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1. INTRODUCTION

Various examples have been given of functions sharing many properties of the
Riemann zeta-function and, in particular, satisfying a similar functional equation,
but failing to satisfy the analogue of the Riemann hypothesis (see, for example [1,
Remark 5, page 3]).

L. D. Pustil’nikov [7] innovated in two ways by showing the existence of such functions
which satisfy the same functional equation as ((s) and moreover approximate ((s)
arbitrarily well. The initiative of Pustil’'nikov was refined by others and extended
to other zeta functions. In [3], it is shown that zeta functions of curves over finite
fields can be approximated by functions satisfying the same functional equation but
failing to satisfy the analogue of the Riemann hypothesis. In the present paper, for
zeta-functions of varieties over finite fields, we show that such approximations can
even be obtained as continuous perturbations of the zeta-functions.

Deligne obtained the Fields Medal for proving the Riemann Hypothesis for zeta
functions of varieties over finite fields. In the direction opposite to that of the previous
paragraph, we show the existence of small perturbations of these zeta-functions which
satisfy the same functional equation and continue to satisfy the analogue of the
Riemann hypothesis.
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This paper contains no new results in number theory. Number theorists have worked
hard to show that zeta-functions over finite fields are merely rational functions of a
very explicit form. In the next section, we present this explicit form and thereafter
study meromorphic functions having a similar form, with no subsequent reference to
number theory. Our approach is rather from the viewpoint of complex approximation
theory.

2. ANALYTIC PROPERTIES AND SYMMETRIES

The following results can be found, for example, in [5]. For p prime, let V = V(F,)
be a smooth projective variety over the field IF, having p elements. The Zeta function
Cv(s) associated to V was defined by Weil by the equations

_ u™
(2.1) Cvis)=2Zv(p™™), Zv(u)=exp| Y N |,
m>1

where NN, is the number of points of V/(Fpm).
Of course, this definition a priori only makes sense for u in the disc of convergence
of the power series or, equivalently, for s in the half-plane of convergence of the
corresponding Dirichlet series, and it is a nontrivial result that Zy is a rational
function and hence (y extends meromorphically to all of C. More precisely,

P1 (u) e Pgd_l(u)
2.2 Zy(u) = ,
(22) v Po(u) . .. Pog(u)

where d = dimV and P;(u) € Z[u]. Moreover, we have the functional equations

(2.3) Zo@) = Zv(w), Zy <pju) — 22 (),

where x is the self-intersection number of the diagonal in V' x V. The Riemann
hypothesis for all smooth projective varieties over finite fields was proven in full
generality by Deligne, and it amounts to the equations

(2.4) Pj(u) = H(l —ajpu), o] =p%
Hence the zeroes of the zeta-function ¢(V, s) lie on the lines
13 2d -1
Ry =55 =5

and the poles on the lines
R(s)=0,1,2,--- ,d.
Let Z; denote the divisor of the zeroes of the polynomial P;. It follows from (2.4)

that the support of Z; is contained in the circle C; of radius p2 . We call Cy the
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central circle and for j odd, we call the circles C; critical circles. The second equation
in (2.3) implies that

1
2.5 Zi = ———.
(2:5) T piZg
Therefore, the zeroes of P; are the reflection of the zeroes of P»q_; with respect to

the central circle Cy. More precisely, from (2.4) we obtain the equations
1 Qg
(2.6) — =
Q(25—d)k p
It follows that the polynomials that make up the factors of the zeta functions satisfy
the functional equation
- v v 1
(27) Pgd,j(u) = (—1)N7Aj 1pNJduNJPj(%),

where A; = [[, ok, and N; is the number of zeroes of P;, counting multiplicity.

Remark 2.1. If we compare the relations (2.3) and (2.7) we obtain the interesting
formula:

X =Ng—Ni+ Ny —---+ Nog.

In fact the number x has the interpretation as the Fuler characteristic of a complex
variety associated to V' (see [4], Appendiz C).

For a positive number z and a positive integer j, the expression 27/2 represents
the positive determination of the square root of 27. For a function f : E — C defined
on a set E C C, we set

1flle = sup | f(2)],
zeE

if f omits the value co on E. Otherwise, we put ||f||g = +00. Moreover, we denote
by M and O respectively the spaces of meromorphic and holomorphic functions on C,
and by O(F) the space of holomorphic functions defined on some open neighborhood
of E. The following construction provides a metric d on M whose topology coincides
with the topology of uniform convergence on compacta. Given an exhaustion of C by
closed disks D,,, define

d(f.g) =Y 2 " min(L||f - glp,)

n=0

We observe in particular that O is a locally convex space.

