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Abstract. In this paper we generalize two known results concerning normal families
of meromorphic functions. We first improve and extend a theorem of Liu and Nevo
{10], using a completely different approach. Then we obtain a generalization of Gu's
normality criterion stated in [5].
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1. INTRODUCTION AND THE MAIN RESULTS

Let F be a family of meromorphic functions defined in D. The family F is said
to be normal in D, in the sense of Montel, if for any sequence f, € F there exists a
subsequence fp; that converges spherically locally uniformly on D to a meromorphic
function or to o (see [13]).

Let f and g be two meromorphic functions defined in a domain D, and let ¢ be a
complex number. If g(z) = a whenever f(z) = a, then we write f(z) = a = ¢(2) = a.
If f(2) = a= g(z) = aand g(z) = a = f(z) = a, then we write f(z) = o ¢ g(z) = o,
and say that f and g share the value a. It is assumed that the reader is familiar
with the standard notions and fundamental results of Nevanlinna theory, as found in
(7, 15, 16).

In 2004, Chang, Fang and Zalcamn [2], have obtained a normal family of holomorphic
functions related to a non-vanishing function, which improved the results of Chen and

Hua ([3], Theorem 1), Pang ([11], Theorem 1), and Fang and Xu ({4], Theorem 3).
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TWO RESULTS ON THE NORMALITY CRITERION

Theorem A. Let F be a family of holomorphic functions on a domain D C C. Let
k > 2 be an integer, and let h(z) # 0 be a holomorphic function in D. Assume also
that the following two conditions hold for every f € F:

(a) f(z) =0 = f'(2) = h(z), and

(b) f'(2) = h(z) = |f*®)(2)| < ¢, where ¢ is a constent.

Then the family F is normal on D.

Recently, Liu and Nevo [10] have improved the above theorem by allowing h(z) to
have zeros. Specifically, Liu and Nevo have proved the following theorem.
Theorem B. Let J be a family of holomorphic functions on a domain D. Let k > 2
be an integer, and let h(z) # 0 be a holomorphic function on D C C that has no
corninon zeros with any f € F. Assume also that the follouwing two conditions hold
for every f € F:

(@) f(z) =0 = f'(z) = h(z), and

(b) f'(z) = h(2) = [f*)(2)] < ¢, where ¢ is a constant.

Then the family F is normnal on D.

Remark 1.1. In fact, Liu and Nevo firstly proved Theorem B in [9] under the
additional condition that all zeros of function h(z) have multiplicity at most k — 1.

Then they removed this additional condition in [10].

From the above theorems, we see that for each f € &, the function h is a fixed
function. So, we now pose the following question: can h be different for different
functions f in the above theorems? In this paper give an affirmative answer to this
question.

To state our result, we first recall a notation. Let F be a family of meromorphic
functions. Denote by F' the family of limit functions, and set F = FUTF. Motivated
by an idea of Grahl and C. Meng [6]. we prove the following generalization of the

above theorems using a completely different approach.
N
Theorem 1.1. Let F be a family of holomorphic functions on a domain D. Let k > 2

be an integer, and let K be a normal famnily of holomorphic functions on D such that
0, oo & K on D. Assume also that for each f € F there exists hs € H such that the

following conditions hold:

(¢) f and hy hes no common zeros,
() f(z) =0= f'(2) = hy(2),
(c) f'(z) = hy(z) = |f®)(2)] < c, where ¢ 15 a constant.
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Then the family F is normal on D.

Remark 1.2. The condition (a) is necessiry, even in the case where all Ay are the
same and the multiplicities of zeros of f are very large. The next example illustrates

this point.

Example 1.1. Let f, = nz?, where p is an integer, and let A be the unit dise. Then
fi(z) = pnz? ! and f,‘.‘)(z) =0 for k > p. Let h(z) = z. Then, it is easy to see that,
the family {f.} satisfies the conditions (b) and (c) of Theorem 1.1, but {f,} is not
normal at (0, no matter how large the integer p is.

Now we consider another problem concerning a norinal family.

In 1959, Hayman [7] proved the following seminal result: if [ is a meromorphic
function on C and if f(z) # 0 and f**(z) 3 1 for some fixed positive integer k for all
z € C. then [ is coustaut.

