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1, INTRODUCTION

It is well-kuown that the notion of vadation of a function was introdiced Ly Jordan
[18) in [8H1. In 1924, Wiener [25] generalized this notion and introduced tle notion
of prvariation. In 1937, Youuy |'2ﬁ|' introdoeed the nolion of $ovarintion. Whalermmn
|24 has studied the class of functions of bounded A-variation, and Chanturia 15]
has delived the pation of modulus of vicdation of o [unetion, Later the nodion of
nodulus of variation for a continnous function was generalized by Karchava [19], In
1990, IKita and Yoneda |20] have introduced the notion of generalized Wiener's class
BY (p{n) t 1. .

Let f be a funetion defined on (—oo, +oc) with periad 1. A s said to be a particion

with period 1, if
A Gdaa<h e b b e Ly

satisfies fepm = te+ 1 for & = 0,41, £2, ..., where w38 a positive intoger, Let
pid) =inl [ty — Lo

Definition 1.1 {[20]). Let p(n) be an incrensing sequence such that 1 < p(n) Tp s
n—+ oo, where | < p < oc. We say that a function [ belongs to the elass BV (p(n) 1 p)
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if
i N ,T(lﬂ 1
V (f.p(n) 1 p) := supsup (Z |f (te) = f ()" ) 2p(A) > == p <o
n2l A k=1 2

If p(n) = p for all n, then the class BV (p(n) T p) coincides with the Wiener class
V, of functions of bounded p-variation.

Properties of functions of class BV (p(n) T p) as well as uniform convergence and
divergence of their Fourier series by trigonometric and Walsh systews have been
studied by Kita [21], Goginava [7] [9] and Goginava, Nagy [12].

In 2000, Akhobadze [1] has gencralized the class BV (p(n) 1 p) by introducing the
class BV (p(n) t p,¢), defined below.

Let ¢ be an increasing function defined on the set of natural numbers N, such that
& (1) > 2 and

lim ¢ (n) = +oc.

=00

Let f be a finite 1-periodic function defined on (—o00, +2oc), and let A be a partition

with period 1, defined above.

Definition 1.2 (Akhobadze [1]). Let p(n) be an increasing sequence such that 1 <
p(n) 1 p as n — oo, where 1 < p < oo, and let the function ¢ be as above. We say

that a function f belongs to the class BV (p (n) T p,®) if

m wln
V (f.p(n) T p. ) = supsup (Zwk) - f(zk_nr""})  p(8) 2 —— § <o,
n>1 A e o (n)

If p (n) = p for each natural n, where 1 < p < oo, then the class BV (p(n) 1 p. o)
coincides with the Wiener class V,, and if ¢ (n) = 2", n = 1,2...., then the class
BV (p(n) T p, ¢) coincides with the class BV (p(n) T p).

Some generalizations of the notion of variation of functions has been considered
by Akhobadze [2], Goginava [8, 9], and Goginava and Sahakian [13, 14].

Let € ([0,1]) denote the space of continuous functions with period 1.

If f € C([0,1]), then the function
w (8, ) = max {1 (&) — L @) : e — 9] 8, zye oA}

is called the modulus of continuity of f.
Given a modulus of continuity w (8). by H* we denote the class of functions f €
C ([0, 1)) satistying w (6. f) = O (w(d)) asd — 0+ . Given an increasing function
4
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o defined on the set of naturals N, such that ¢ (1) > 2 and lim, ¢ (n) = +oc.