3. APPROXIMATION BY ZETA FUNCTIONS

The first theorem does not rely on the functional equations of a zeta function Zy,
but on the fact [5, p.159] that s = 0 is a simple pole of (y .
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Theorem 3.1. For a compact K, let f € O(K). Then for any positive €, there exist
numbers ay, by, A\, k =1,2,...n, such that

= MeCvlars+bp)| <€ VseK.
k=1

Proof. Let O be a bounded open set containing K such that f is holomorphic on O.
After replacing f by x1f, where x1 is a smooth function supported in O such that
X1(s) = 1 on an open subset of O that contains K, we can assume that f extends
smoothly on C.

Let O” be a bounded open set containing the closure of the set O’ = O U (O — O).
Choose r, so small that (v (z) has no poles, other than 0, in the disc D, = (|z| < r,)
and choose t, so small that the closure of O” is contained in the disc D1 = (|s| <
To/to). Fix t with 0 < t < t,. Then the poles of {y (ts) other than zero lie outside
the disc D7 and hence outside the set O”. Since the pole at 0 of {y is simple, setting
a, =7 -res(Cy,0) and a = a,7/t, all the poles of the meromorphic function

h(s) = Cy(ts) — %

lie outside the closure of O'.

Let x2 be a smooth function with support in O” such that x2(s) = 1 on a
neighborhood of O’: then h= x2h is a smooth function on C with compact support,
and we can treat

&(s) = — + Tu(s)

s

as a distribution. Since 9(s) = % is a fundamental solution for the d-operator, and

f is locally integrable and continuous, we have the following equalities:

F(s) = (F *8)(s) = (F * B)(s) = (Bf * ¥)(s //af (s — 2)dzdy =

—1//8f C(s — 2)dady — a~ //3]” h(s — z)dwdy.

Since f =0 off O, s € K C O and gzﬁ(s —z) =0 on O x O, integration by parts

shows that
//8f sfzdasdy* //f sfz)dxdy*
(3.1) // f(2)0:h(s — z)dxdy = 0.
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Therefore if s € O,

f(s)=a! / / @)(2)i(s — 2)dady = o™ / / o BNl oy =
(3.2)

-1 0 — 2))dx

. / /Supp(af)(c?f)(Z)Cv(t(S ))drdy,

where the last equality holds since (v (ts) = ((s) for s € O’. Since the integrand
in (3.2) is smooth and uniformly continuous, we can approximate it uniformly by
Riemann sums, and the result follows. O

4. INSTABILITY THEOREMS

In this section we shall show two instability properties of the Riemann hypothesis.
First, we prove that the functional equations (2.3) are not sufficient to characterize
the zeta function of a variety. Indeed, we approximate the zeta function by functions
which satisfy the same functional equation but fail to satisfy the analogue of the
Riemann hypothesis, in that they have nontrivial zeroes off the critical axes. It is
interesting to compare this with Hamburger’s theorem which asserts more or less that
the Riemann zeta function is characterized by its functional equation. Secondly, we
shall construct functions, close (but not equal) to a given zeta function that satisfy
the same functional equations (1) and have the same zeroes. Thus, among small
perturbations of the zeta function satisfying the same functional equation, some do
not and some do satisfy the analogue of the Riemann hypothesis. In this sense, the
Riemann hypothesis is unstable.

Definition 4.1. Let V' be a smooth projective variety over F, and Zy (u) = (v (s)
the corresponding zeta function (where u = p~%). Let My C M be the subset of the
meromorphic functions that can be written as

Q1(u)Qs3(u) ... Qaq—1(u)
(4.1) (8) = 2;(w) Qo(u)Q2(u) ... Q2a(u)
where Q; are holomorphic functions C\ {0} that satisfy the following properties:

(1) for j even, Q; = P;; for i — j odd, Q; and Q; have no common zeroes;
(2) ifu is a pole of Zy of order m, then @ is a zero of order at least m for Qi — P,
for all k;

(3) Q; satisfy the same functional equations as the Zeta-function Zy :
(4.2) Qj(u) = Q;(w), Q2a—j(u) = (=) A; T pNidy N Qj(]m),
where as in Section 1, Aj is the product of the inverses of the zeroes of P;,

and N; denotes the number of zeroes of P;.

