  a> and 

g '{z ) =  a =s> g(k\ z )  =  0, then

g(z) m a(z ֊  *o).

where zo is a constant.

L e m m a  2 .3  ([12]). Let J  be a fam ily  o f functions meromorphic (resp. holom oiphic) 

in  tlie un it disc A , a ll o f whose zeros have m u ltip lic ity  at least k , and suppose that 

there exists A  >  1 such that | / ^ ( г )І — A  whenever f ( z )  =  0. I f  Մ  is no t norm al at 

zo in  the u n it disc, then fo r  each 0 <  a  <  к  there exist:

(а) points Zn €  A , z „  —> zq

(б) functions f n 6 ?  and

(c) a sequence o f positive numbers pn —► 0 such that բ ՜ °  f n {zn +  բ „ Հ )  — ց ո (Հ) —1 

ց (Հ )  locally un iform ly, where g is a non-constant meromorphic (resp. entire) function  

in  С w ith order at most 2 (resp. 1) such that ց “ (Հ) <  ց "(0 ) =  k A  +  1.

Here, as usual, s “ ( 0  =  is the spherical derivative o f ց (Հ ) .

We are required to  prove tha t a given sequence { / n }  contains a subsequence 

that converges spherically locally un iform ly on D or { / „ }  is norm al on D. B y the 

assumptions, there exists a corresponding sequence {/» „} € IK such th a t the functions 

lin  satisfy the conditions (a)-(c) o f the theorem.

Since ՁՀ is normal, the sequence -{/in} contains a subsequence, which we again 

denote by { / i „ } ,  such tha t {h n}  converges spherically loca lly  un ifo rm ly  on D  to  a
58



TW O  R E S U L T S  ON T H E  N O R M A LIT Y  C R IT E R IO N

holom orphic function ho, which may be oo identically. Note tha t since 0, oo g  3C, we 

have lio փ  0, oo.

Taking in to  account tha t norm ality  is a local property, i t  is enough to  show that 

{ / n }  is norm al a t each zo I  D . We set E  =  Щ Я м  and continue the proof by 

d istinguish ing two cases.

Case 1. Le t zo & E .

In  th is case we have ho(zo) փ  0. Hence, noting tha t hn converges to  ho spherically 

loca lly un ifo rm ly  on D , we conclude tha t there exists a positive constant S such that 

hn (z) փ  0 and |/ i„ (z ) | <  |/i(z)| + 1  on Д(^о,՜#) for large enough n.

Next, i t  follows from  condition (b) tha t

on A (zo, <5), where A  =  m a x { |h (z ) |: z € A(zo, <5)} +

Suppose, to  the contrary, tha t { / „ }  is not normal at zo. Then by lemma 2.3, there 

exist a subsequence o f the sequence { / „ }  (which we again denote by { / n } ) ,  a sequence 

o f complex numbers z „  —> z0 and a sequence o f positive numbers pn —> 0, such that

where the convergence is spherically locally un iform ly in C, and g is a nonconstant 

holom orphic function o f order a t most 1 and ց Ղ Օ  Ճ  «^(O) =  Л + 1 - 

B y  d iffe rentia ting  (2.1) one tim e and fc-times, we obtain

/п (з )  — 0 => | / n (z)| — |/in (z)| <  A,

(2.1) 9n(0  = РпХІп Ы  + PnO -» g(0

(2.2)

and

(2.3) H f l  I  P n -l f i k)(Zn +  РпІ) Ш Ո Տ

where ф ё  convergence is spherically locally un iform ly in  C.

Then, i t  follows from  (2.2) tha t

(2.4) # „ ( £ )  =  fn (z n +  pn( )  -  hn(zn +  p n i)  -»  ց '( Հ )  -  ho(zo),

where the convergence is spherically locally un iform ly in C. 

We claim  tha t

(I) 9 (0  = 0 =► g '(() =  ho(zo)
(Ո)ց'ԼՀ) -  h0(z) *  ց ^ ( Հ )  =  0.

