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1. Classes of Functions of Bounded Generalized Variation

In 1881 Jordan [13] introduced the class of functions of bounded variation and

applied it to the theory of Fourier series. Hereafter this notion was generalized by

many authors (quadratic variation, Φ-variation, Λ-variation ets., see [13, 22, 21, 14]).

In two dimensional case the class BV of functions of bounded variation was introduced

by Hardy [12].

Let I := [0, 1) and

Jk =
(
ak, bk

)
⊂ I, k = 1, 2, . . . d.

Consider a measurable function f (x) de�ned on Rd and 1-periodic with respect to

each variable. For d = 1 we set

f
(
J1
)
:= f

(
b1
)
− f(a1).

If for a function of d−1 variables the expression f
(
J1 × · · · × Jd−1

)
is already de�ned,

then for a function of d variables the mixed di�erence is de�ned as follows:

f
(
J1 × · · · × Jd

)
:= f

(
J1 × · · · × Jd−1, bd

)
− f

(
J1 × · · · × Jd−1, ad

)
.

Let E = {Jk} be a collection of nonoverlapping intervals from I ordered in arbitrary

way and let Ω be the set of all such collections E.
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For sequences of positive numbers Λj = {λjn}∞n=1, j = 1, 2, . . . , d, the
(
Λ1, . . . ,Λd

)
-

variation of f with respect to the index set

D := {1, 2, ..., d}

is de�ned as follows:

V D
Λ1,...,Λd (f) := sup

{Jj
s}

kj
s=1∈Ω

∑
i1,...,id

∣∣f (J1
i1
× · · · × Jd

id

)∣∣
λi1 · · ·λid

.

For an index set α = {j1, ..., jp} ⊂ D and any x = (x1, ..., xd) ∈ Rd we set α̃ := D \α
and denote by xα the vector of Rp consisting of components xj , j ∈ α, i.e.

xα =
(
xj1 , ..., xjp

)
∈ Rp.

By V α
Λj1 ,...,Λjp (f, xα̃) and f

(
J1
ij1

× · · · × Jp
ijp
, xα̃

)
we denote respectively the

(
Λj1 , ...,Λjp

)
-

variation and the mixed di�erence of f as a function of variables xj1 , ..., xjp over the p-

dimensional cube Ip with �xed values xα̃ of other variables. The
(
Λj1 , ...,Λjp

)
−variation

of f with respect to index set α is de�ned as follows:

V α
Λj1 ,...,Λjp (f) = sup

xα̃∈Id−p

V α
Λj1 ,...,Λjp (f, xα̃) ,

where Ip := [0, 1)p.

De�nition 1.1. We say that the function f has Bounded total
(
Λ1, ...,Λd

)
-variation

on Id and write

f ∈ BVΛ1,...,Λd := BVΛ1,...,Λd(T d),

if

VΛ1,...,Λd(f) :=
∑
α⊂D

V α
Λj1 ,...,Λjp (f) <∞.

De�nition 1.2. We say that the function f is continuous in
(
Λ1, ...,Λd

)
-variation

on Id and write

f ∈ CVΛ1,...,Λd := CVΛ1,...,Λd(T d),

if

lim
n→∞

V α

Λj1 ,...,Λjk−1 ,Λ
jk
n ,Λjk+1 ,...,Λjp

(f) = 0, k = 1, 2, . . . , p

for any α ⊂ D, α := {j1, ..., jp}, where Λjk
n :=

{
λjks
}∞
s=n

.

De�nition 1.3. We say that the function f has Bounded Partial
(
Λ1, ...,Λd

)
-variation

and write

f ∈ PBVΛ1,...,Λd := PBVΛ1,...,Λd(T d),
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if

PVΛ1,...,Λd(f) :=

d∑
i=1

V
{i}
Λi (f) <∞.

In the case Λ1 = · · · = Λd = Λ we denote

BVΛ := BVΛ1,...,Λd , CVΛ := CVΛ1,...,Λd ,

and

PBVΛ := PBVΛ1,...,Λd .

