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Abstract. 'In this paper we study a question of almost everywhere strong convergence of the
quadratic partial sums of two—dlmuun!.oual Walsh-Fourier series. Specifically, we prove that the
asymptaotic relation 1 E |Smmf — f|? — 0 as n = oo holds a.e. for every function of two

variables belonging to LlogL and for 0 < p < 2. Then using & theorem by Getsadze [6] we
infer that the space Llog L can not be enlarged by preserving this strong summability property.
for every function of two variables belonging to Llog L and for 0 < p < 2. Then using & theorem
by Getsadze [6] we infer that the space L log L can not be enlarged by preserving this strong
summability property.
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1. INTRODUCTION

Let P denote the set of positive integers and let N:=PU{0}. Denote by Z; the
discrete cyclic group of order 2, that is, Zy = {0,1}, where the group operation is
modulo 2 addition and every subset is open. The Haar measure on Z, is defined such
that the measure of a singleton is 1/2. Let G be the complete direct product of the
countable infinite copies of the compact groups Z;. The elements of G are of the
form 2 = (o, %1, ... Tk, -..) With zx € {0,1}, k € N. The group operation on G is
the coordinate-wise addition, the measure (denoted by u) and the topology are the
product measure and topology, respectively. The compact Abelian group G is called

1Research was supported by project TAMOP-4.2.2.A-11/1/KONV-2012-0051 and by Shota
Rustaveli National Science Foundation grant no.31/48 (Operators in some function spaces and their
applications in Fourier analysis)
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Walsh group. A base for the neighborhoods of G can be given in the following way:
Iy(z) =G, I.(z)=I,(Z0,--Tn—1)
={y €G: y=(To) ' Tn—1;¥m Yn41,.)}, TEGnEN.

These sets are called dyadic intervals. Let 0 := (0 : i € N) € G denote the null element
of G, In = In, (0], and En '= (0| "-a0|zrl = 130| ---) € G) ne N.
For k € N and z € G, by rx(z) we denote the k-th Rademacher function:

rk(z) =(-1)", z€G, keN.

Ifn € N, then n = Enﬂ‘ where n; € {0,1} (i € N), that is, nismcpres.sedln
thenumbersystemofbase2 For n > 0 denote |n| = max{j € N: n; # 0}, that is,
olnl < g < 2Inl+1,

Throughout the paper the notation a < b will stand for @ < ¢ - b, where ¢ is an

absolute constant. :
The Walsh-Paley system is defined to be the sequence of Walsh-Paley functions:

5 nus

wn (z) := [] (re (@)™ = (-1)i= (zeGneP),
k=0

and wp := 1. The Walsh-Dirichlet kernel is defined by
n=1

Dy (z) = w(2).
k=0

Recall that (see [13] and [33])
_J2n B zel,,
£ S o (”)“{ 0L aeT.
We consider the double system {w,(z) X wm(y) : n,m € N} on G x G.
The rectangular partial sums of the two-dimensional WaJah-I'buner series are

defined as follows:
M-1N-1

SNy, f) =Y 3 F.5) wi (@) ws ),

i=0 j=0
where the number

Fen= [ f@umee@E
GxG
is called the (%, 7)-th Walsh-Fourier coefficient of the function I
24
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Denote

n-1

A m—1
SO @y )= Flyw), $@(@y)=Y Fer) e @,
=0 r=0
where

Fy) = f f@y)w (@) dpz), Flzr)= f £ @9) wr () ds ().
G [e]

The norm (or pre-norm) of the space L, (G x G) is defined by

- 1/p
I, = L/ |f (z, )" du (z.y))- (0<p < +00).
xG

We denote by Llog L (G x G) the class of measurable functions f satisfying
[ 171og* 11 < o,
GxG
where log™ u = I3 o) (%) logu, and I is the characteristic function of the set E.
Denote by ST (z, f) the partial sums of the trigonometric Fourier series of f, and
define the (C, 1) means by

on (@ f) = m > Sk (@ f).