The corresponding normality criterion is due to Gu [5|. Tt states that a family

T of functions meromorphic on D is normal if f(z) # 0 and f*}z) # 1 on D for
cach f € J. Yang [15] extended the above criterion from a value to a holomorphic
function. In 2007, Nevo, Pang and Zaleman studied the normality problem from
different viewpoint, and proved the following result (see |14, Lemma 3]).
Theorem C. Let F be a family of meromorphic functions on a domain D, k € N,
and let H be a normal famaly of holomorphic functions on D such that h # 0,00 on
D for ench function h € H. If for each f € F, f(z) # 0 on D, and there exists a
hy € H such that F®(z) # hy(z) on D, then F is normal on D.

Recently, Liu and Chang [8] generalized Theorem C by allowing H to consist of

meromorphic functions.
Theorem D. Let F be a family of meromorphic functions on a domain D, k € N,
and let H be a normal family of meromorphic functions on D such that h # 0,00 on
D for each function h € H. If for each f €T, f(z) # 0 on D, and there erists un
hy € H such that f*)(z) # hy(z) on D, then ¥ is normnal on D.

In (8], the authors also gave an example showing that the condition FE(2) # hy(2)
cannot be replaced by f'*’(z) — h,(z) # 0, even when all hy are the same.
Example 1.2. Let f,(z2) = “l, for every n € N, and h(2) = ‘—',}J.f,'i' Then we have
fa(z) # 0 and f,'.k)(z) ~hy(z) # 0 on C for n > 1. However, the family {f.} is not

normal at 0.
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In fact, the condition f'*'(2) # hys(z) implies that f and Ay have no common
poles. So, if f is holomorphic, then the condition f%)(z) # h;(z) coincides with
FMN2) = hy(z) #0.

From Example 1.2 we see that the functions f,‘,.' and /i have the same pole at 0
with the same multiplicity. So, it is natural to ask what if all the common poles of

%) and h have different multiplicities?
In view of paper [8], we obtain a gencralization of Theorems C and D.

In what follows, we use the following notation:
(1.1) L[f]=a.of“‘)+auf("'»'”+-~-+ak_|f'+akf

denotes a linear differential polynomial of f, where ag, - - - , ax are holomorphic functions
with ay(z) # 0.

Theoremn 1.2. Let J be a family of mmeromorphic functions on a domain D, and let
K be a normal family of meromorphic functions on D such that h # 0,00 on D for
each function h € 3. Assume also that for cach f € F there erists a function hyeX
such that the following conditions hold:
(1) f(z) #0,
(2) all the zeros of L(f) — hy come from the zeros of hy,
(3) the multiplicity of zervs of L(f) — hy is not larger than that of zeros of hy at
the common zeras of L(f)} — hy and hy,
(4) the multiplicity of poles of L(f) is larger than that of poles of hy at the
common poles of L(f) and hy.

Then the family F is normal in D.

The next example shows that the condition (4) in Theorem 2 is necessary.
Example 1.3. Let f,(z) = :1; foreveryn € N, h(z) = (;.’:‘.“ and D = {z:|z] < L}
Then for n > 1 we have f,(z) # 0 and f.‘.”(z) — h(z) # 0 on D. However, the family
{ fo i not normal at 0.

Finally, we give an example to show that there exists a normal family F satislying

all the conditions of Theorem 1.2.

Example 1.4. Let f,(2) = 3-:'—' for every n € N, h(z) = ze® and D = {z:z| < 1}.
Then for n > 1 we have f,(z) # 0 and fi(2) ~ h(z) = ze* 1 -1) on C. Hence
f.(z) = h(z) and h(z) have the same zeros with the saine multiplicities. It is casy to
see that the family {f, ) satisfies all the conditions of Theorem 1.2, and hence {f,}

is normal on D.
i
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Remark 1.3. The condition (3) plays an important role in the proof of Theorem

1.2. However, we don't know whether it is necessary or not.

Throughout the paper we use the following notation: D denotes a domain in C;
A(z0,7) = {z: ]z —z20) < 7} and &'(z0.7) ={2:0 < |z — 20| < r} for zp € C and
r> 0.