Denote

r(@)=min{k:keN, pk)=2r}, 722

Definition 1.3. We say that the sequence {p(n) :n = 1} and the function @ satisfy
condition (B, @), if there erists a constant ¢ > 0 such thal for cvery n = 1

oo

B
et nzi/’.ﬂ( T(k)) — ﬂl,l;/p{ ()}

2. HAAR-LIKE SYSTEMS

Let {p,} be a sequence of prime numbers, such that 2 < p, < N (n=1.2,..),
where N > 2 is a natural number. Let {m,,, n = 0} be a sequence of integers defined
by

mn=1; mu=ppsape: n= 1

and let

{
Q= { }. L= 003 o )

T

Then for each ¢ € [0, 1]\Q there is only one expression of the form

o Ji (1)
tzzﬂ. ; ”SJA:("-)S;U;:—I,
k=1 mE

Each integer m > 2 can be uniquely written in the form
m=mp+7(pPuy1 — 1) + s,

wheren =0, 1, .or=0 . ma=1and s=1,...; pnf1 — 1

We set x; (£) = 1 on [0, 1], and for in = 2 define

NS cxp{?ﬂ%} for te | ==, 'T;tl Ney

1
0 f()l' t e Ty, ! {J'_r-t_.l

Y

i {t) =282 (£) =

e |

At the interior discontinuity points £ € @, we deline the function y,, (t) to be the
average of the limits on either side, while at the endpoints of the interval [0, 1], we
deline yp, (1) to be the limits [rom the interior.

Thus we have defined the system x{p,} of the class y. The class v, which is the set
of all systems x{p,} with bounded sequences {p, > 2}, was introduced by Vilenkin
[23] in 1947. If p, = 2, n = 1, 2, ..., then we have the classical Haar system, introduced

by Haar [17] in 1909.

o
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Let L ([0,1]) be the class of all measurable 1—periodic functions defined on [0.1]

with the [ollowing norm
1
70 = [ 1 ()l dr < o
i

Denote by am (f) the Fourier cocfficients of a function f € L ([0.1]) with respect to

Haar-like system {xm(t)}:

1
)= /f (1) xm(t)dt, m=1,2 ...
0

The problem of estimation of Fourier-Haar coeflicients and absolute convergence of
series of Fourier-Haar coefficients has been studied in a munber of papers. We mer 1tion,
for instance, the papers by Ulianov [22]. Golubov [15], Chanturia [5], Goginava [10],
Gt and Toledo |6], Aplakov [1].

The absolute convergence of series of Fourier-Haar-like coefficients has been studied
by Golubov and Rubinshtein [16], where, iu particular, the following theoreins were

proved.

Theorem GR1 ([16]). Let x{pn)} € x. The following assertions hold.

1) If feV, for1 <p<ocoandf > f’f%, then

S e

m=1
2) For any 1 < p < oc there exists a function fo € V), (moreover fu € Lip(1/p)),

for which

Y lam (fo)l” =00

=l

when 3 = 2

24p°
Theorem GR2 ([16]). Let x{pn} € x. The following assertions hold.

1) IffeVoforl<p<ooanda< ﬁ — 1 then

Z m® |a, (f)] < oo.

m=l1
2) For any | < p < oc there exists a function fy € V}, (moreover fy € Lip(1/p) ),
for which 3

o0
>° m” lam (fo)l = o<
m=1

whe il
when o« = e
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In this paper we study absolute convergence of the series of Fourier coefficients
with respect to Haar-like systems in the class of functions of generalized bounded

variation. Specifically, we study convergence of the series

Z m |am (f

m=1
for functions f from the class BV (p(n) 1 p, ). for various values of the parameters
 and A,
3. THE MAIN RESULTS
The main results of this paper are the following theorems.

Theorem 3.1. The following assertions hold.
a) Let f € BV (p n) T Mﬁ, ) for some 3 € (2/3,2) and

O
Z T, 1/z+|xp TR YR
n=1 Mn
Then
o0
@
> lean (5] < 00
n=1

b) Let the sequence {p(n) : n > 1} and the function @ be such that the condition
(B. ) is satisficd, and let for some 3 € (2/3,2)
o0