5 9
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«Чирроно (.lint f/((o) ■» 0, Tlion by Hurwitx'ii theorem nnrl (2.1), there охінін a 
Huquonoo { ( „ }  nut'll that ( „  -» iuhI for largo enough n wo hnvo

/11 (*n + Pn(n) m 0.

Thou, by nNNUinptioii (b) wo got)

(2.5) /,',(*,.+ РпІп) ■ h „ ( ։„  -I- (>„tn).

A combination of (2,2) and (2.6) yield и

fl'iin) m Hm /'„(*ո I Pnin) m lim />,,(*„ + րոՀո) ■  /»<>(*o).ПЧвО П 4М

Implying that the с іа і іп  (I) lioldn.
Simllnrly wo cau hIiow the validity of tho claim (II).
Then, by Lemma 2 wo have ց(Հ) ■> />o(*o)(( — Po)i where po In a constant. Therefore

* + l -  «*((>) s |M « p )l$ *.
which Ih a contradiction.

Сам 2. Let to € E.
Without Iohn of generality, wo can luwumo that Xo m 0, Then there охінііы a punitive 

connt&nt Si such that ho(*) փ  0 on Л'(0, <Si). It followH from Cue 1 that { / „ }  Ih 
normal on Л;(0, i5j).

By taking a aubaequence and renumbering, we can tux time that

(2.6) f n - + f  071 ձ ' ( 0 , ձ ) .

Now if /  In a holomorphic in A'(0, <Jj), then by the maximum modulus principle we 
conclude that / „  -> /  on A(0, i5|), and tho nmult followN. So, lot ue пившие that 
f n -*  oo In Д '(0 ,Л|). Let г < Ji, then f „  -+ oo uniformly on |x| m r. Without loiw 
of generality, we can икните that / „  j i  0 on |<| "  r  for large enough n, Note that 
кіпсе / „  and /»,, have no common zero*, / „  can have only dimple йогом. Then from 
condition (b), we deduce that 1н holomorphlc on A (0,r),

Then by the argiunent principle and the Саинііу theorem, for huge enough n, we 
have

n(r’ 7 :H  ա Լ . , ի ՝

(շ.7) -I %֊ [  !Lzb.d, + ~ - [  Ь-dtI
лТТІ У|в|И|. /п 2m յո

т \тгг, ք  -ք-<ե\ ճ  т~ [  Іт -М * -4 О,
J\x\my f n  2ff J \ i\m r  f n  
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which Implies that / „  hoe no /.огон In |*| < r  and 4- In holoinorphlc In |*| < r. In 
view of ^  -» 0 In 0 < |*| < r, wo have -Է —> 0 hi |<| < r. Thun, / „  -» oo In |*| < r. 
So, {/n } I* normal nt i  ■ 0, Thaorom 1.1 In provad.

3. P r o o f  o f  th is  T iie o iiio m  1.2

We яге required to provo that a  given sequence { / „ }  contain* a subsequence 

tlmt convOl'gOH spherically locally uniformly on D or { / „ }  in normal on D. By thu 

nwiuniptlon, there exists a corresponding sequence {/»„} fc !H such that the functions 

/ „ ,  li„  and L ( f„ )  satisfy tho condltioiui (l)-(4) of tho thoorom.

Since ՅՀ In normal, tho sequence {/in} contain» a Hubuoquonco, which wo again 
denote by {/ln}, mucIi that {/»„} converges spherically locally uniformly on D to a 
nieroinorphlc function ho, which may bo oo identically Note that since 0, oo ff 31, we 
have /to ^  0, oo.