2. PROOF OF TIHEOREM 1.1

To prove our main results, we need some lemmas (see {2], (7], {12]).

Lemma 2.1 ([7]). Let f be a meromorphic function on C such that f(z) # 0 and
f®)(2) # ¢ for some constant ¢ # 0 and all z € C. Then f is a constant.

Lemma 2.2 (|2|). Let g be a nonconstant entire function with p(g) < 1. Let k > 2
be an integer and let a be a nonzero finite value. If g(z) = 0 = ¢'(z) = a, and

g(z)=a= g(k)(Z) =0, then
9(2) = a(z - 2),

where zy s a constant.

Lemma 2.3 ([12]). Let F be a fomily of functions meromorphic (resp. holomorphic)
in the unil disc A, all of whose zeros have multiplicity at least k, and suppose that
there crists A > 1 such that |f*)(2)| € A whenever f(z) = 0. If T is not normal at
zg in the unit disc, then for each 0 < a < k there exist:

(a)
(b) functions f, € F and
(c) a sequence of positive numbers p, — 0 such that p fo(zn + pn€) = gn(&) o

points zn € A, zn — 2o

g(&) locally uniformly, where g is a non-constant meromorphic (resp. entire) function
in C with order at 1nost £ (resp. 1) such that ¢(¢) < g¥(0) = kA + 1.
o . . g d

Here, as usual, g*(€) = )l—"w"—tz}‘—; is the spherical derivative of g(£).

We are required to prove that a given sequence {f,} contains a subsequence
that converges spherically locally uniformly on D or {f.} is normal on D. By the
assumptions, there exists a corresponding sequence {h,} € H such that the functions
fu: hn satisfy the conditions (a)-(c) of the theorem.

Since 3 is normal, the sequence {h,} contains a subsequence, which we again

denote by {h,}, such that {h,} converges spherically locally uniformly on D to a
58
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holomorphic function hg, which may be oo identically. Note that since 0,00 ¢ H, we
have hg # 0, 0.

Taking into account that normality is a local property, it is enough to show that
{fa} is normal at cach zo € D. We set E = hg'(0), and continue the proof by

distinguishing two cases.
Case 1. Let 2o € F.

In this case we have hy(20) # 0. Hence, noting that h, converges to hg spherically
locally uniformly on D, we conclude that there exists a positive constant § such that

ha(z) # 0 and |h,,(2)| < |h(2)| + 1 on A(zg,8) for large enough n.
Next, it follows from condition (b) that

fa(z) = 0= |f,(2)] = |ha(2)] < A,

on A(zy,d), where A = max{|h(z)|: z € A(20,8)} + 1
Suppose, to the contrary, that {f,} is not normal at zy. Then by lemma 2.3, there
exist a subsequence of the sequence { f} (which we again denote by { f»}),  sequence

of complex numbers z,, — zp and a sequence of positive numbers p,, — 0, such that

(21 9n(6) = p7 " Falzn + put) - 9(£)

where the convergence is spherically locally uniformly in C, and g is a2 nonconstant
holomorphic function of order at most 1 and gf(¢) < ¢!(0) = A + 1.

By differentiating (2.1) one time and k-times, we obtain

(2.2) Gal€) = L1z + pn€) = ¢(6)
and
(2.3) a(€) = A1 f P (2n + pal) = 9(E),

where the convergence is spherically locally uniformly in C.
Then, it follows from (2.2) that

(2.4) Hn(€) = f:n(zn + pn&) — hn(zn + pné) = 9,(5) — ho(zo),

where the convergence is spherically locally uniformly in C.
We claim that
() 9(&) =0 = g'(€) = ho(z20)
(Ig'(€) = ho(z) = ¢® (&) = 0.
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Suppure that. g(€p) = 0. Then by Hurwitz's theorem and (2.1), there exists o

requence { &, ) such that &, - &g, snd Tor Inrge enongh 7 we have
Sulzn b puda) = 0.
Thew, by assanmption (b) we got
(2.5) Solen ¥ puln) = b (80 + pun).
A combination of (2.2) and (2.5) yiolds
(€)= B fo (20 b puka) =l b (2, 4 paba) = ho(zo),

Implying that the cladm (1) holds.
Stmilnrly we enn show the validity of the claim (11).