We denote by Ry the class of rational functions in My, .
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Remark 4.1. With Definition 4.1 we have selected a class of functions that resemble

the zeta-function Cy, since:

(1) if f € My, then Z5 satisfies the same functional equation (2.83) as the zeta-
function Zy ;

(2) if f € My, then Zy and Zy have the same poles and moreover, at each pole
they have the same principal part in the Laurent expansion; in particular,
Zy — Zy is holomorphic on C\ {0};

The following theorem shows that every function in My has continuous perturbations
which fail to satisfy the analog of the Riemann hypothesis.

Theorem 4.1. The class My, of functions in My which fail the “Riemann hypothesis"is
an open dense subset of My (My endowed with the induced topology from M).
Moreover, for each f € My, there is a continuous curve f; € My, t € (0,1], such that
ft = [ inMy, ast — 0. If f € Ry, we may suppose f; € Ry,,t € (0,1].

In particular, we can approximate the zeta function (i by continuous perturbations
thereof which strongly resemble (y but fail to satisfy the analogue of the Riemann
hypothesis. The proof of Theorem 4.1 will be given after the introduction of the
following technical lemma.

Lemma 4.1. Let f € My . For j odd, 0 < j < 2d, consider functions ji; holomorphic

on €\ {0} such that: (a) 13(m) = 15(0), (5) paa—s(w) = 13(k2), () if @ is @ pole of
Zy of order m, then p; — 1 vanishes at @ with order at least m. Then the functions
@j (u) = pj(u)Q;(u) are holomorphic for allu # 0 and satisfy the functional equations
(4.2). Hence the function f, which is defined by

ry = él(U)QS(U) e Qv2d71(u)
43 S) = Z u) = ,
(4.3) 1) (u) Qo(u)Q2(u) ... Q2q4(u)

belongs to My . If u is rational and f € Ry, then fe Ry .

Proof. It is simple to check that Z satisfies the functional equations (4.2). Then
condition (c¢) guarantees that @k — P, vanishes of order at least m at u, if 4 is a pole
of order m. a
We may now prove Theorem 4.1.

Proof. The fact that My, is open follows immediately from Rouché’s theorem . We
give a proof of the Theorem for varieties of dimension d > 2, leaving to the reader to
adjust the proof to the one-dimensional case. Given f € My, write as usual

£(s) = Zy(u) = Qg)(u)Q3(U) e de—1(U).

o(w)Q2(u) ... Q2a(u)
Let P be the set of poles of Z¢(u) and m, be the order of a pole a of Z;. From the

functional equations (4.2) we deduce that, for all a € P, m, = my,, = mg. Consider
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the functions
pre(u) =1+t H (u—a)® and  poa—1.:(u) = p14(1/pw).
acP
Since P = P, the pair {241, 11} satisfies condition (a) of Lemma 4.1, while (b) and
(c) of the same lemma follow by definition. Hence, we set
Que(u) = p1(w)Qi(u) and  Qoa—14(u) = p2a—1.(u)Q1(u)
and consider the family of function f; € My

_ Qr,t(w)Q3(u) ... Qaa—3(u)Q2a—1,:(u)
Qo(u)Q2(u) . .. Qzq(u) '

Now we show that there exists a positive e such that if ¢t € (0, €], then f; has non-

fi(s) = Zf(u)

trivial zeroes outside the critical circles. Given M > 0, there exists € > 0 such that if
lt| < € and w is a zero of uy 4, then |u| > M: in fact, since p1 , converges uniformly to
1 on compacta, the zero locus is pushed to infinity as ¢ approaches zero. This shows
in particular that for ¢ sufficiently small the zeroes of y1; do not belong to any of
the critical circles. We are left to prove that i, has non-real zeroes for ¢ sufficiently
small. Denote by P+ the set of poles of Z; with positive imaginary part, by P’ the
set of real poles with absolute value greater than p~%2 and by P? the set of real
poles with absolute value equal to p~%2. Then,

o) = 1+t IT w0 -ap™s T] (w-a)™ u=1/ptaym T] (w-a)?.

