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A b s t r a c t . Under the assumptions that E^ is an га-dimensional, simply connected 
Riemannian manifold of constant sectional curvature Л and L rx is an r-dimensional, 
totally geodesic submanifold of E^, the paper investigates the g-th integral of the 
mean curvature Mn of a convex body K r in E^ and gives the expression of Mn in 
the terms of M£, where Mp is the p-th integral of the mean curvature of K r in L rx. 
A result of L. A. Santalo holds in particular. 

M S C 2 0 1 0 n u m b e r : 53C65, 53A35, 53A07, 52Л20 

K e y w o r d s : Integral of mean curvature; non-Euclidean space; element of area. 

1. INTRODUCTION 

Let n be a natural number, let 0 < r < n, 0 < p < r — 1 and let 0 < q < n — 1. 

Further, let E^ be an n-dimensional, simply connected Riemannian manifold of 

constant sectional curvature A, i.e. the sphere space Sn for A > 0, the hyperbolic 

space Hn for A < 0 and the Euclidean space En for A = 0. Besides, let L rxhe an r-

dimensional, totally geodesic subspace of ЕП &nd let K r с L rx be a convex body. Then, 

the boundary d K r of K r is an (r — 1)-dimensional hypersurface in L rx. Assuming that 

P is a point of dK r, we choose e1,..., er-1 to be the principal curvature directions 

at the point P . ^ r t h e r , we suppose that к1,..., Кг-1 are the principal curvatures at 

P 

Consider the Gauss map G : P ^ N(P), whose differential 

dGP(е.) = x'(t) ^ N'(t) (x(0) = P) 

satisfies the Rodrigues' equations 

dGp(ei) = —Kiei, i = 1, • • • ,r — 1. 
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ON THE INTEGRAL OF MEAN CURVATURE 

Then we have the mean curvature 

H = t ( K I + • • • + Kr-1) = trace(dG p), 
r — 1 r — 1 

along with the Gauss-Kroneeker curvature 

K = K1 ••• Kr—1 = ( — 1) r—1det(dGP). 

The p-th order mean curvatures are the p-th order elementary symmetric functions of 

the principal curvatures. By Hq we denote the p-th order mean curvature normalized 

such that 
r—1  r—1 f ֊ 1 \ 
П ( 1 + t K p ) = Y^ [ p M  H p t p . 
p=1 q=0 ՝• ' 

Thus, H1 = H is the mean curvature and Hr—1 is the Gauss-Kronecker сurvature K. 

The p-th (0 < p < r — 1) integral of the mean curvature Mp of dKr at P is defined 

by 

Դ — 1 yrK • 1 = 1 H..dn.. = I Mr ( d K r )= ( Hpdar—1 = ( r  - Л f { K i i , • • • ,Kip } dar—1, 
•JdK r \  p J J dK r  

where [ni1,... ,Kip } denotes է he p-th elementary symmetric function of the principal 

curvatures and dar—1 is the area element of dK r. As a particular case, let MQ = ar—1 

be the area of dKr, for completeness. Moreover, we have M^—1 = Or—ь where Or—1 

denotes the area of the (r — 1)-dimensional unit sphere and its value is given by the 

formula 
2n r / 2  

r ( r / 2 ) ' 

For instance, if Л = 0 and r = 2,rn\d K2 is a ^^^^e ^rnvex figure in E2, then M2 = a1 

and M 2 = 2n. If r = 3 and K 3 is а ^^^тех bod у in E 3 , then M 3 = a2 and M 3 is the 

integral of mean curvature of dK3. For more details, see [3, 4j. 

If K r с L rx is a convex body, then it can be considered as a flattened convex body 

of En (n > r). In order to define the ^^^h integral of the mean curvature MՀ (q = 

1 , 2 , . . . , n — 1) of dK r in ЕП, we consider the outer parallel convex body K := {x e 

En : d(K r, x) < e } of K r in ЕП, where է he d(K r, • ) denotes the geodesic distance 

from K r in E^ and then we pass to the limit as e ^ + 0 . 

In this paper, we investigate the q-th integral of the mean curvature Mn of dK r in En, 

where K r is considered as a flattened convex body in En. We obtain an expression 

Mqn Mpr  

following theorem. 
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ON THE INTEGRAL OF MEAN CURVATURE 

T h e o r e m 1.1 . Let EՈ be a simply connected Riemannian manifold of the sectional 

curvature A, let L rx be the totally geodesic subrnanifold of E^, and, let K r С L rx be a 

convex body of dimension r with C2 boundary. 

Then the q-th integral of the mean curvatures Mq of K r , where K r is considered, 

as a flattened convex body in E s a t i s f y the following conditions, where the quantity 

s(p, q) is that defined later, by (3.1): 

1) If q > n — r — 1, then 

( 1 . 1 ) M q ( d K r ) = ] T 

2) If q = n — r — 1, then 

r — 1 
q — ml _ 

n 1 
s(m, n — r) 

O n - r + q - m M r-m(dKr). 
O q-m 

(1.2) Mn ( d K r ) 
n 1 

֊ 1 
s(q, q)OqOr(K r) 

+ E 

r 1 

m=1 n 1 
s(m, n — r) 

On 
O ՜ q—m 

q-m 
M ( d K r ) . 