If λn ≡ 1 (or if 0 < c < λn < C < ∞, n = 1, 2, . . .) the classes BVΛ and PBVΛ

coincide with the Hardy class BV and PBV respectively. Hence it is reasonable

to assume that λn → ∞, and since the intervals in the collection E = {Ji} are

ordered arbitrarily, we suppose, without loss of generality, that the sequence {λn} is

increasing. Thus,

(1.1) 1 < λ1 ≤ λ2 ≤ . . . , lim
n→∞

λn = ∞.

When λn = n for all n = 1, 2 . . . we say Harmonic Variation instead of Λ-variation

and write H instead of Λ (BVH , PBVH , CVH , ets).

Remark 1.1. The notion of Λ-variation was introduced by Waterman [21] in one

dimensional case, by Sahakian [19] in two dimensional case and by Sablin [18] in

the case of higher dimensions. The notion of bounded partial variation (class PBV )

was introduced by Goginava in [7]. These classes of functions of generalized bounded

variation play an important role in the theory Fourier series.

Observe, that the number of variations in De�nition 1.1 of total variation is 2d−1,

while the number of variations in De�nition 1.3 of partial variation is only d.

The statements of the following theorem are known.

Theorem A. 1) (Dragoshanski [5]) If d = 2, then BVH = CVH .

2) (Bakhvalov [1]) For any d ≥ 2,

CVH =
∪
Γ

BVΓ,

where the union is taken over all sequences Γ = {γn}∞n=1 with γn = o(n) as n→ ∞.

The main result of this section is the following theorem.

Theorem 1.1. Let Λ = {λn}∞n=1 and d ≥ 2. If

(1.2)
λn
n

↓ 0 and

∞∑
n=1

λn log
d−2 n

n2
<∞,
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then there exists a sequence Γ = {γn}∞n=1 with

(1.3) γn = o(n) as n→ ∞,

such that PBVΛ ⊂ BVΓ.

Proof of Theorem 1.1. Choosing the sequence {An}∞n=1 such that

(1.4) An ↑ ∞,
λnAn

n
↓ 0,

∞∑
n=1

λn log
d−2 nAd

n

n2
<∞,

we set

(1.5) γn =
n

An
, n = 1, 2, . . .

We prove that there is a constant C > 0 such that

(1.6)
∑

i1,...,ip

∣∣∣f (J1
i1
× · · · × Jp

ip
, xα̃

)∣∣∣
γi1 · · · γip

< C · PVΛ(f),

for any f ∈ PBVΛ, {Jj
ij
}kj

ij=1 ∈ Ω, j = 1, 2, . . . , d, and α := {i1, ..., ip} ⊂ D .

To prove (1.6) observe, that

∑
i1,..., ip

∣∣∣f (J1
i1
× · · · × Jp

ip
, xα̃

)∣∣∣
γi1 · · · γip

(1.7)

=
∑
σ

∑
iσ(1)≤···≤iσ(p)

∣∣∣f (J1
i1
× · · · × Jp

ip
, xα̃

)∣∣∣
γi1 · · · γip

<∞,

where the sum is taken over all rearrangements σ = {σ(k)}pk=1 of the set {1, 2, . . . , p}.
Denoting M = PVΛ(f) and using (1.5), (1.4) and (1.2) we obtain:

∑
i1≤i2≤···≤ip

∣∣∣f (J1
i1
× · · · × Jp

ip
, xα̃

)∣∣∣
γi1 · · · γip

=
∑

i1≤i2≤···≤ip−1

Ai1 · · ·Aip−1

i1 · · · ip−1

∑
ip≥ip−1

∣∣∣f (J1
i1
× · · · × Jp

ip
, xα̃

)∣∣∣
λip

·
λipAip

ip

≤ M
∑

i1≤i2≤···≤ip−1

Ap
ip−1

λip−1

i2p−1

· 1

i1 · · · ip−2

= M

∞∑
ip−1=1

Ap
ip−1

λip−1

i2p−1

ip−1∑
ip−2=1

1

ip−2

ip−2∑
ip−3=1

1

ip−3
· · ·

i2∑
i1=1

1

i1

≤ M
∞∑

ip−1=1

Ap
ip−1

λip−1

i2p−1

ip−1∑
i=1

1

i

p−2

≤ C ·M
∞∑

n=1

Ap
nλn log

d−2 n

n2
<∞.
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Similarly we can prove that all other summands in the right hind side of (1.7) are

�nite. Theorem 1.1 is proved. �

2. Walsh functions

We denote the set of all non-negative integers by N, the set of all integers by Z

and the set of dyadic rational numbers in the unit interval I := [0, 1) by Q. Each

element of Q has the form p
2n for some p, n ∈ N, 0 ≤ p < 2n.