Taking Into account that normality Is a local property, It Ih enough to mIiow that 
{/՛>} Is normal at each *o € D\ We net E “  /іц (0 ) U /tj(o o ), aud continue the proof 
by distinguishing two самом.
Само 1. Lot <o Հ  &

hi thin само we have /to(zo) փ ()• Hence, noting that hn uonverguM to /іц Hphorically 
locally uniformly on D, we conclude that there охінін a positive coiiNtaut 6 Mitch that 
hn(,x) փ 0 on Д(<о,<$) for large enough n. Then It follows from tho condition (2) of 

the theorem that L (f„)(x ) — hu(x) փ 0 on Д(*о,Л).
Suppose, to the contrary, that { / „ }  Is not normal at to. Then by lemma 2.3, there 

exlut a subsequence of the sequence {/» }, (which we again denote by { /„ } ) ,  a sequence 
of complex numbers z„ —» to and a sequence of posltlvo numbers p„ -» 0,'such that

(3.1) N ,7n(if) ■ Pnhfn{*n + Pii0  -> ff(Ol

where the convergence ім Npherically locally uniformly In C, and g ін a nou-coiiMtaut 
meromorphic function.

By dlfreroiitlatiug (3.1) we obtain

(3.2) В 0  -  Հ -* /ձ ° (« ո  + ՐոՀ) ֊» y(,,(0 .

TW O ІІРШШ/ГН ON ТИК NORMAM TY cn iT K M O N  ...

where the convergence 1m spherically locally uniformly in C, and I ճ  I < k.
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Furthermore, we have

^Լքո)Լշո -ь PnO hn{zn + թոՀ)

=Oo(zn +  P n O fn H ^ i +  Բ ոՀ )  +  a i(Zn +  P n O fn '^ iZ n  +  PnO

(3.3) H----- +  a.kfn (zn +  Բ ոՀ ) — hn(zn +  թ ո Հ )

= a o ( z n +  р п О З п Ч Ю  +  p na i ( z n I  P nO ffn ֊1 ) (£ )

+ ----- Ւ Pnak{zn +  РпООпЩ -  հ ո ( ի  +  թ ո Հ )  ֆ  аи(г0)д(к)(Հ) -  ho(za),

where the convergence is spherically locally un ifo rm ly in  C.

Noting tha t f n (z )  0 in  view o f H u rw itz ’s theorem we have g ( z )  փ  0. Moreover, it  

follows from H u rw itz ’s theorem and L [ f n){z ) — hn (z )  փ  0 on A(-zo- 5) th a t д й ) Ш  փ  

. Hence, in  view o f Lemma 2.1, we get a contradiction. Thus, we have proved 

tha t { / „ }  is normal a t гц.

Case 2. Le t zo € E .

W ithou t loss o f generality, we can assume th a t zq =* 0. Then there exists a positive 

constant Տլ such tha t h y (z ) փ  0, oo on Д '(0 , <5i). I t  follows from  Case 1 th a t { / n }  is 

normal on Д '(0 , <Jj). Moreover, we have / „  —> fo  on Д '(0 , J i) ,  where fo  is meromorphic 

on Д '(0 , <5i) o r /о  =  oo.

Suppose firs t th a t fo  փ  0. Then we have j — ► 4^ on Д '(0 ,<5і). Since f n (z) փ  0 

on D , j -  is holouiorphic on D . Hence, by the m axim um  m odulus princip le , we have 

j — Y -յձ on Д '(0,<5і), im p ly ing tha t { / „ }  is norm al a t 0.

Now, we assume tha t fo  =  0. In  th is case, for any positive constant r  <  <5i, we 

have fn  —► 0 and Д  =► 0 as ո  S  oo on |x{ §  г  fo r a ll positive integers I. Hence 

L ( f n )  —► 0 and L ( f n ) '  Щ  0 on \z\ =  r.

Next, from  the argument principle, for sufficiently large n  we have 

n(r>
= J _  [  Ш Ш Ш Щ к I  j _  г  H g

2тгі J\z\=r Լ(/ո) հո 2тгі У|х|—г հօ

= n (r ,  r ֊ ) ֊ n ( r ,  h0), 
ho

where n (r, j )  and n (r . g )  are the numbers o f zeros and poles o f g in  |z| <  r , 

respectively, counting m ultip lic ities. Then, i t  follows th a t

(3.4) n (r, ■ ֊— r ~ )  -  n (r > Լ Ա ո )  -  հ ո )  1  n (r , Տ n (r , h0).
H fn )  ~ h n ho

We consider two subcases.