acPt acP’ acpPd

From this expression for j; ; it is easy to see that if ¢ is positive and real, 111 + can
not have a real zero. Therefore, if ¢ € (0,€], then f; € My, and f; € R{, whenever
fo = f € Ry. The fact that fi,t € [0,€], depends continuously on ¢ (that is, f; is
a continuous curve in My ) follows from the fact that p; ; and poq—1, converge to 1
uniformly on compacta and assume the value 1 at poles of Z¢. Of course, the curve
ft,t € (0,€] can be parameterized on the interval (0, 1] rather than (0, €]. O The
next theorem is in the opposite direction of Theorem 4.1, namely we show that we
can perturb elements in My while eliminating non-real zeroes off the critical circles.

Theorem 4.2. Let f € My . Then, there exists an exhaustion of C by closed subsets
FEy C Ey--- C E, C ... and a sequence of functions f, € My different from f
satisfying the following properties:

(1) fn have the same zeroes as f on the critical axes (with the same multiplicity)
and on the real axis and no other zeroes;

(2) lim || fr, — fllE, = 0; in particular the sequence f, converges to f pointwise.

In particular, we can take as f the zeta function (y itself. Each f, resembles
the zeta function (v (because it is in My ) and f,, does satisfy the analogue of the
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Riemann hypothesis, since it has no non-trivial zeroes off the critical axes. Let us
start once again with the preparatory material.

Definition 4.2. By a hole of a set A C C, we mean any bounded component of
C\ A. A closed subset E without holes is said to be an Arakelian set if, for any closed
disk D, the union of the holes of DU E is a bounded set or, equivalently, zf((A: \ E is
connected and locally connected, where C denotes the Riemann sphere containing C.

Arakelian sets are extremely important in complex approximation. Given a function
f:E — Conaset EC C, suppose we wish to approximate f uniformly by entire
functions. Then, f must be continuous on F and holomorphic on the interior of E.
Moreover, if a sequence f, of entire functions converges uniformly to f on E, then
this sequence is uniformly Cauchy on E and hence also on E, so there is no loss
of generality in assuming that F is closed. A famous theorem of N. U. Arakelian
(see [8]) states that a necessary and sufficient condition on a closed set E, in order
that each function continuous on E and holomorphic on the interior of E can be
uniformly approximated by entire functions, is that C \ E be connected and locally
connected. This theorem completely solves the problem of uniform approximation by
entire functions.

For a divisor D = Y np(P) we define the conjugate divisor D = Y np(P). Also,
we denote the support of D by [D]. Let f € My be given. For all k odd, let W,
(resp. W) denote the divisor of the zeroes of @, off the critical circles, outside (resp.
inside) the central circle C; and above the real axis, and let

wr=Y"wr . wo=>"w,
k k

Wi =W, + W +W, +W,_.
The divisor W of non-trivial zeroes of Z off the critical circles is given by
W= Wy=Wr+WF+Ww- +W-
k

and the set of non-trivial zeroes of Z; off the critical circles is [IW].

Remark 4.2. There is no relation between W, and W, (unless k = d), but the
functional equations (4.2) imply that

1 —_— 1 —
(4.4) — =W, and ———— = ,;"
PWo_p P Waq_y,
Lemma 4.2. For each u € [W™] and each n = 1,2,..., there exists an unbounded

domain (open connected set) U, ,, whose boundary consists of two disjoint arcs, each
of which goes monotonically from 0 to oo, having the following properties:
(1) for each u € [WT] and each n, we have u € Uy, y;
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(2) for each fized n, the sets cl(U,, ), with u € W], are disjoint;
(3) for each u € W] and each n, we have U, ,, = 1/pU,, u;
(4) for each u € W], the sets Uy, are decreasing and

ﬂ Un,u = {U, ]-/pdﬂ}’
n=1

(5) for each u € [WT], the sets U, are in the upper half-plane and uniformly
bounded away from the polar set of Zy.
(6) for each n,
meas U Upu < 1/n.
u€e[Wt]

For each odd value of k, we consider the following sets:

(45) Un,k, = U Un,u
u€[W+]
(4.6) Api =C\ (U UUn) -

Remark 4.3. (1) If u e Wy, for some k, then u is not a pole of Zy.
(2) It follows from condition (4) of Lemma 4.2 that

N U Gun= U () Vun =910 W50

n=1 uG[W+] we| W+] n=1

The proof of Theorem 4.2 relies on an approximation-interpolation lemma, which
is similar to Theorem 40 in [2], but the statement we provide here is stronger.