By a dyadic interval in I we mean an interval I lN := [l2−N , (l + 1) 2−N ) for some

l ∈ N, 0 ≤ l < 2N . Given N ∈ N and x ∈ I, we denote by IN (x) the dyadic interval

of length 2−N that contains x. We denote IN := [0, 2−N ).

Let r0 (x) be the function de�ned on the real line by

r0 (x) =

{
1, if x ∈ [0, 1/2)
−1, if x ∈ [1/2, 1)

, r0 (x+ 1) = r0 (x) , x ∈ R.

The Rademacher system is de�ned by

rn (x) = r0 (2
nx) , x ∈ I, n = 0, 1, . . . .

Let w0, w1, ... represent the Walsh functions, i.e. w0 (x) ≡ 1 and if n = 2n1 + · · ·+
2ns is a positive integer with n1 > n2 > · · · > ns then

wn (x) = rn1 (x) · · · rns (x) , x ∈ I.

The Walsh-Dirichlet kernel is de�ned by

Dn (x) =

n−1∑
k=0

wk (x) .

Recall that (see [20, 11]):

(2.1) Dn (t) = wn (t)

∞∑
j=0

δjw2j (t)D2j (t) ,

where n =
∑∞

j=0 δj2
j , δj = 0 or 1.

(2.2) D2n (x) =

{
2n, if x ∈ [0, 2−n) ,
0, if x ∈ [2−n, 1)

(2.3) |Dn (x)| ≤ min

(
n,

1

x

)
, x ∈ (0, 1) ,

(2.4) |DmA
(x)| ≥ 1

4x
, 2−2A−1 ≤ x < 1,

where

(2.5) mA := 22A−2 + 22A−4 + · · ·+ 22 + 20.
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Given x ∈ I, the expansion

(2.6) x =
∞∑
k=0

xk2
−(k+1),

where xk = 0 or 1, is called the dyadic expansion of x. If x ∈ I\Q , then (2.6) is

uniquely determined. For the dyadic expansion of x ∈ Q we choose the one with

lim
k→∞

xk = 0.

The dyadic sum of x, y ∈ I in terms of the dyadic expansion of x and y is de�ned

by

xu y =

∞∑
k=0

|xk − yk| 2−(k+1).

We consider the multiple Walsh system

wn1(x1)× · · · × wnd
(xd), ni ∈ N, i = 1, 2, ..., d

on the d-dimensional unit cube Id = [0, 1)× · · · × [0, 1) .

If f ∈ L1
(
Id
)
, then

f̂ (n1, ..., nd) =

∫
Id

f (x1, ..., xd)wn1(x1) · · ·wnd
(xd) dx1 · · · dxd

is the (n1, ..., nd)-th Walsh-Fourier coe�cient of f.

The rectangular partial sums of d-dimensional Fourier series with respect to the

Walsh system are de�ned by

Sm1,...,md
f(x1, ..., xd) =

m1−1∑
n1=0

· · ·
md−1∑
nd=0

f̂ (n1, ..., nd)wn1(x1) · · ·wnd
(xd) .

Denoting

h{i} := (0, ..., 0, hi, 0, ..., 0) ∈ Rd

and

Θ
(
f, x, h{i}

)
:= f

(
x+ h{i}

)
− f (x) , x ∈ Rd,

the symbols Θ
(
f, x, h{α1,...,αp}

)
will stand for the expression which can be obtained

by consecutive applying of Θ to the arguments with indices {α1, ..., αp}.
We denote by C

(
Id
)
the space of continuous, 1-periodic with respect to each

variable functions de�ned on Rd with the norm

∥f∥C := sup
x∈Id

|f (x)| .