Then, by Lennun 2 we have g(&) = hy(20)(€ = pn), where py in a constant. Therofore
A4 e P0) < |ho(z0)l < A,
which in 0 contradiction.

Cnro 2 Lt 5y E.

Withent loss of generality, we enn nssnme that, zy = 0. Then there oxists o positive
constant & such that he(z) # 0 on A'(0,46,). Tt follows from Case | that {f,]} in
norml on A’(0,8,).

By taking n nubsegquenco and remunbering, we can assime that.
(2.6) fo = [ on A'(0,6,).

Now il [ Ix n holomorphic in A7(0,4,), then by the maximum modulus principle wo
conclnde thit fr, = f on A(0,4)), and the result follows. So, lot us assue that
fu = oc in A'(0,8)). Let » < &), then f,, = oo uniformly ou |z| = r. Without loss
of generality, we can wssinne that f,, o 0 on [z] = v for large enough 1. Note that
winca f,, wnd by, have no common zoros, f,, can have only slmple zeros. Then from
condition (b), wo deduce that !T“ in holomorphic on A0, 7).

Then by the argumnent prineiplo and the Causliy theotem, {or largs enough n, we

hnve
n(r, .-;;) |.1.:_': ./|.|_, —f—{f:l:l
4 -
(2.7) ‘-Iﬁ L —--—f"!"h"//z +4 TZ'?/;”-. ’L::-tltl
n',‘_—:"' ‘/;'I-’ ."—:llz| < 2_|n' -, AT:-Mu 0,

G0
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which bupliea that [, has no zoron in |z < r and ;}- v holomorphic in (2] < » In
view of 7‘; = 0in 0 < |2| <7, wo have t = Oin (2] <7 Thus, f,, = o0 in 2] < 7.

So, {fu} in normal at z = 0. Theoremn 1.1 s proved,

3. Proor oF i TheEorEM 1.2

We are required to prove that a given sequence {f, ) containg a subsequence
that converges spherically locally wniformly on 1) or {f,} in novimal on D, By thoe
nrsuniption, there oxists a corremponding sequence {h,} € H such that the functions
Juo B and L(f,,) satinfy the conditious (1)-(4) of the theorem.

Since K s normal, the sequence {h,} contains a subsequence, which we ngnin
denote by (/iy}, such that {hy,)} converges sphevically loeally aniformly on £ to n
meromorphic function hg, which may be 0o identicnlly. Note that since 0,00 ¢ 9, we
have hy # 0, no.

Taking futo account. that nonuality is a local property, it s enough to show that
{fu} 0 norinnl at onch 2, € D. We set £ = by ' (0) Uy, '(ov), anid continue the proof
by distingnishing two cases.

Cane 1. Lot gy ¢f B

L thin cane wo have hy(zy) ¥ 0. Hencs, noting that /i, converges to by spherically
loeally uniforinly on D, we conclude that there exists n ponsitive constant 8 such that
ha(z) ¥ U on A(zy,d) for lurge enough o Thon i follows from the condition (2) of
the theorem that L{f,)(2) = h,(2) # 0 on A(zg, 4).

Suppase, Lo the contrary, that {f,} s not novmal at z;. Then by lemma 2.3, there
oxint n subsequence of the sequence (£, }, (which we ngain denote by { £, }), 0 sequence

of complox numbers z,, <3 2y ad a sequence of positive numbers p,, = O, sich that

Bl . (€)= 0" fulan + pu€) -+ 9(6),

whors the convergonee i spherically loeally unifornly in €, and g is a non-coustant
meromorphic function.

By ditferentinting (3.1} we obtain
(3.2) a(€) = o [0 (5 + pu) -+ 46,

where the convergance is spherically locally uniformly in C, and | 1 < &
(1]
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Furthermore, we have
L(fn)(zn + pn€) = hn(zn + p€)
=00(2n + Pn€) ) (zn + Pn€) + a1(2n + Pa€)fF V(20 + £n€)
(3.3) + -+ akfr(zn + Pa€) = hn(zn + pné)
=ao(zn + pn€)gh (€) + puar(zn + pn)gl ~1(€)
+ o+ phak(zn + Pn€)9n(€) = ha(zn + pa€) = au(20)9*)(€) - ho(z0),

where the convergence is spherically locally uniformly in C.
Noting that f,,(2) # 0 in view of Hurwitz’s theorem we have g(z) # 0. Moreover, it
follows from Hurwitz's theorem and L(f,.)(2) — hn(z) # 0 on A(2p.6) that g (2) #

Nl 24

. Hence, in view of Lemma 2.1, we get a contradiction. Thus, we have proved

Halta)

that {f,} is normal at z,.