Fejér [1] proved that o (z, f) converges to f(z) uniformly for a.ny 2n-periodic continuous
function f. Lebesgue [17] established almost everywhere convergence of (C, 1) means
for f € Ly(T), T := [-m, 7). The strong summability problem, that is, the convergence
of the strong means

(12) n.-{- n+l

was first considered by Hardy and Littlewood in [14]. They showed that for any
f € L(T) (1 <r < oo) the strong means tend to 0 a.e. a8 n — oo. The Fourier series
of f € Ly(T) is said to be (H,p)-summable at 2 € T, if the strong means, defined
by (1.2), converge to 0 as n — co. The (H,p)-summability problem in L;(T) has
been investigated by Marcinkiewicz [22] for p = 2, and later by Zygmund [42] for the
general case 1 < p < co. In [24], Oskolkov proved the following result: if f € Ly(T)
and & is a continuous positive convex function on [0, +c0) with @ (0) = 0 and

ZIST(z.f) f@)f, zeT, p>0,

(1.3) m®(f) = O (t/lnlnt) (t— o),
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then for almost all 2

(1.4) Jim ———Z¢ (IS¥ (=.£) - £ (=)]) =0.

It was noted in [24] that Totik announced a conjecture that (1.4) holds almost
everywhere for any f € L;(T), provided that
(1.5) md()=0() (t— ).

The next result was proved by Rodin in [25].
Theorem A. Let f € L;(T). Then for any A >0

Z(exp (4S8 (@ f)-f(@)|)-1) =0 frae z€T.

n—oo ﬂ.+1

In [15] Karagulyan proved the following theorem.
Theorem B. Let & : [0,00) — [0,00) be a continuous increasing function satisfying
the conditions: ® (0) = 0 and X
log ® (t) =
t

lim sup
t—4o0

Then there exists a function f € Ll(']‘) for which the relation

hmsup EQ (IS¥ (@, f)|) =0

n—oo

holds everywhere on T.
For quadratic partial sums of two-dimensional trigonometric Fourier series Marcinkiewicz
[23] has proved that if f € Llog L (T?), T := [—m,)?, then

: Z(S’i (2,0, f) - £ (@,1)) =0

n—oon+1
for a. e. (z,y) € T2 In [40] Zhlzhia.shwh improved this result by showing that the
class Llog L (T?) can be replaced by L; (T2).
From a result of Konyagin [16] it follows that for every € > 0 there exists a function
feLlog™ (T@) such that

(1.6) hm— +1 ZISE; (ﬂ«'sy,f) f(‘ray)l #0 fora. e (z,y) (S o

n—oco N

The aforemeul:mned results show that in the one-dimensional case, the (C,1)
summability and the (C, 1) strong summability have the same maximal convergence

spaces. Namely, in both cases we have the space L;. But, the situation changes as
26
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we slep [urther to the two-dimensional case. In other words, the spaces of functions
with almost everywhere summable Marcinkiewicz and strong Marcinkiewicz means
are different.

The results on strong summation and approximation o.f trigonometric Fourier series
have been extended for several other orthogonal systems. For instance, concerning the
Walsh system we refer to Schipp [29, 30, 31, Fridli (2, 3], Leindler [17]-[21], Totik [34]
- [36], Fridli and Schipp [3], Rodin [26], Weisz [38, 39], Gabisonia [4].

The problem of summability of cubic partial sums of multiple Fourier series have
been studied by Gogoladze [10] - [12], Wang [37], Zhag [41], Glukhov [7], Goginava
|8], Gét, Goginava, Tkebuchava [5], Goginava, Gogoladze (9.

For Walsh system Rodin [27] (see also Schipp [28]) proved the following result.
Theorem C. Let f € Li(G). Then for any A> 0

n%nilgfe’m(ﬂlsk(z,f)—f(-'c)l)—l)=0

fora.e.z €G.
In [28], Schipp introduced the operator

3 1/2

* n~1
Vaf (z) = 51,;/ (_22"‘111:, (t)Se-f(:c+t+es))‘ ap(t) |

¢ \i=0

and proved the following theorem.
Theorem D. ([28]) Let f € Ly (G), and let V f :=sup V;,f. Then
n

pivil > 5 L,

The exponential uniform strong approximation of the Marcinkiewicz means of two-
dimensional Walsh-Fourier series has been studied in [9]. Recall that a function ¢ is
said to belong the class ¥ if it increases on [0, +o0) and satisfies the condition:

lim % (w) = % (0) =0.