For f ∈ C
(
Id
)
the expressions

ωα1,...,αp (δα1 , ..., δα1 ; f)C := sup
|hαi |≤δαi

, i=1,...,p

∥∥Θ (f, ·, h{α1,...,αp}
)∥∥

C
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are called moduli of continuity of function f .

3. Convergence of d-dimensional Walsh-Fourier series

In this paper we consider convergence of only rectangular partial sums (convergence

in the sense of Pringsheim) of d-dimensional Walsh-Fourier series.

We say that f (x1, ..., xd) is continuous at (x1, ..., xd) if

(3.1) lim
hi→0+, i=1,...,d

f (x1 u h1, ..., xd u hd) = f (x1, ..., xd) .

The well known Dirichlet-Jordan theorem (see [23]) states that the Fourier series

of a function f(x), x ∈ T of bounded variation converges at every point x to the

value [f (x+ 0) + f (x− 0)] /2.

Hardy [12] generalized the Dirichlet-Jordan theorem to the double Fourier series.

He proved that if function f(x, y) has bounded variation in the sense of Hardy (f ∈
BV ), then S [f ] converges at any point (x, y) to the value 1

4

∑
f (x± 0, y ± 0).

Convergence of d-dimensional trigonometric Fourier series of functions of bounded

Λ-variation was investigated in details by Sahakian [19], Dyachenko [2, 3, 4], Bakhvalov

[1], Sablin [18], Goginava, Sahakian [10].

For the d-dimensional Walsh-Fourier series the convergence of partial sums of

functions Harmonic bounded �uctuation and other bounded generalized variation

were studied by Moricz [15, 16], Onnewer, Waterman [17], Goginava [8, 9].

For two-dimensional functions of bounded Harmonic variation Sargsyan [24] has

proved the following

Theorem S. [Sargsyan [24]] If f ∈ BVH(I2), then the 2-dimensional Walsh-

Fourier series of f converges to f (x1, x2) at any point (x1, x2) ∈ I2, where f is

continuous.

Now we formulate the main results of this paper.

Theorem 3.1. Let f ∈ CVH(Id), d ≥ 2. Then the d-dimensional Walsh-Fourier

series of f converges to f (x) at any point x ∈ Id, where the function f is continuous.

The next theorem shows that Theorem S is not true for d > 2.

Theorem 3.2. Let d > 2. Then there exists a continuous function f ∈ BVH(Id)

such that the d-dimensional Walsh-Fourier cubic partial sums of f diverge at some

point.
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Note that similar results for the trigonometric system were proved by Bakhvalov

[1].

In the next theorem we consider the behavior of the multidimensional Walsh-

Fourier series of functions of bounded partial Λ-variation.

Theorem 3.3. Let Λ = {λn}∞n=1 and d ≥ 2.

a) If

(3.2)

∞∑
n=1

λn log
d−2 n

n2
<∞,

then the d-dimensional Walsh-Fourier series of a function f ∈ PBVΛ(I
d) converges

to f (x) at any point x ∈ Id, where f is continuous.

b) If

(3.3)
λn
n

= O

(
λ[nδ]

[nδ]

)
for some δ > 1, and

(3.4)

∞∑
n=1

λn log
d−2 n

n2
= ∞,

then there exists a continuous function f ∈ PBVΛ(I
d) such that the d-dimensional

cubic partial sums of its Walsh-Fourier series diverge at some point.

Theorem 3.3 implies

Corollary 3.1. a) If Λ = {λn}∞n=1 with

λn =
n

logd−1+ε n
, n = 2, 3, . . . , d ≥ 2,

for some ε > 0, then the d-dimensional Walsh-Fourier series of a function f ∈
PBVΛ(I

d) converges to f(x) at any point x, where f is continuous.

b) If Λ = {λn}∞n=1 with

λn =
n

logd−1 n
, n = 2, 3, . . . , d ≥ 2,

then there exists a continuous function f ∈ PBVΛ(I
d) such that the d-dimensional

cubic partial sums of its Walsh-Fourier series diverge at some point.
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4. Proofs of Main Results

Proof of Theorem 3.1. Let ni := 2Ni + n′i, 0 ≤ n′i < 2Ni , i = 1, 2, ..., d. Since

D2Ni+n′
i
= D2Ni + w2NiDn′

i

we can write

Sn1,...,nd
f (x1, ..., xd)− f (x1, ..., xd)(4.1)

=

∫
Id

[f (x1 u s1, ..., xd u sd)− f (x1, ..., xd)]
d∏

j=1

Dnj (sj) ds1 · · · dsd

=
∑
α⊂D

∫
Id

[f (x1 u s1, ..., xd u sd)− f (x1, ..., xd)]

×
∏

r∈D\α

D2Nr (sr)
∏
l∈α

w2Nl (sl)Dn′
l
(sl) ds1 · · · dsd =:

∑
α⊂D

Aα.