1
Zl PO 7o i) -1 =

Then there exists a function fo € BV (p(n.} i ,m,g d)) such that

Z lan (fo)l? = S

n=1

-

Theorem 3.2. The following assertions hold.
a) Let f € BV (p{n] i h;%‘_tp) for some v € (=1/2,1/2) and

i 1

Z Tprma=12=a =~ >

n=1 Mn

Then
o

Y n%lan (f)] < co.

n=1

7
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b) Let the sequence {p(n):n > 1} and the function ¢ be such that the condition

(B, ) is satisfied, and let for some « € (=1/2,1/2)

e 1

Z 1/p(r(my))—1/2—c =

1 My

Then there exists a function fg € BV (p (n) T ﬁ, ¢5) such that

Z |ﬂn fU |_

Combining Theorems 3.1 and 3.2 we obtain the following result.

Theorem 3.3. The following assertions hold.
a) Let f € BY (;: (n) T ﬁf—_i—;,nb) for some @ > 0 with %j# < f<24+20q,

and let

o 1
Z Bl p{rlma ) +1/2) —1—n < 00, ¢
n=l1 M
Then
oo
8
Z n®lay (£ < oo

n=1
b) Let the sequence {p(n): n > 1} and the function @ be such that the condition

(B, ) is satisfied, and let for some 3 > 0 wilh H2as o0 0 £ oy
P 3

0 |

Zl m? A p(r(ma ) )F1/2) =1 = S

Then there exists a function fy € BV (p (n) 1 %‘ rf)) sueh that

(s s]

3 n®lan (fo)l° =

n=1

4. AUXILIARY RESULTS
To prove the theorems stated in Section 3. we need the following lemmas.

Lemma 4.1 ([3, 11]). The embedding H* C BV (p(n) T p,¢) holds if and only if

w(t) = ()( /et 1!:})) as L —= 0+.

s o]
Lemma 4.2 ([16]). Let ¢, =0, 3 en < oo and let fy be a funclion defined by

n=1

fU(-I: Z( l)k ]‘: )~rrm¢r
8
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T4l 2
then 5 law (fo)| = comi 2en. where ¢y is any positive constant.
m=m,+1
Lemma 4.3. Let p(n) T p with p € (1,00) and lel the sequence {p(n) :n > 1} and
the function ¢ satisfy condition (B.¢). If

JAmimg

41 k=1 €
= Z: —]) lf;n(‘rtnu\})
k=1

then fo € BV (p(n) 1p,¢).
Proof. For every 0 < d < 1, there exists a natural n such that
1 1

e ——y
M4 My

Let 2,y € [0,1] be such that [r — y| < § < 1. Then we can write
o
[fo (@) = fo ()] € > (lcos (2mmyx) — cos (2mmry)| +
k=1

+ [sin (2mmya) — sin (27mey)|) m.;l“’(?("”‘))

= i (2 |sin (mymr (2 — y)) sin (nm (x4 y))]
k=1

+2 |"ln (mam (x —y)) cos (mym (z + y))|) my, tplrlma))

42 [sin (mym (z — y))

1/:r{r[rm_))

IA

Fi=1

|sin (e (o — ”
(11) S Z ll."p m;J + 1 Z J.,/p 'T{'rm\ [+ II.

m k=n+1 Mg

We first estimate I to obtain

6 - bt i
(4.2) I 42 T —4rg Yy EOmD
k=1

1 *’p{T{ﬂu )]

n
< 4nd Z '::J.L_I’(I’(T(m“)} < cd'ru:l_u‘”(ﬂ’”"‘ )
k=1

1 1-1/p{r{m.)} | :
S o5 (5) = rlﬁi}p(r(m,,)_} < (‘61.11(7(1{(!)) ;

From the condition of the lemma for IT we have

{
(4.3) e
/AT m0)
1”;i(-r{-m"}} Ut )] L/p(T(1/8))
e ekl e s Lt tmay) e T i
/P lmn)) = % =8
1+l
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Combining (4.1)-(4.3) we get
w (8, fo) = O ($4/7O/NY a5 650+
Applying Lemma 4.1 we obtain

fo e BV (p(n) 1 p.o),

and the result follows.