Theorem E. ([9]) a) Let ¢ € ¥ be such that

ljm-“Lu)<oo.

u—=co /U
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Then for any function f € C (G x G)

1 n
i 2 e(ISu(N-f1) _ =
Tic e Ol
b) For any function ¢ € ¥ satisfying the condition
—p(u) _
ulil-ngo \/1? e

there exists a function F € C (G X G) such that -

b m
= @(181(0,0,F)—-F(0,0)]) _ 1) _
lméo l§=1: (e 1) = +o00.

For the two-dimensional Walsh-Fourier series Weisz [39] proved that if f € I; (G x G),
then

n-1

j=0

for a. e. (z,9) EG X G. ‘
In this paper we consider the strong means

L 2=l \Ur
Hﬁf = (E{ Z ISmmflp)
m=0
and the maximal strong operator
HIf = sup HR f,
neN

and study the a. e. convergence of strong Marcinkiewicz means of the two-dimensional
Walsh-Fourier series. The following theorem is the main result of the present paper.

Theorem 1.1. Let f € LlogL (G x G) and 0 < p < 2. Then

w{HEF >N} S 3 (1+f/|fllos+lfl) ;

GxG

The weak type (Llog* L, 1) inequality and the usual density arguments of Marcinkiewicz
and Zygmund imply the next result.

Theorem 1.2. Let f € Llog L (G X G) and 0 < p < 2. Then

n—1 1/p
(% > 1B (z.y,f)—f(z,y)l’) =0 forae (r,y)€GxG as n—oo.
m=0 :
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It is worthwhile to note that from a theorem by Getsadze [6] it follows that the
class Llog L in the last theorem is necessary in the context of strong summability in
question. In other words, it is impossible to give a larger convergence space (of the
form Llog Lé(L) with ¢(c0) = 0) than the space Llog L. This emphasizes a sharp
contrast between the one- and two-dimensional strong summability properties.

We also note that in the case of trigonometric system Sj6lin [32] proved that for
every p > 1 and f € Lp(T?) the almost everywhere convergence Spnf — f (n — c0)
holds. Since for Walsh system this issue is still an open problem, from this point of
view Theorem 1.2 becomes more interesting.

_ 2. PROOF OF THEOREM 1.1
Let f € L1 (G x G). The dyadic maximal function is given by

Mf (o9) = sup2™ [ 1 @+ a3+ 9ldu(s,).
ne Inxls
For an integrable function f of two variables, we need to introduce the following

hybrid maximal functions:

M f (z,y) := sup 2" _/ |f (z+8,y)|du(s),
neN i

Maf (z,y) = sup2® ] I @y + ) du D),
neN i.

1/2

2
n-1
(2.1) Vi(z,u,f) = ;'fé% 2%./ (,;0 23—-‘[,3 (t)S(,l‘)f(x +i+ ej,y)) du(t)
e}

2 1/2

n—1 -
(22) Va (2,3, f) =sup é‘; ! (j;zf-lnf, tt)S‘%’ftm.y+t+eJ-)) dp (t)

It is well'known that for f € Llog™ L the following estimate holds
(2.3) Au{(z,y) € G x G: Mf (z,y) > A}

i f [ 11 @wliog* £ @)l du(a13)
GxG 4
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and fors=1,2

ey [[s@ildEn i+ [[f @olog If @l
GxG GxG

Setting

Q= {(z,y) eGxG: Vif (z,y) > A},

we can use Fubini’s Theorem and Theorem D to write

@5) @)= [[Ta@pduy) = / L In (z,y) du (z)) du (v)
GxG G

5 %f (vjlf (z,y)| du (z)) dp(y) < @l_
[¢]

Similarly, we can show that -
(2.6) p{(z,y) € G x G: Vaf (z,y) > A} S ﬂ’%

For Dirichlet kernel Schipp proved the following representation (see [28, p. 622]):

n—1 k

(2.7) Dn(z) = Y I\, (@) D eki2 " w (2 + )
k=0 i=0
—3um () +(m+1/2)T;, (@),

where m < 2™ and

erm ) SHEN =01k,
T+, if =k

Proof of Theorem 1.1. First, we prove that the following estimation holds

| 7o 1/2
(2.8) (2_n Z [Smem (, ¥, f]’z)
m=0
S Va(zy, Mif)+Vi(2,y, Maf) + Mf(z,y) + Va (2,9, A)+W (z,y,4) + “f“l '

where A4 is an integrable on G x G function of two variables, which will be defined

below.
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It is easy to show that

n_1 12 ey 1/2
Zﬁ | Srmm (.’!, U f)|2) = ( Z |Smm (z, ¥, S?".2"f)]2)
m=| m=0 .