If α = ∅, then from (2.2) we have

(4.2) Aα = o (1) , as min{n1, . . . , nd} → ∞.

If α = D, then we can write

AD =
2N1−1∑
i1=0

· · ·
2Nd−1∑
id=0

∫
I
i1
N1

×···×I
id
Nd

[f (x1 u s1, ..., xd u sd)− f (x1, ..., xd)]

×
d∏

l=1

w2Nl (sl)Dn′
l
(sl) ds1 · · · dsd

=
2N1−1∑
i1=0

· · ·
2Nd−1∑
id=0

d∏
r=1

Dn′
l

(
ir
2Nr

)
×

∫
I
i1
N1

×···×I
id
Nd

[f (x1 u s1, ..., xd u sd)− f (x1, ..., xd)]

×
d∏

l=1

w2Nl (sl) ds1 · · · dsd.
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Since ∫
I
i1
N1

×···×I
id
Nd

[f (x1 u s1, ..., xd u sd)− f (x1, ..., xd)]

×
d∏

l=1

w2Nl (sl) ds1 · · · dsd.

=

∫
I
2i1
N1+1

∫
I
i2
N2

×···×I
id
Nd

∆N1+1f (x1 u s1, ..., xd u sd)
d∏

l=2

w2Nl (sl) ds1 · · · dsd

= · · ·

=

∫
I
2i1
N1+1×···×I

2id
Nd+1

∆Nd+1
(
∆Nd−1+1 · · ·∆N1+1

f (x1 u s1, ..., xd u sd)1 · · · )d ds1 · · · dsd,

where

∆Nf (x1, ..., xd)j : = f (x1, ..., xd)

−f
(
x1, ..., xj−1, xj u 2−N , xj+1, ..., xd

)
.

From (2.3) we have

|AD| ≤ c

d∏
r=1

2Nr

∫
IN1+1×···×INd+1

2N1−1∑
i1=0

· · ·
2Nd−1∑
id=0

d∏
r=1

1

ir + 1

×
∣∣∆Nd+1

(
· · ·∆N1+1

f

(
x1 u s1 u

i1
2N1

, ..., xd u sd u
id
2Nd

)
1

· · ·
)

d

∣∣∣∣ ds1 · · · dsd
Set

τ (N1, ..., Nd) :=
[
min

{
N1 − 2, ..., Nd − 2, (θ (N1, ..., Nd))

−1
}]

,

where

θ (N1, ..., Nd)

= sup
0<si<Ni2−Ni , i=1,...,d

|f (x1 u s1, ..., xd u sd)− f(x1, ..., xd)| .
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Then we can write

|AD| ≤ c

d∏
r=1

2Nr

∫
IN1+1×···×INd+1

τ(N1,...,Nd)∑
i1,...,id=0

d∏
r=1

1

ir + 1

×
∣∣∆Nd+1

(
· · ·∆N1+1

f

(
x1 u s1 u

i1
2N1

, ..., xd u sd u
id
2Nd

)
1

· · ·
)

d

∣∣∣∣ ds1 · · · dsd
+ c

d∏
r=1

2Nr

d∑
l=1

∫
I
2i1
N1+1×···×I

2id
Nd+1

2N1−1∑
i1=0

· · ·
2Nl−1−1∑
il−1=0

2Nl−1∑
il=τ(N1,...,Nd)

2Nl+1−1∑
il+1=0

· · ·
2Nd−1∑
id=0

d∏
r=1

1

ir + 1
(4.3)

×
∣∣∆Nd+1

(
· · ·∆N1+1

f

(
x1 u s1 u

i1
2N1

, ..., xd u sd u
id
2Nd

)
1

· · ·
)

d

∣∣∣∣ ds1 · · · dsd
≤ cθ (N1, ..., Nd) log

d

(
1

θ (N1, ..., Nd)

)
+ c

d∑
l=1

V D
{i1}...{il−1}{il+τ(N1,...,Nd)}{il+1}...{id} (f) = o (1) ,

as min (n1, ..., nd) → ∞.

