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Abstract.We consider the problem of construction of asymptotically efficient estimator for
Pearson diffusion with unknown parameter in the volatility coefficient. The estimator-process
is constructed in two steps. First we propose a preliminary consistent estimator obtained by

the observations on the learning interval and then this estimator is used in construction of

one-step MLE-process (maximum likelihood estimator process). It is shown that the obtained
estimator-process is asymptotically efficient.
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1. INTRODUCTION

We consider an example of parameter estimation problem for the particular model
of observations of Pearson-type diffusion process

(1.1) dX; = —X,dt + \/ﬂ+x? dwi, Xo, 0<t<T.

Here 9 € © = (@, ) , @ > 0 is unknown parameter.

Note that this is particular case of the family of stochastic processes known as
Pearson diffusions [10], section 1.3.7.

It is easy to see that in the case of continuous time observations the problem of
parameter estimation is degenerated (singular), i.e., the unknown parameter 9 can
be estimated without error. Indeed, by It6 formula we can write

i T
xf=xg+2[ x,dx.+f [9 + X2] ds.
? 0 0

1This work was done under partial financial support of the grant of RSF number 14-49-00079.
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Hence for all ¢ € (0, T] we have the equality
¢ ¢
g - = 2
(1.2) d=t 1[;(3-xg—2j; XA Xs j;x,da]

and 9 = 9. This effect is due to the singularity of the measures induced by the
observations in the space of their realizations.

Such problems of parameter estimation in the diffusion coefficient are usually
studied in the case of discrete time observations X" = (Xg,, Xs,,...,X;_), where
0=1y <ty < ... <ty, =T. Then the problem is no more singular and became
an interesting statistical estimation problem. There is a diversity of the choice of
observing times #;. This work is the continuation of the study started in [2]. We take
in our work the simplest way of equidistant observations, i.e., t; = 76,6 = Z and we
study the properties of the estimators in the asymptotics of high frequency as n — co.
Our goal is to construct an asymptotically efficient estimator of the parameter 8. Note
that the family of measures induced by the observations X* = (Xtos Xy y- oy Xe,)
with # satisfying tx < ¢ < tx41 and fixed £ arc locally asymptotically mized normal
(LAMN) and for all estimators 9}, we have the lower bound on the risk

(1.3) lim lim sup Eof (VE(%; —9)) > Eal (¢ (%0)).
: v—n—oc [d—dg|<v o)

As the loss functions £(-) can be taken, for example, polynomial £ (u) = |u[",p > 0.

For the definition of the random function ¢; (¥) see (1.7) below. An estimator J; is

called asymptotically efficient if for all 95 € B we have

(14) lim Jim sup ol (VE(9E ~9)) = Eart (G (90)).

The proof of this bound can be found in [1] and [4].

We construct the estimator in two steps. First we propose a consistent estimator
I of this parameter based on the first N observations XV = (Xegs Xtyy-- .y Xip) o0
the time interval [0, 7]. Here 7 = tx = NZ Then using this estimator and one-step
type device we propose an asymptotically efficient estimator.

The first consistent estimator we obtain from the equality (1.2)

N N
% n
Iy = TN X2, — X3 - zz:xn—x [X*.f —X;,_,] Tl zxgi—laJ ;
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Wejmtrepheedtheintegmhbythemrrespondinghtegmlmms.Themhtency

. of this estimator follows immediately from the limits

N N
th—l Xy - Xy, ] — fX, dX,, zxa_ld' —_ f.Xf ds
] =1 0

=1
and the relation (1.2).
The next step is to see the behavior of the error of estimation. Consider £y =
VN (dn — 9). We have

N
En = @ [f' X, [2dX, + X,ds] — le:-n [2 (xi.f 5 x‘d—l) * x'J—IJI:I
( i=1
and

4 t;
Xl_l-l [X¢j i xfj—:] =ny . Xl d-xl‘ =./l [xl,_; - X,] dX,
=1 j—1

=_/‘ X i X]da+f [Xe,, — X,] V3o + X2 aW,

ti-1

—o(em)+ [ ([leW)de
=0 (97) + (s +x2.,) [(W" = ";"")2 _6}
=0(&2) + (90 +X32_,) \/g wj,

where we used the estimate X;, — X, , = O ("/?) and denoted

2
oo Py ~We )" 6
V25

y Ew; =0, Euwj =6, Bwjw; =0,i #j.

‘We have as well

X3 06— /:,Xz [ [X2_, - x2] ws =0 (7).