1/2
2—1 3 /

Lf Sangn (T + 8,7 + 1, f)Dm (8) Drn (t) dpe (s, 1)

ﬂl—o

e |
< sup / Sanan (Z 48,y +t, f) Z @mn (Z,Y) D (3) D () dps (3, £)| .
{amn (’ny}} %G m=0

The last inequality is obtained by taking the supremum over all {amy, (z,y)} for
which

"1 1/2
( z: |amﬂ (I, y)tz) S 1‘

m=0
In view of (2.7) we can write

2"-1

(2.9) / / Sanon (Z+ 8,9+, f) D Cmn (2,9) Dim (8) D (£) dps (s, 2)

GxG =0

n—1 n—1

f/ San2n (T + 8,9 + ¢, f) E E Z ZIJ.,\J.,H (s)
Cx k1=0 ka=0 j1=0 ja=0
XIfh\fb;ﬂ (t) ek:ﬁahhzﬁ-'-j: =
an—1 '
X Z Omn (Z,Y) W (8 + 1 + 5, +e5,) du(s,t)

m=0

1 n-1 k
—Ef Sgn,gn (SU + Y + t, f} Z Z I.h.! \1h1+1 (3)

axG k1=071=0
2"-1

XEky gy 2 z Cmn (Z,y) wm (s + £+ e5,) dp (s, 1)
m=0

n—-1 ki
+/f32n,2n @+8y+40) D D L \inys (8)

GxG i=loydl
an-1

Xekjy 247, (¢) >~ Cmn (2,9) wm (s + €5,) (M +1/2) dps (s, 2)
m=0

——/‘/Sznguf (z+s,y+1) Z Z Iy \Tigs (8)

OxG ka=0 j2=0
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2"-1
Xe;uj,Zf’_l Z Cmn (Z,4) Wm (s +t +e5,) dp (3, t)
m=0

2"-1
43 [[[Srar @+ o+ 0.0 3 G (223) 0 (3 +1)do 3,0

GxG m=0

2m—1
_%é[.ésmzn (z+s,y+t,f) m2=0 mn (T,Y) W (8) (m + %) Ir, (t) du(s,t)
n-1 ka

+ [[Sman@tar+t) T Y- Tt ©

GxG k2=072=0
2"-1 1
- Xern "3 o (5 9)wm 0+ e4) (m+ 3 ) T ) 1)

m=0

—3 [[ S e+ an+s f)za:m (2,v) wm (2 (m - ;) Iy, () du (s, )

GxG

L | 1 2 9

+[[ S eyt 8.1) S ama (0) (m+ 3) oo ()1, (Oi(5,6) = 3o
OxG m=0 k=1

It is easy to show that

n_1 1/2
(210) |%B| S Elamn(z-u)la)
m=0

x20% [[ 17z 0,3+ 0ldn(o,) S 22Mf (a,0),

InxIy

2"—-1

1/2
(2.11) |J5| S 2"/ (Z lemn (z, y)l’) 171, S 27217l -
ﬂ'l=n

(212) 1915 [[ Sinam (@ 39+ 111
I.xG
2" -1

XD cmn (@,y) Wm () (m + 1/2)
m=0

dp (s, t)

InxG I
a"-1

Z @mn (2,Y) Wm (£) (m 4+ 1/2)
m=0

=/f (zﬂ[lf(z+s.y+:+v)tdp(vJ)

X dﬂ' (s t)
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i (’f ( /.nzﬂ,y“ﬂw(s)) w)
G \. Painin
am—1

Z Omn (Z,¥) W (t) (m + 1/2)

d#(t)Sf(' fo(z,u+t+v)dn(v))_ ‘

-1
X E mn (Z,Y) wm (t) (m+1/2)

m=0

(e

-1
x| 3 e (@,8) 0 (8) (m + 1/2)
m=0

dp(t)

1/2
s (cf (S8 @+, M1f))2dﬂ(t))

2 1/2
dp (f))

Sav (Z lamn (2,3)| ) Va (2,9, Mif) S 2°/*Va (z,9, M1 ).
m=0
Similarly, we can prove that