If α ⊂ D, α ̸= ∅, α ̸= D, then we can prove similarly, that

(4.4) Aα = o (1) as min (n1, ..., nd) → ∞.

Combining (4.1)-(4.4) we complete the proof of Theorem 3.1. �

Proof of Theorem 3.2. Let {Ak : k ≥ 1} be an increasing sequence of positive integers,
satisfying

(4.5) Ak > 2Ak−1,

(4.6)
Ak2

2dAk−1

2Ak
<

1

k2
,

(4.7)
Ad

k−1

Ak
<

1

k
.
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Set

φk (x) :=


2
(
22Akx− j

)
, if x ∈ [j2−2Ak , (2j + 1) 2−2Ak−1)

−2
(
22Akx− j − 1

)
, if x ∈ [(2j + 1) 2−2Ak−1, (j + 1) 2−2Ak)

j = 1, 2, ..., 22Ak−2Ak−1 − 1

0, otherwise

,

ψk (x) :=


2
(
22Akx− 1

)
, if x ∈ [2−2Ak , 3 · 2−2Ak−1)

−2
(
22Akx− 2

)
, if x ∈ [3 · 2−2Ak−1, 2−2Ak+1)

0, otherwise

.

Let

gk (x) := φk (x) sgn
(
DmAk

(x)
)
, gk (x+ l) = gk (x) , l = 0,±1,±2, . . . ,

hk (x) := ψk (x) sgn
(
DmAk

(x)
)
, hk (x+ l) = hk (x) , l = 0,±1,±2, . . .

Consider the function f de�ned by

(4.8) f (x1, ..., xd) :=
∞∑
k=1

fk (x1, ..., xd) , f (0, ..., 0) = 0,

where

fk (x1, ..., xd) :=
gk (x1)

Ak

d∏
j=2

hk (xj) .

First, we prove that f ∈ BVH . We consider several cases:

a) If α := {α1, ..., αp} ⊂ D\{1} then by the construction of f we can write

(4.9) V α
H (f) ≤ c

Ak

∑
iα1 ,...,iαp

∣∣∣hk (Iα1
iα1
, ..., I

αp

iαp

)∣∣∣
iα1 · · · iαp

≤ c <∞, k = 1, 2, ....

b) If α := {1, α2, ..., αp} ⊂ D and p < d− 1, then we have

(4.10) V α
H (f) ≤ c

Ak

∑
i1,iα2 ,...,iαp

∣∣gk (I1i1)∣∣
i1

∣∣∣hk (Iα2
iα2
, ..., I

αp

iαp

)∣∣∣
iα2 · · · iαp

, k = 1, 2, ....

On the other hand,

(4.11)
∑
i1

∣∣gk (I1i1)∣∣
i1

≤ cAk

and

(4.12)
∑

iα2 ,...,iαp

∣∣∣hk (Iα2
iα2
, ..., I

αp

iαp

)∣∣∣
iα2 · · · iαp

≤ c <∞.

From (4.10) � (4.12) we obtain

(4.13) V α
H (f) ≤ c <∞.
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c) Let α = D. Then by the construction of f we get

V α
H (f) ≤ c

∞∑
k=1

1

Ak

∑
i1,i2,...,id

∣∣gk (I1i1)∣∣
i1

∣∣hk (I2i2 , ..., Idid)∣∣
i2 · · · id

(4.14)

≤ c

∞∑
k=1

1

Ak

1

kd−1

22Ak−2Ak−1∑
i1=1

1

i1

≤ c
∞∑
k=1

1

kd−1
<∞, d > 2.

Combining (4.9), (4.13) and (4.14) we conclude that f ∈ BVH .