6 2



TW O  R E S U L T S  O N T H E  N O R M A LIT Y  C R IT E R IO N

Subcase 2.1 . L e t  /io (0 ) =  0.

N o tin g  th a t  th e  co n vergen ce  h n —► ho is  sp h erica lly  lo ca lly  u n iform ly  on D . we 

co n c lu d e  t h a t  th e re  e x is t s  a  p o s it iv e  Щ <  <5i su ch  th a t  n { r \ ,  յ է )  =  n ( r b  j—) an d  

n ( r b  h 0 ) =  0  for su ffic ien tly  la rg e  n . T h e n  it follow s from  co n d itio n s (2 ) an d  (3 ) th a t

/ п (Гь 777T—Г ՜) -  п(г і- т г )  = n (r i> Г~)>ԼԱ ո ) ~ քԿւ հ՛ո ho
a n d  in  v iew  o f  (3 .4 )  w e h ave

n ( n ,  Լ Ա ո ) ~  h „ )  <  n ( r i ,  h0 ) =  0.

T h e n , it  fo llo w s from  co n d itio n  (4 ) th a t  -  "

ո ( ո .  Լ Ա ո ))  =  n ( n .  Լ Ա ո ) -  h n ) <  n ( r i ,  h0 ) =  0,

im p ly in g  t h a t  n ( r i .  L ( f n))  =  0 . H ence, / „  h a s  n o  p o le  on  Д п . T h e n , ta k in g  into 

a c c o u n t th a t  / „  -+  0  on  Л '( 0 ,  r i )  a n d  u sin g  th e m ax im u m  m o d u lu s prin cip le , we 

c o n c lu d e  t h a t  / „  —► 0  o n  Д (0 ,  ո ) ,  sh ow in g  th a t  { / „ }  is  n o rm al a t  0.

S ubcase 2 .2 . Le t /to(0) =  °o-

N o tin g  th a t  th e  co n v ergen ce  h n - *  ho is sp h e r ica lly  lo c a lly  un iform ly  on  D , we 

co n c lu d e  t h a t  th e re  e x is t s  a  p o s it iv e  քշ <  su ch  th a t  for su fficien tly  la rg e  n

п (г 2,Н п ) =  n ( r 2 , / i 0 )

a n d

n ( r 2 , — ) =  n ( r 2, t̂ -) =  0 .
Лп <*0

T h e n  i t  fo llow s fro m  co n d itio n  (2 ) th a t  n ( r 2 , ) =  anc  ̂ 'n  view  o f  (3 .4 ), we

o b ta in

(3 .5 )  n ( r ,  Լ Ա ո )  -  h n ) =  n ( r ,  ho) =  n ( r 2, /in ).

T h u s , b y  co n d itio n  (4 ) , w e h ave

(3 .6 )  ՜4  n ( r 2 , L ( f n ) )  +  n ( r 2 , հ ո ) <  ո ( ո ,  Լ Ա ո )  -  hn ) ,

w h ere  n ( r 2, g )  is  th e  n u m ber o f  p o le s  o f  g  in Д  (0 , r 2), ign o rin g  m u ltip lic itie s. C om bin g

(3 .5 )  a n d  (3 .6 ) , w e g e t  n ( r 2 , Լ Ա Ո))  <  0. im p ly in g  th a t  n ( r 2 , Լ Ա ո ))  =  0. S o  

n ( r 2 , Լ Ա ո ) )  =  0 , a n d  h ence / „  h a s  no p o le  on  Д ( 0 , г 2). T h e  argu m e n ts , sim ilar  

to  th a t  o f  u sed  in  S u b c a se  2 .1 , show  th a t  { / n }  is n o rm al a t  0 . C o m b in g  th e C a se s  1

a n d  2 w e co n c lu d e  th a t  th e  fam ily  3՜ is n o rm al a t  each  zo 6  D .

T h is  c o m p le te s  th e  p r o o f  o f  T h e o re m  1.2.
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