(2.13) 6| S 2"2Vi (2,9, Maf) .
Now, we estimate J. Since

[ S1nn o+ 81+ 111 it 6) = 278 0 a3y +1, 11D,

Z G (2,4) i (£) (m +1/2)

we can write
n—1 n—-1
(2.14) (s Yo ) and f f Sagnm (z+ 8,9 +1,|f])
R=mR [ i)
2n—1

X E amn (Z,¥) wm (t + €5) (m + 1/2)

dp (s,t)

n—1
< Z gfa—1 / Sgnan (2 + 8,y + 1, | f])

!..xl,, .
n_1

X [ cmn (2,4) wm (t+ez) (m+1/2)
m=0

dps (s, )
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n-—1 3
sL ot ('f Sanam (2 + 8,y + 1, |f]) ds (s))

ja=0
Ja Iy
-1

Z Cmn (31 'y) Wm (t + ejz) (m+ 1/2)

mn=0

X dp(t)

n—1

sy 2 [ S @y + )
J2=0 Isy
n-1

Z Xmn (:c,y)w,,. (t = g,-’) (m ot 1/2)

m=0

x dp (t)

S_, 2—|'l Z 21!_1 / 32“.2" (ﬁ,y + t + ej:! I-fl)
Ja=0 Iy

”-1

E ®mn (m: y) Wn (t) (m it 1/2)

m=0

n—1 2
S 2...,1/ z 253—1]_1” (t) SZ".B" (z,y+ i+ €5z, [aﬂ)
G #2=0

x

dp ()

an-1

Z Qmn (Z,Y) Win (t) (m 2 1/2)

m=0

x dp (t)

1/2
1

2
S ( / (Z 2171y, (£) Sao o (2,4 +E+ €55, fl)) dp(t))
G

Ja=0

Taking into account that

Sman @+ t+em ) =2 [ (2" [ (z+u,,,+t+e,,+u)|dp(u)) du (v)
In

In

s,z"fle(z.y+t+ej,+v)du(v)=5‘3’ (@ Y+t +ej, M),
Iﬂ
we can use (2.14) to obtain

G \h=0

e - 2 1/2
(2.15) [-77[5( j (Z e ' (tns‘?.’(z,u+t+e,,,w)) dpct))

<22V, (2,9, My f).
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Similarly, we can prove that

(2.16) 73] S 2"/2V; (z,y, Maf) .
For .J; we have
n—1 n-1 k
(2.17) B D b3 E:Pﬁﬁ-‘
k1=0 k3=0 j; =0 ja=0

X ff Sanan (z+ 8,y + ¢, | f])
(F1ex \iy 1) % (213 \ g 41

2"—-1
X z @mn (Z,Y) Win (8 + £ + €5, +ej,)| dp (s,2)
m=0
n—=1 n-1 :
50 ) e /f Sanan (z+ 8,y +,|f])
J1=072=0 I, xIy,
-1
X E mn (Z,Y) Wm (s+t+ ey +ej,)| dp (s, )
m=0
n—1 5
=) ) ohta-2 ff San2n (z+ 8,9+, | f])
41=072=0 Iy %1y,
-1
- y)wm (8+t+£j| +e.f=) d,u.(s,t)
m=0

n—-1 n-1

Y Y ghehn /f Samam (z+ 8,9+ 1, |])

J1=0ja=7+1

f" XI_;,
"1
X Z Qmn (T, Y) W (8 +t + €, + €5,)| du(8,2) = J11 + Jra.
m=0

It is easy to show that s+t +ej, = (0,...,0, tj, + 1, tj541, ey by -1, by + 8jy,.--) €I
for s € I,,t € Ij, and j; < j;. Hence, we can write

n—1 1
(2.18) sy Y ohth-2 /f Sonn (Z+8,y+t+ 8+ e5,|f])
$1=072=0 Iy %Iy
2"—1
X| ) amn (%,4) w (¢ +e5,)| du (s, 2)
m=0
n—1 5
SN Y olith3 // (lff|f(z+a+u,y+t+é+ej, +u)idp.(u,v))
J1=03j2=0 5T Rexta: o