3) If q < n — r — 1, then 

(1.3) Mn(dK r) 

n r 1 

n 1 
s(q, n — r — 1)On-r-iOr(K r) 

q  

r — 1 
у q — m J _ O 

+ > . ֊ ^ ֊ ^ s ( m , n — r-Гn-՝+q -m M r ( d K r ) . 
n 1 Oq 

Especially, when A = 0, that is, the convex tody in Euclidean space En. In this case, 

if m < q, then s(m,q) = eq -m = 0 as e ^ 0. Theorem 1.1 reduces to the below-

corollary proved by L. A. Santalo in 1957 (see [2, 3j). Note that the results of [2, 3] 

play an important role in integral geometry and differential geometry and are widely 

used (see [1, 3, 4, 5j). 

En Lr r 

E n K r r L r K r  

L r E n  

q Mqn  
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ON T H E I N T E G R A L OF MEAN CURVATURE 

1) If q > n — r — 1, then 

M  n(dK r) 

2) If q = n — r — 1, then 

r — 1 
q — n + r O, ч 

n 1 O q—n+r 
-M-n+r ( d K r ), 

Mn(dK r) 
n— 1 

n r 1 
O n - r - 1 ° r  ( K r ), 

3) If q < n — r — 1, then 

M ^ ( d K r ) = 0 . 

2. PRELIMINARIES 

Let K r с L rx and leէ L rx be a totally geodesic submanifold of EA^. Assuming that 

dKl is a twice differentiable hypersurface with a well defined normal at each point 

P' e дЩ, by N (P') we denote the normal vector at the point P ' . L e t P be the 

intersection point of the normal N(P') with K r . Then, we say that P' belongs to the 

region (A) of dKl if P belongs to K r , besides, we say that P' belongs to the region 

(B) of дЩ if P belongs to dK r. 

In later sections we use the following notation: 

( A - 1 / 2 s in(rVA), A > 0, 
s A ( r ) = < r, A = 0, 

[ \A\ 1 / 2 s inh(^ v / |A|) , A < 0. 

By the moving frames introduced in the book of L. A. Santalo [3], the area elements 

at a point P' e d K £ with respect to the regions (Ճ ) and ( B ) , respectively, are 

do՝n-1 = S A ( £ ) n - r - 1 d u n - r - 1 A dar, 

d&n-1 = SA (£՝)n—rdun-r A dar-1, 

where dun-r denotes the area element of the (n — r)-dimensional unit sphere, dar and 

dar-1 denote the volume element of K r and the element of area of dKr, respectively. 

Then the q-th integral of the mean curvature of dKl is given by the formula 

(2.1) Mnq(dKi ) = ( n q Л I ' К , • 
V  q J J dKi 

/ { K i l ; • 
J K r  

, } d a  n 1 

n — 1 
q  , } S A ( £ ) n r 1 du n—r—1 Л dar 

+ / { K i i , • 
J d K r  

(}sA(e)n rdun-r A dffr-1 
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ON THE INTEGRAL OF MEAN CURVATURE 

Let Ri (i = 1,2, . . . , n — 1) be the principle radii of the eurvature of dK re corresponding 

to e i , . . . , en-1, that is Ri = 1/ni. Then (2.1) can be rewritten as 

( 2 . 2 ) М ? ( д Щ ) = 
n — 1 i 

—, ••• \ sx(e)n r  1 d u n - r ֊ i A dar H H i 

+ I { -H-, ••• , H— \ s x ( e ) n  rdun-r A dar-i 

Hi ( i = 1 , . . . , n — 1) 

a) For the points of the region (Ճ ) , clearly, 

Rh = £ for h = 1, 2,...,n — r — 1, 

Rh = ж for h = n — r,n — r + 1,... ,n — 1. 

b) In order to fed the values of R i at the points of (B), suppose e1,e2,... ,en are a 

frame of n orthogonal unit vectors, such that e1,..., en-r are constants independent of 

x G dK r, orthogonal to ԼՈ and en-r+1,..., en-1 are the principal tangent directions 

represented as 

X = x-£N, 

where x G K r and 
n- r 

(2.3) N = cos0en + ^^ cos0heh. 
h=1 

For any x, ^^e vector X describes an (n — r)-sphere, and consequently 

(2.4) Rh = £ for h = 1, 2,...,n — r. 

For h = n — r + 1 , . . . , n — 1, the Rodrigues equations give 

(2.5) dN • eh = ——dSh, 
Rh 

where dSh denotes the arc element on dKr and 

(2.6) dSh = dX • eh = dsh — £ dN • eh, 

where ds h is tangent to eh arc element on dKr. 