Lemma 4.3. Let X be an Arakelian set, ¢ > 0,m € Z* and the following data be
given:

(1) a possibly finite sequence A in C\ X without limit points in C and for each

A € A an integer v(A) > 0 and a non-zero complex number [y ;

(2) a finite sequence {b1,ba, -+ by € X°}.
Then there exists an entire function H such that ||1 — H||x < €, H has zeroes only
at the X's with order v(\), HYM(X) = By, and H — 1 has a zero of order at least m
atbj,j=1,--- k.

Proof. Let F' be an entire function whose zeroes are precisely the points of A € A,
with order v()\) and with F*\)()\) = . Then, on X we may write F = e¢~/, with
f € 0(X). Set E = XUA and put f = 0 on A. Then, F is again an Arakelian
set and f € A(E). It follows from [6] that there is an entire function g such that
|f —g| < min{l,¢e/e} on E, and g()\) =0, for each A € A. Moreover, we may stipulate
that g(”)(b )= f(”)(b ),v=0,1,--- ,m, for each j =1,2,--- | k.
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Set G = e9 and H = GF. Then, on X we have

(o] n—1 o0
1l = jes—f _ lg= A" 1
[H =1 =" =1 <lg—f|}_“—7—<ly f|20mge.

n=1
The only zeros of H are those of F, that is, the points A € A. Near such a A\, we
have

v(A)!

Hence, these zeros are still of order v(\) and H*M(\) = By.
At each b;,j =1,2,--- ,k, the function g — f has a zero of order at least m and,

HG) = GEFE) = |14 a7 | (5= 0@ ).
j=1

since the exponential function is a local homeomorphism, at each such b;, the function
H = e9~/ assumes the value 1 with multiplicity at least m. O
Proof of Theorem 4.2. Let

An = mAn,k =C \ U(Un,k UUn,k)a
k k

where k runs over odd values. Choose an unbounded increasing sequence {r,} of

4 such that all poles in C\ {0} are in the annulus

positive numbers, with r; > p~
{1/(r1p?) < |u| < r1}. Then, there are no poles on the boundaries of the compact
subsets

K, ={1/(p%) <|ul <7} N A,.
We define the finite set

Wy, = {1/(p"rn) < |u] <} 0 [W]

and set
Yn,k =AU (Wn \ [W;D
Let 6,, > 0; for each odd k we can apply Lemma 4.3, with X =Y}, ; to construct a
non-constant entire function h,, ; such that
a) the zero divisor of h,, i equals W,j and

Qr(u) _ :
(4.7) Py 0 YU € (Wi ;
(4.8) hog(u) =1, YueW,\ W]

b) || = U]y, i < 0n;
¢) if u is a pole of multiplicity m, then hy (u) — 1 vanishes to order at least m at

For each k let
(49) Fn,k(u) = hn’k(u)hn’k(ﬂ)hn’gd,k(1/pdu)hn’2d,k(1/pdﬂ).
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Then the zero divisor of Fj, j clearly coincides with Wj; moreover, since the polar
divisor of Z; is symmetric with respect to the real axis and the central circle Cy, the
functions F, j satisfy condition c) above. Hence, if we set

Qk
Fnk

)

(4.10) Qne =

and

_ @n,lén,S cee C§n,2d—1
" QoQa.. Qaa
then the function f,, defined by f,(s) = Zy, (u) belongs to the class My and satisfies
condition (1) of Theorem 4.2.

The validity of condition (2) of Theorem 4.2 follows from the following fact: for
any €, > 0, then there exists d,, > 0 such that if h,, ; are defined by a) b) and c) as
above, then

(4.12) 1Zs, = Zsllk,uw., <€n.