35



G. GAT AND U. GOGINAVA

n—-1 ji

du (s,t) S 22" Z E oh-2

F1=03a=0

xf(f/ (?‘f[f(z+s+u y+t+a+ej,+v)|dp(s)))dp(u,v)
X1

Iy, I

2" -1
E mn (.’.L‘, y) W (£ + e.n)

n=1 H

dﬂ-(f) < gn E ng -2

J1=0 ja=0

x/-(;/f (?‘flf(z+s,y+t+a+cj,+u+v)ld,u(a)))d(u.v)

Ija XTI f"

2n—1
Z: Omn (z:y) Wm (t+ eﬁ)

n—-1 ji

ap®) S Y] Y 27

J1=0372=0

x/ ( "/(25'f|f(z+_s,y+t+s+e;,+v)ld#(8)))d(ﬂ)

Ii; I !Jl

2"—1

Z Omn (T, Y) W (E+ 311

2"-1
X E %mn (3: y) Wm (t+ €4, )

m=0

dp(t).

We set

Ay, (5,9) = 2P ] \f (& + 8,5+ )| dus (s).

'r.fl

and observe that

45 (z.y+z)=zf=f|f(z+s.y+=+s)ldu(s)=2»‘*/1Fz(z+s.u)|dn(s),

Iy, Iy

where F3 (z,y) = f(z,y+z). It follows from the condition of the theorem that

F; € Llog L (G % G). On the other hand, we have

Bljlp Aj(z,z2+y) S MiF; (z,7).

Let A(z,y) = sgp A; (z,y). It is clear that

//A(z,y)d,u(z,y) //A(z,yw)dp(m,y)

GxG

s [[ M @) du @)

axG
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<1+ / IFs (z,9)|log* | (2, )] du (2, )

GxG
s1+ [[1f @aliog* 1 @)l da (2,9,
GxG
Then, from (2.18) we have
n—1 5 i
(2.20) |l £ E 225‘"2/ 2"/A(z,y+t+v+ej,) d(v)
: J‘l.=ojl=a I” f-
a"-1 n—1 4
x| 22 amn @) wm (¢4 ) du® S 3 327 [ 52 0y +14+-04,4)
m=0 51=042=0 Iy
2" -1 n-1 1 :
x| Y amn (@ v) wm (t+e5)|du(®) S Y f D27, (£) S (z,y +1 +ejy, 4)
m=0 H=0g ja=0 .
‘ gn_1 :
x| D amn (2,9) wm (¢ +e5,) | di (2)
m=0
2 1/2
. n—1 J1
-S4 (Z 2y, (8) S50 fz.y+t+eﬁ.A)) du (2
J1=0 \ m» \Jja=0
n—1
é 5D 2V (2,9,4) S 2VVa (2,9, 4), -
51=0
where A € L; (G x G). Similarly, we can prove that
(2.21) Jiz S 2j*/=va (z,y,4).

Combining (2.17), (2.20) and (2.21) we conclude that

(@22 1| S 2724 (3,4, 4) + 2"/*Va (2,1, 4) .
Similarly, we can write
1 n—1 1 ;
(2.23) [Al's =5 24 f f Sgn 2n (@ + 8,y +1, | f)
=0 %o : ,
D
X E amn (2,9) Wm (E+ 8 + e5,) | dp (3,2)
m=0 :

1 n—1 !
=3 Y w:-lf San an (z + 8,5+, | f])
jl:n I-fl xG
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an-1
x| D Cmn (z,y) wm (€0) wm (t + 5 +ej, + eo)| dz (s, 2)
m=0
n—1 n-1
<y anka) f f Sanan (2 + 8,y +1,|f])
J1=07a=0 Iy, %Iy,
"1
X E Cmn (xsy)wm (eﬂ)u’m (t +s+ej + ﬂj‘l) dp'(snt)
m=0

S 2" (2,9, A) + 272V (z,y, 4)
(2.24) |Ja| S 272V (2, A) + 272*W; (2,1, A) |

Combining (2.9), (2.10)-(2.16), and (2.22)-(2.24) we obtain the estimate (2.8). Taking
into account the inequality HY f < HZf (0 < p < 2) and the estimate

pimr > 2 5 U,
from (2.3) — (2.6), (2.8), (2.19) and Theorem D we conclude that

1 1
WUHES >3 S 5 (Ml + 1Ml + Bl + M) S 5 ( 24 [ 1rinog? m) ,
GxCG
and the result follows. Theorem 1.1 is proved. O
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