Now, we prove that the d-dimensional cubic partial sums of Walsh-Fourier series

of f diverge at the point (0, ..., 0). By (4.8) we can write

SmAk
,...,mAk

f (0, ..., 0) = SmAk
,...,mAk

fk (0, ..., 0)(4.15)

+

k−1∑
i=1

SmAk
,...,mAk

fi (0, ..., 0) +

∞∑
i=k+1

SmAk
,...,mAk

fi (0, ..., 0)

= J1 + J2 + J3.

Since ∣∣∣SmAk
,...,mAk

fi (0, ..., 0)
∣∣∣ ≤ ∥fi∥C (logmAk

)
d ≤ cAd

k

Ai
,

by (4.5) and (4.7) for J3 we obtain

(4.16) J3 ≤ cAd
k

∞∑
i=k+1

1

Ai
≤ cAd

k

Ak+1
= o(1) as k → ∞.

It is well-known [6] that∥∥∥SmAk
,...,mAk

fi − fi

∥∥∥
C

≤ c
∑

{α1,...,αp}⊂D

ωα1,...,αp

(
1

22Ak
, ...,

1

22Ak
; fi

)
C

Ap
k.

On the other hand,

ωα1,...,αp

(
1

22Ak
, ...,

1

22Ak
; fi

)
C

≤ c

(
22Ai

22Ak

)p

.

Consequently, taking into account (4.6) and the equality fi (0, ..., 0) = 0, we obtain

J2 ≤
k−1∑
i=1

∣∣∣SmAk
,...,mAk

fi (0, ..., 0)
∣∣∣(4.17)

≤ cAk

22Ak

k−1∑
i=1

22dAi ≤ cAk2
2dAk−1

22Ak
= o (1) , as k → ∞.
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Finally, by (2.4) we have∣∣∣SmAk
,...,mAk

fk (0, ..., 0)
∣∣∣(4.18)

=
1

Ak

∣∣∣∣∣∣
∫
Id

fk (x1, ..., xd)

d∏
j=1

DmAk
(xj) dx1 · · · dxd

∣∣∣∣∣∣
=

1

Ak

∣∣∣∣∣∣
∫
I

gk (x1)DmAk
(x1) dx1

∣∣∣∣∣∣
×

∣∣∣∣∣∣
∫

Id−1

d∏
j=2

hk (xj)DmAk
(xj) dx2 · · · dxd

∣∣∣∣∣∣
=

1

Ak

∫
I

φk (x1)
∣∣∣DmAk

(x1)
∣∣∣ dx1

×
d∏

j=2

∫
I

ψk (xj)
∣∣∣DmAk

(xj)
∣∣∣ dxj

=
1

Ak

22Ak−2Ak−1−1∑
j=0

(j+1)2−2Ak∫
j·2−2Ak

φk (x1)
∣∣∣DmAk

(x1)
∣∣∣ dx1

×
d∏

j=2

2−2Ak+1∫
2−2Ak

ψk (xj)
∣∣∣DmAk

(xj)
∣∣∣ dxj

≥ 1

16Ak

22Ak−2Ak−1−1∑
j=0

(j+1)2−2Ak∫
j·2−2Ak

φk (x1)

x1
dx1

d∏
j=2

2−2Ak+1∫
2−2Ak

ψk (xj)

xj
dxj

≥ 1

16Ak

22Ak−2Ak−1−1∑
j=0

22Ak

j + 1

(j+1)2−2Ak∫
j·2−2Ak

φk (x1) dx1

×
(
22Ak−1

)d−1
d∏

j=2

2−2Ak+1∫
2−2Ak

ψk (xj) dxj

=
1

16Ak

22Ak−2Ak−1−1∑
j=0

22Ak

j + 1

2(2Ak−1)(d−1)

22Ak+1

(
1

22Ak+1

)d−1

≥ c > 0.

Combining (4.15)-(4.18) completes the proof of Theorem 3.2. �
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Proof of Theorem 3.3. Part a) immediately follows from Theorem 1.1, Theorem 3.1

and Theorem A.

To prove part b) we denote

Ai1,...,id :=

[
i1
22N

,
i1 + 1

22N

)
× · · · ×

[
id
22N

,
id + 1

22N

)
,

W := {(i1, . . . , id) : id < is < id +mid , 1 ≤ s < d, 1 ≤ id ≤ Nδ} ,

Nδ =
[
4(N−1)/(δ+1)

]
, tj :=

(
sj∑
i=1

1

λi

)−1

, sj :=
[
j1+δ

]
,

where [x] is the integer part of x.