From (2.3), for h = 1, 2,... ,n — r , for which the vectors eh are constant, we get 

(2.7) dN • eh = cosO den • eh = —• 
cosO 

Ph-n+r 
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where p1,... pr-1 are the principal radii of the curvature of dK r. Besides, by (2.5), 

(2.6) and (2.7) we obtain 

(2 .8 ) Rh =  P h - n + r + £ for h = n — r + 1,...,n — 1. 
cosO 

3. PROOF OF THE MAIN RESULT 

Now, we are ready to prove the main result of the present paper, which is given in 

Theorem 1.1. To this end, first we set 

(3.1) s(p,q) = lim ֊ S A ( e ) q 

and note another formula, which will be used later: 

Ր / 2 O + 
( 3 . 2 ) coSq -m Odun-r =  O n n r + q - m . 

J 0  Oq-m 

Proof of Theorem 1.1: 1) If q > n — r — 1, on region (Ճ ) , since all the principal radii 

of curvature Ri1, Ri2,..., Riq cannot be chosen from the norm al space of K r . There 

essentially exist some Rij which are selected from the tangent space of K r . Then, the 

first integral of (2.2) vanishes and formula (2.2) reduces to 

Mqn(dKr) = ( n — ^ U ֊ Է , • • • , — } S A ( e ) n - r d u n - r A dar-1. 

On the region ( B ) , if there are m (1 < m < n — r) principal radii of curvature Rij 

selected from the normal space, by (2.4) and (2.8) we get 

1 1 1  n— 1 f cosO cosO 
— , • • • ^ \ = T ֊ , , , 
R i l  Riq ) r = 1 £ m I P1 Pq—m 

Then, using formula (3.2) and the definition of the </-th integral of the mean curvature 

Mqr  

M rn(dKi) 

n ^ У՝ — [ I —, ••• \ cosq -mO SA(e)n - r dun-r A dar-1 

q ՝ m=1  £ m J d K r \ P1 Pq-m<  A '  n  r  r  1  

r 1 E\ q m J 1 „ ( „ )n-r  O n - r + q - m A/rr ( Հ v-r) 

= 1 Tn—IY ^ m S A ( £ ) O q — m  M q - m ( d K ) . 

Letting here e ^ 0 we come to formula (1.1). 

70 



O N T H E I N T E G R A L O F M E A N C U R V A T U R E 

2) If q = n — r — 1, от the region (Ճ ) , note that Rh = ж if h changes from {n — 

r, • • • ,n — 1}. Then all Rih in {-R—, • • • , -R—} must be Ril = Ri2 = . . . = Riq = £, 

and the first integral of (2.2) reduces to 

— , • • • , — \ s x ( £ ) n - r - 1 d u n - r - 1 A dar 
I K r I  Ri-  Ri- J 

1 1 
i n - r - { s * ( £ ) n  r  1dun-r-1 A dar = — sx(£)qOq ar ( K r ) . 
I кг  £  £ q  

By the same argument as the case 1), the second integral in (2.2) becomes 

— , ••• , — \ s x ( £ ) n - r dun-r A dar-1 
lQK r Լ  R i -  R  

n-r  A r 
-

n r 1 

E I 4 1 - , ••• , — } cosq -mOsx ( £ ) n - r dun-r A dar-1 
m=1 J dKr  £ Լ P1 Pq-m ) 

՜ ք Հ : : Լ ) s x ( £ ) n - r ). 

Consequently, 

M q n m i ) = ( n — ^ ֊ Oq s x ( £ ) q ar ( K r ) 

r—1 
n- r -1 

+ Vq — „ y _ լ s x ( £ ) n - r " n ֊ r + q - m M r m(dK r ), 
m=1 fn — Л £m X ' Oq-m  q - m ' 

\ q c r j 

Letting here £ ^ 0 we obtain (1.2). 

3) If q < n — r — 1, then similarly the first integral of (2.2) takes the form 

— , ••• , — \ s x ( £ ) n - r - 1 d u n - r - 1 A dar 
K r լ  Ri-  R i y ) 

n — I — ^ On-r-11 s x ( £ ) n - r - 1 a r ( K r ) , 

while the second integral in (2.2) becomes 

— , • •• , — i s x ( £ ) n - r dun-r A dar-1 
dK r Լ  Ri-Ri  Ri 

E I -ml - , • • • , — I cosq -mO s x ( £ ) n - r dun-r A dar-1 
m = ^J dK r  £ l p 1 Pq-m) 1 

q  

у ( r  1 ) ( r M J - s x ( £ ) n - r O n - r + q - m M : _ m ( 6 K r ) . ^ \q — m \q — m £m x w Oq-m q  mV ' 
m=1  4  7  4  7  4  

71 



ON THE INTEGRAL OF MEAN CURVATURE 

Thus, 

M n m i ) = 

n r 1 
q 1 

+ E 

SA(e)n - r - 1On-r-1ar ( K r ) 

q  m J 1 / Xn—r  O n — r + q — m A / l ֊ r ( g i T . s r \ 

n— 1 \ eq  

q ) 
r 1 

m=1 
n — A e 

;SA(e) r  
O ^ q—m 
O q—m 

Ml-m (dK r). 

Letting here e ^ 0 we obtain (1.3) and complete the proof of Theorem 1.1. • 
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