Case 2. Let 2p € E.

Without loss of generality, we can assuine that zy = 0. Then there exists a positive
constant d; such that hy(z) # 0,00 on A’(0, ;). It follows from Case 1 that {f,} is
normal on A’(0, 8, ). Moreover, we have f, — fo on A’(0, 61), where f; is meromorphic
on A'(0,8) or fo = o0

Suppose first that fo # 0. Then we have [L_ — % on A'(0,81). Since f.(z) # 0
ou D, /L is holomorphic on D. Hence, by the maximum modulus principle, we have
7 = 7 on &'(0,6y), implying that {f.} is normal at 0.

Now, we assume that fo = 0. In this case, for any positive constant r < 4;, we
have f, — 0 and f,‘.“' — 0 as n = oo on |z| = 7 for all positive integers I. Hence
L{f,) = 0and L(fn) = 0on |z| =7.

Next. from the argument priuciple, for sufficiently large n we have

. :
m] - nlr, L(f,) = ky)

___]_/ L(fn)l_h::d‘__k 1 i ’L(;d
2m [z|=r L(fn)"‘,ln + 2mi '/|2|"'" ’Lo

=i, hlo-) —n(r, hg),

n(r,

where n(r, ;) and n(r. g) are the numbers of zeros and poles of ¢ in |z] < 1,
respectively, counting multiplicities. Then, it follows that
1 1 L
34 n(r, ——————) ~n(r, L{f,) = h,.) = n(r, =) = n(r, hy).
64 nl ) = L) = h) = ar, ) = nlr, h)
We consider two subcases.
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Subcase 2.1. Let h(0) = 0.

Noting that the convergence h, — hg is spherically locally uniformly on D. we
conclude that there exists a positive 7y < §; such that n{ry, 7}:) = n(r;, ) and
n{ri, ho) = 0 for sufficiently large 7. Then it follows from conditious (2) and (3) that

1 1 1
Ny ) —) = nfry, —
1 L(f") < h") n(rh h") n(rl h()),

and in view of (3.4) we have

n(

n(r1, L(fa) = ha) < n(ry, ho) = 0.
Then, it follows from condition (4) that
n(r1, L(fy)) =nl(ry, L{fa) = In) < n(r1, ho) =0,

implying that n(r;. L(f.)) = 0. Hence, f, has no pole on A, . Then, taking into
account that f, — 0 on A’(0,r;) and using the maximum modulus principle, we

conclude that f,, = 0 on A(0,r;), showing that {f,,} is normal at 0.

Subcase 2.2. Let hy(0) = oo.
Noting that the convergence h, — hg is spherically locally uniformly on D. we

conclude that there exists a positive 72 < &; such that for sufficiently large n
n(ra, hn) = n(r2, ho)

and

(r2s o) = n{ra, =) = 0

T2 ) = — )=V

n\ra, P 2y ho

Then it follows from condition (2) that n(rz, Wll_h) =0, and m view of (3.4), we
obtain
(35) Tl(?', L(fu) ~h,) = "(7'1 ho) = "'(T’thn)'
Thus, by condition (4), we have
(3.6) N i(r2, L(fn)) + n(ra, ha) < n(r1, L(fa) = ha),

where 7i(r2, g) is the number of poles of g in A(0, 72), ignoring multiplicities. Combing
(3.5) and (3.6), we get 7(ra, L(f,)) < 0. implying that #i(r2, L(f.)) = 0. So
n(rg, L(f.)) = 0, and hence f, has no pole on A(0.72). The arguments, similar
to that of used in Subcase 2.1, show that {f.} is normal at 0. Combing the Cases 1
and 2 we conclude that the family F is normal at each zp € D.

This completes the proof of Theorem 1.2.
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