5. Proors

Proof of Theorem. $.1. In [16] it is proved that the following estimation holds

M4

(3.1) Y lam (DI

m=w,+1

My =1 Prtr —
P 1
< ema, 2 (Pt — 1) Z Z / 'f t)y—f (f+m “)‘ dt,
n

r=[) k=1 Su.

r k-1 r k
J,,__,.I,{. =[—+ e .
. iy Mu41 Ty Mn+1

il pir(ma))

o1y, b rogaret
E e COE ] = o, (Pat+1 —1)

rre=iurt, + 1

where

Then we can write

b Sty
L m"H 1 plr{m,))
3 t) — t+ dt
2 Z i ‘f(} f( mm)
v k=1
rrrens s e
_]r[flirl-,)] ;
=tdlin 2 (g1 — 1)
m,—1 “u n . 1 pir{my))
3 / st e Gl
r=0 T Tt
plrinm, )
1 — ——— 1 1
< cmy (p'u.-H = l} (""" = )
Ty Ahng]
=1 - o 1 p{r{ma,))
x up Z .f(t+_——)—f(r+—+ )‘
tc {r] "';}-I] e My Filg, o Tt

plrinm g, ))

_plr(mn)) 28
Losuppama  * (V (f.p (n) 1t T—f qﬁ))

10
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Let 3 < p(r(my)) < z"—ff and n = ny. Then applying Hélder’s inequality we get,

Ty Hlwa 1 Afptr,))
”. Lo BT by Te= iy
2. e (Al ( > law (D ) (g1 = ) =TT

m=yn, |1 m=y, | 1

; : A
: 20 e (o)
< ema® [ Viifapin) = ) Thy o .
=¥ 4 ( (f I ( ) T ) "l / Be! _m':{I/!+I;’1Jfr{m,.ﬂ) -
Hence

Mgy

Zi Z Y lmale?

m=2 n=0m=um, 41
Ty Mgy My 41
-3 T O+ > Y e
n=0 m=m,, +1 n=ny+1m=m,+1
o0

&

< c-+ oo

s¢ Z SO p( (i ) -1 <0 .
n=ny+1 Ty

Part '.} of the f-h(‘(}l'{'lll is proved.
) Let p(n) 1 522 55 and 8 € (2/3,2). Define

oG 2wimym
) = S k=1 e
fo (*‘J = Z( 1) T
k=1 kg

and show that fy is the required function. To this end, observe first that by Lemma

4.3 we have

23
fo € BV (p{'n.} 1 5 ! r_i._c,b) :

=) SE 1 [
Denote by £, the set of integers r from [0, m,, — 1] satisfying Ju,,, (fo) J —,_?Lm,, § Ll ”)A

and let E,, = [0,m,, - 1]\ E,.
In [16] it is proved that

=1 i
|t (F)] = |l ( 1 < e/, 5 / ’fff.) = 1 (f + -:,,1 )(df.
k=1 Xk e fiad

o -
iy -+ M

Consequently, we can write
Pnii—

Z: ”{n) (f{l ‘ < T, /2 Z Z: [ I.Jr (!) == f (f = TH,:_H )’(H

e = S S

i W

+1_.._.A_

Ty LTS |
1
< eml/? Z / ‘f(t)—f (t—}-m ) dt
5 EL“ 5 -1

11
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Nepe ey
T

Th
< o lf2 / t+— | = f {+-—+—-—— dt
= oy, Z ( + ”’Lﬂ) j ( T Mn 41

i Pr

1 1 s
<emt?| — - us
My Myt

7 r 1 s 1
f (r+ —) —f(a+——+-——)‘ < eml/2Entl
Hin g S e oy Tt 1
S Lipir{m.))

ip L 1
My Mt ]

1-1/plr(ma))