It is not hard to see, that for any sequence Λ = {λn} satisfying (1.1) the class

C(Id) ∩ PBVΛ(Id) is a Banach space with the norm

∥f∥PBVΛ := ∥f∥C + PVΛ(f).

For N ∈ N consider the following function

fN (x1, . . . , xd) :=
∑

(i1,..., id)∈W

tid1Ai1,...,id
(x1, . . . , xd)

d∏
s=1

ξN (xs) sgn (DmN
(xs)) ,

where 1A (x1, . . . , xd) is the characteristic function of the set A ⊂ T d, ma is de�ned

by (2.5) and

ξN (x) :=


1, if x = (2j + 1) 2−(2N+1), j = 1, 2, ..., 22N − 1

0, if x ∈ [0, 2−2N ), x = j · 2−2N , j = 1, 2, ..., 22N

linear and continuous on [j2−(2N+1), (j + 1)2−(2N+1)], j = 2, 3 . . . , 22N
,

ξN (x+ l) = ξN (x) , l = ±1,±2, ....

First we show that the norms ∥fN∥PBVΛ are uniformly bounded.

Let (i1, . . . , ik−1, ik+1, . . . , id) be �xed, where k = 1, . . . , d − 1. Then it is easy to

show that

V
{k}
Λ (fN ) ≤ C · tid

 id+mid∑
ik=id+1

1

λik−id

 ≤ C · tid

(mid∑
ik=1

1

λik

)
≤ C <∞.

If (i1, . . . , id−1) is �xed, the condition (i1, . . . , id) ∈W implies

max {id (is) : 1 ≤ s ≤ d− 1} < id < min {is : 1 ≤ s ≤ d− 1} ,
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where

id (is) := min {id : id +mid > is} .

Consequently, by the de�nition of the function fN we obtain that for any s = 1, ..., d−1

V
{d}
Λ (fN ) ≤ C

is∑
id=id(is)+1

tid
λid−id(is)

≤ C · tid(is)
is∑

id=id(is)+1

1

λid−id(is)

= C · tid(is)
is−id(is)∑

id=1

1

λid
≤ C · tid(is)

mid(is)∑
id=1

1

λid
= C <∞.

Hence fN ∈ PBVΛ and

(4.19) ∥fN∥PVΛ ≤ C, N = 1, 2, . . . .

Observe, that by (3.3) we have

1

tj
=

mj∑
i=1

1

λi
=

mj∑
i=1

1

i
· i
λi

≤ C
mj

λmj

logmj ≤ C
j log j

λj
.

Hence

tj log j ≥ c
λj
j
.

Consequently,

SmN ,··· ,mN
qN (0, · · · , 0)(4.20)

=

∫
Id

qN (x1, · · · , xd)
d∏

s=1

DmN
(xs) dx1 · · · dxd

=
∑

(i1,··· ,id)∈W

tid

∫
Ai1,··· , id

d∏
s=1

|ξN(xs)DmN
(xs)| dx1 · · · dxd

≥ c
∑

(i1,··· ,id)∈W

tid

∫
Ai1,··· , id

dx1 · · · dxd
x1 · · ·xd

≥ c
∑

(i1,··· , id)∈W

tid
1

i1 · · · id

≥ c

Nδ∑
id=1

tid
id

id+mid∑
i1=id

· · ·
id+mid∑
id−1=id

1

i1 · · · id−1

≥ c

Nδ∑
id=1

tid
id

logd−1

(
id +mid

id

)
≥ c (δ)

Nδ∑
id=1

tid log id
id

logd−2 id

≥ c (δ)

Nδ∑
n=1

λn log
d−2 n

n2
→ ∞,
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as N → ∞, according to (3.4).

Applying the Banach-Steinhaus theorem, from (4.19) and (4.20) we obtain that

there exists a continuous function f ∈ PBVΛ(I
d) such that

sup
N

|SN,··· ,Nf(0, · · · , 0)| = ∞.
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