-1

Therefore we obtain the stable convergence (see [10])
N
e = sz~¥(!’n+xf,_1)‘"j +o(1) =& = \/éf'(ﬂwx.’)dw(s)-

Moredetaﬂedmalymsshmthatwehsvethemnvm'genceofmomemtoo for any
p>0 '

n¥Ey, |On — do|” — Eq, &7
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The pseudo log-likelihood ratio function is
.. X;,_, + x!’_l 6]2

1 2 - [X‘J
Lo =g e (04 X0)) - 2 ey

It is easy to see that the equation L (4, X") = 0 has no solution, which can be
written in explicit form. Hence the corresponding pseudo MLE can not be written in
explicit form too. Remind that this estimator is asymptotically efficient [1], [3].

Our goal is to use the well-known one-step MLE device [8], [9] in the construction
of one-step MLE-process. This estimator-process is asymptotically equivalent to the
pseudo MLE but can be calculated in explicit form. This type of estimator-processes
were proposed in [6] in the problem of approximation of the solution of backward
stochastic differential equation for several models of observations (see the review of
recent results in [5]).

Let us fix t € (7,T] and take such k that ¢y < ¢ < fx41. Hence k — 0o and
tx = t as n — oo. We consider the estimation of ¥ by the observations X* =
(Xtgs Xty - » X1, )- Recall that by the first XV observations we already obtained the
estimator dn. Denote the pseudo Fisher information as

L )
Ly (B0) = E
:=1 (ﬂ +X2_ :)
The one-step MLE-process introduced first in [6] is

[Xe, - Xey_, + X, 8)" - (In+ X2 _) 8

] — Ig (Igu) =

1 t
5./; @ +x2)

& ,ﬂ—l’N*"/—E — y TS £ T.
2 j=1 2, n (191\') (‘93\' +X ‘J l) ‘/_
Let us denote '
Xy — Xy, + X, 0" - (0+X2_,)6
Ayn (8,X%) = Z:[ o L ) y TS LT

p)
i=1 2(1?-}-3}'f 1) /]
The main result of this work is the following theorem. theorem.

Theorem 1.1. The one-step MLE-process 9}, n 18 consistent: for any'v > 0

(L.5) Pp (Nm |68, — B0| > u) Lot
and for all t € (1, T] the convergence :
(1.6) el (ﬁh 7o ‘90) = G (do)

holds. Moreover, this estimator is asymptotically efficient in the sense (1.4).
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Proof. The consistency of the estimator is proved following the same steps as it
was done in [6] and we follow the main steps of the proof of the similar result in (6] 8
where can be found the details. We have the presentation

5 ! ] kl
J_Irj (0:k‘ﬂ i ﬂu) — J_I'n (19.” -— ﬂu) + A‘l‘n“ ﬂN'| x

e (‘5”)
~1/2 (3 Atyin (Tn, X*) — Ay, » (80, X*)
=4 1/2 On — D thy Ny ty,n \V0,
P9t To..n (90)
+ Ay (B, X Lo 30, i1 Au, n (B0, X*)
tun (O, X7) (]Ii..n (On) T (ﬂo)) Y Iyn(90) -~
We have the stable convergence
ﬁl‘.g,n (ﬂlh xk) =1 . dw (a)
E _— 9o) = e rleed 0. \d ST
tn Lyw @0) & (00) =L (%) fo V2 (00 + X2)°
From the continuity of Fisher information I,, » (9) and consistency of 9y we obtain
1 1
T ) T
Further
Aty (3, X*) = Biyn (90, X%) Do (I, X*) (95 — 90)
Ity ,n (%0) % I, ,n (Y0)
ll* T (aN) 1 i st o
e e = 1/2) — _5-1/2 = 1/2
O (@ - 90) +0 (8/2) = —671/2 (Bx 190)+o(6 I
Hence

Alk M (’901 Xk !
Ly n (90)
It can be shown that the moments converge too: for any p > 0

Eo, 6772 (8,0~ 90)|” — Eaq 16 B0
Moreover this convergence is uniform on 9. Therefore the one-step MLE-process is
asymptotically efficient estimator for polynomial loss functions.

Remark. The asymptotically efficient estimator process is constructed for the
values t € (7,T]. Note that it is possible to have such process (asymptotically) for
all ¢ € (0,T]. To do this we have to consider the preliminary estimator 9y on the
interval [0, 7,] with 7, — 0 but sufficiently slowly. As it follows from the proof of
the similar result in [6] we have to take N = n* with x € (3,1). Then &, = & =
V2 (90~+ X2) n, where n ~ N (0, 1). Now for all ¢ € (0,7 we have

.7 (90) = 672/ (9, . — Po) = G (Y) -
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Momdetailedmlyaisshowstheweakeomceofthemdompmeeasmm(on),
7o < t < T with any 7. € (0,T) in the space of continuous on [7.,T] functions to
¢ (B0), 72 <t < T (see [6] for details).
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