% sup Z

te [0, — | e

% aup Z

te [0, 5 — 7t ] \res,

Ty ™

a2 -1/ p(rima) ‘E”’\
W ‘b,l\ < (_‘.___mz——-—
™
Next, from Lemma 4.2 we get
J'ﬂ LLLETY
'N
W = Z ‘ﬂ'm fﬂ)\

r={
= Z \c;E;‘,? (fo) ‘ Z \ G (fo) ‘
rEI?:I
1=1/plr (i)

o

<c

CD, —(1/24 1 /plrm, 1) i
72 =f 5 Mn 52
Mn

. lrifp[‘r{m"})
A

<

¢ :
1 gﬂl}l{'_’—l,r'p('r(m“))_

Therefore
\ 5 ‘1—]/}7[1'("1"))

(5.2) c

l,"2—L,’p[‘r[m,]]
i 2 2 m \F ‘ = e

M "

Lu view of (5.2) we get

My —1 A
Z ui:, (fo) ‘ Z ‘ﬂﬁn fn}\
r=I[] e F'
53 < o 1 E [
(5.3) =\ 2 /2R trlma)) \ ~ AT /pG ) =T
“T1
From condition of the theorem and (5.3) we obtain
[s s} oo T4l
Z |ﬂ.,,, (fl’])| Z Z |ﬂm fﬂ)! 2 LZ ﬁ{l;’Z—i—l/p{TLm“)}} 1 == Ok -
TH=2 n=0m=nm, +1

12
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This completes the proof of part b) of the theorem. |

Proof of Theorem 3.2. To prove part a) of the theoremn, we apply (5.1) for p=1 and
use the fact supp, < N, to obtain
n

oL Mgl = ] Min g1
Z m (A=Y Y mlenD<E min Y lam ()]
m=1 n=0m=rmiy |1 =0 m=m, |1
e i e

g ™o, I— L

Yo —1 Poi—1

ety 7 &
< E mn_HCm”/l (pri1—1) E E / ‘f(t) - f (f, + mnﬂ).dt

n=t) r=f(l

= o =1
iy | g ]
e e m,n 1 .
<e Z "”nH*” (pus1 —1) Z / 'f () =f (t—t— = +‘> dt
n=r =t i
B
= (‘.Z m& . my/? (pyr —1)
=1}

Tin T
M) it

i Ol
23 / |f(f.+;)—f(t+l—1—+l )‘m
= M Ty, Ty 41

(1]

X

1 1
< r:z mn_{_,m (p,,H 1) ( = )

e ™y, M1

o 28 1
f(a+_)_f(,_+_+ )‘
T Hip 41
i
/(+5)
T
s\ VPO Mt}

—flt+—+ ] x b 1P (Masa))
e F

my,— L

X sup Z

le [tl.;j—" et ] r=0

o P 1 iy =1
o I
pite E s lrrr.:f 2 (g1, — 1) ———— x wup E
o Hlpg1 [ 1 ] o
n=I{) te |0, - r=()

u,. ™4

S o 2 - Wr{m 2
< ¢ E m,'?:{!' Frl=Liptr(m1ally, (f,;n(r&) T W"d’)
a

n=>0
(= 4] l
= rlz Liplr{m, )=1/2—n <00
n=1 M

Thus, part a) of the theorem is proved.
13
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To prove part b) of the theorem, we define

o< JRmivgn

E=1 €
fole)= Y0 (-1)""" — .
HI-L.

k=1

and apply Lemma 1.3 to conclude that fo € BV (p (n) 1 Tﬁ c_r';),

and the result follows.

(R

Next, [rom condition of the theorem aud Lemnna 4.2 we obtain

o My
> m® Jam (fo)l § j Y. m e (Jo)l
m=1 n=0m=n,, +1
-~ L] P 1/2
P > Hin
= Z my L | (fo)] = co E i, i}p(f(m,.))
n=(} =1, + 1

= 1
B Z Ll ) =12 =2
n=l1 My
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