Indeed, consider a sequence ¢, — 0 for n — 0o, and the collection of closed sets
(4.13) E,={s:p? e K,JU{s:p™° e W,}.

which clearly satisfies J,, £, = C. Then f,, # f, since hy, # 1, and

(4.11) Z;

IIf = falle, = 125 — Z1, ||k, 0w, < én

which implies that lim,_, ||fn — f||&, = 0, which is condition (2) of Theorem 4.2.
We prove (4.12) first on K, then on W,,. Observe that K, is symmetric with

respect to the central circle Uy and the real axis; moreover, K, C Y, ; for all k.

Given a collection h, j of functions satisfying a), b) and c), we therefore have

(4.14) Wk = Ulks < [[hng = Uly, o < 0ny V.

Condition ¢) imposed on h,, ; implies that Z; and Zy, have the same poles and the

same principal part at each pole. Therefore Zy — Zy, is holomorphic for all u # 0,
and the maximum principle implies that

W25 = Zp. Ik, <125 = 210k,

Since Z¢ has no poles on 0K, it is bounded on 0K,,. Since K, is a compact set,
and each F), i, is a finite product of h, ; and its conjugates, then given €, > 0 there
exists d,, > 0 such that

€n

11— TPy tllox, < I11—TILF, |k, <

T " 1Z5llox.,

Therefore we can estimate

(4.15) Zs — Zys,

K. <|Zf = Zy,

or, = 1Zlloxk,
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Next, we want to show that (4.12) holds on W,,; since Zy = 0 on W,,, we must
show that

(4.16) 125,
We first prove the estimate (4.16) for u € W,, N [W*]. The proof for the other

three cases, namely u € W, N[W~], u € W, N[W~], u € W,, N [W] will follow from
the functional equations (4.2).

w, < €n.

From equation (4.7), we have, with v = 1/p%u and abbreviating h,, ; to h; :
On, On, 1
Zy, (u) = —— X - X —— X .
hi(@)haa—1(v)haa—1(7) hadg—1(@hi(V)h1 (@) Qo(w) ... Qaa(u)
If w € W, N [WT], then, by (4.8), all the factors in the denominator, other than
Qo(u), -+ ,Qaq(u), are equal to 1 and so, for u € W,, N [WT],

Op X ==+ X 0p
250 = o) - Qoalu)

Since Qo(u), -+ ,Q24(u) are different from zero for w in the finite set 'W,,, it follows

that, if we choose d,, sufficiently close to zero, we have |Zy, (u)| < €.

Suppose now that u € W, N [W~]. Then, v € W,, N [WT] so |Zy, (v)| < €, by the
previous case. Moreover, by the functional equation, Zy, (u) = Cu® Zy, (v), where N
is plus or minus some NN;. Since u is restricted to the finite set W,,, we may assume
that d,, is sufficiently small that |Z;, (u)| < €,.

The remaining cases u € W,, N [W+] and u € W,, N [IW~] follow from the previous

two and the functional equation Zy, (7) = Zy, (u).
This concludes the proof of the estimate (4.16) and of Theorem 4.2. g

CHUCOK JIMTEPATYPHI

[1] J. B. Conrey, A. Ghosh, “On the Selberg class of Dirichlet series: small degrees”, Duke Math. J.,
72(8), 673 — 693 (1993).

[2] P. M. Gauthier, “Approximation of and by the Riemann zeta-function”, Comput. Methods Funct.
Theory, 10, no. 2, 603 — 638 (2010).

[3] P. M. Gauthier, N. Tarkhanov, “On the instability of the Riemann hypothesis for curves over
finite fields”, J. Approx. Theory (to appear).

[4] R. Hartshorne, Algebraic Geometry, Springer (1977).

[5] J. S. Milne, Elliptic Curves, Kea Books, Charleston, SC: Boosurge, LLC (2006).

[6] N. Nikolov, P. Pflug, “Simultaneous approximation and interpolation on Arakelian sets”, Can.
Math. Bull., 50, no. 1, 123 — 125 (2007).

[7] L. D. Pustyl’nikov, “Refutation of an analogue of the Riemann hypothesis about zeros for an
arbitrarily sharp approximation of the zeta function satisfying the same functional equation”,
Russ. Math. Surv., 58, no. 1, 193 — 194 (2003); translation from Usp. Mat. Nauk, 58, no. 1,
175-176 (2003).

[8] W. Rudin, J-P Rosay, “Arakelian approximation theorem”, Amer. Math. Monthly, 96, no. 5, 432
— 434 (1989).

[Moctynuna 22 nekabps 2011

66



