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Abstract. The paper studies the differential equation 

y" + �р2ф2(х) - q(x)) y = 0 (*) 
on the interval I = [0, 1], containing a finite number of zeros 0 < x i < X2 < ... < 
< xm < 1 of ф 2 , i.e. so-called turning points. Using asymptot ic est imates from [6] 

for appropriate fundamental systems of solutions of ( * ) as \p\ ^ <x, it is proved 

that , if there is an asymptot ic solution of the initial value problem generated by ( * ) 

in the interval [ 0 , x 1 ) , then the asymptot ic solutions in the remaining intervals can 

be obtained recursively. Furthermore, an infinite product representation of solutions 

of ( * ) is studied. The representations are useful in the s tudy of inverse spectral prob-

lems for such equations. 
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1. I N T R O D U C T I O N 

There are numerous research papers devoted entirely or partially to the study of the 

equation 

(1.1) y" + (p24> 2(x) - q(x)) y = 0, 0 < x < 1, 

where the real valued functions ф2 and q are said to be the coefficients of the problem, 

ф2 is the weight and q is the potential function. Let I+ be the set of points x e (0,1), 

where ф2(x) > 0 I - be the set of x e (0,1), where ф2(x) < 0 and 1 et I0 be the 

set of those x e (0,1), where ф2(x) = 0. If both I+ and I - are of positive Lebesgue 

measure, then the weight function ^2(x) is said to be indefinite. The zeros of ф 2(x), 
57 

mailto:hamidreza.marasi@gmail.com


H. R. MARASI 

which are assumed to form a discrete set, are called turning points or transition points 

(TP) of (1.1). It is impossible to obtain exact solutions for the majority of differential 

equations with variable coefficients, so it is necessary to find the best possible method 

for approximation of solutions. One of the most useful mathematical methods is the 

representation of a solution in an asymptotic form. For the existence of a solution of 

(1.1) depending on the parameter p2, we would like to call the reader's attention to 

a complete historical review by Mingarelli [19] -

The asymptotic techniques for solving differential equations of the form (1.1) play 

a crucial role in analysis and in the development of methods of modern applied 

mathematics and theoretical physics. The development of the asymptotic theory for 

linear differential equations started by a work of BirkhofF [2], based on transformations 

to first order systems, various diagonal transformation methods were applied by 

many specialists. The reader can find them in the books by Wasow [26, 27]. The 

results of Doronidcyn [4], KazarinofF [11], McKelvey [18], Langer [14], Olver [22], 

Wazwaz [28], Dyachenko [5], Tumanov [25] and Kheiri, Jodayree & Mingarelli [12] 

give important innovations in the asymptotic approximation of solutions of the Sturm-

Liouville equations with two turning points. 

The importance of asymptotic analysis in obtaining information on solutions of the 

Sturm-Liouville equation with multiple turning points was shown by Leung [15], Olver 

[20-22], Heading [8], and Eberhard, Freiling & Schneider [6] in the case when the 

coefficients are smooth, in particular at TP. But the weakness of asymptotic methods 

is that generally it is impossible to express exact solutions in closed forms, which 

is necessary for the methods connected with dual equations. On representation of 

solutions in closed forms, a result of Halvorsen [7] is known, which states that for 

any x e [0,1] a solution y(x,A) of (1.1) satisfying a fixed set of initial conditions 

is an entire function of the variable A, whose order does not exceed 1/2. Thus, it 

follows from Hadamard's factorization theorem (see, eg. [16]) that the solutions are 

representable as infinite products, and this gives an alternate description that has not 

been used for approximation purposes in various applications. Such infinite product 
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representations have been effectively used by Trubowitz [23] and others [3,13], etc., 

in some theoretical considerations related to the inverse spectral problem associated 

with (1.1) in definite cases, namely where the coefficient of the parameter Л in (1.1) 

is of a fixed sign in [0,1], which is not true in the more general indefinite cases. 

Nevertheless, there are some works of the same spirit as those of Trubowitz and the 

mentioned above specialists (see, e.g. [10]), where such techniques is effectively used 

in the study of inverse spectral problems associated with the indefinite problem (1.1). 

I 

I = [0,1], with a finite number of arbitrary turning points x1,x2,..., xm subject to 

any initial conditions, say y(0, Л) = 0, у'(0,Л) = 1, and the asymptotic solution in 

intervals [xv-1,xv], v = 1 , 2 , . . . , m + 1 xm+1 = 1, x0 = 0 is recursively obtained. 

Then, the infinite product representation of solutions is studied. 

2. N O T A T I O N S , F U N D A M E N T A L S O L U T I O N S AND P R E L I M I N A R Y R E S U L T S 

p 2 = Л 

spectral parameter. In addition, we assume that 
m 

(2.1) ф 2 И = фо^^^ — xv )£v, 
v=1 

where 0 = x0 < x1 < x2 < ... < xm < 1 = xm+1, iv is natural, фо^) > 0 for 

x e I = [0,1], and фо is twice continuously differentiable on I. In other words, ф2(x) 

has m zeros xv, v = 1 , . . . , m, of orders lv in I, which are also called turning points. 

q I 

We distinguish four different types of turning points as follows: the symbol 

{ I, if lv is even and ф 2(x)(x — xv ) - l v < 0 , 

I I , if lv is even and ф2(x)(x — xv) - l v > 0, 
I I I , if lv is odd and ф 2(x)(x — xv ) - l v < 0, 
IV, if lv is odd and ф 2(x)(x — xv) - l v > 0. xv 1 < v < m xv 1 < v < m 

1 
Iv,E = [xv-1 + £,xv+1 — e] and բv 

2 + lv 
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e>0 

2, if Tv = I I I , IV 
(2.2) 

(2.3) 

Also, we define 

= 

5v = 

1 , Tv = I, II 
1 , Tv = I I , IV 
2, Tv = I, III 

Besides, we set 

[1] = 1 + O ^ Л 

[a] = a + O(p - a°), a e C, 

ao = m i n { p b p 2 , . ..pm}. 

S-1 = {p : arg p e — 4 , 0 I 

and note that by [6j for each fixed x e Iv,E, according to its type, there exists a 

fundamental system of solutions |zV,"1(x,p),zV,"2(x,p)| of (1.1), which is described 

by the following formulas. 

I 

^ ( x ) | - 1 / 2 exp < p \ф(г)\А\ [1], xv-1 <x<xv 
(2.4) Zv,1 (x,p)= >  [  J*v . J 

(2.5) < 2 (x,p) = 

|ф(x)| 1 / 2 cscnpv exp լ p J |ф(£)|л| [1], xv < x < xv+1, 

^ ( x ) | - 1 / 2 exp ՛լ —p J |ф(£)|л| [1], xv-1 < x < xv, 

|ф(x) | - 1 / 2 sinnpv exp | —p J |ф(£)|л| [1], xv < x < xv+1, 

(2.6) Zh (xv ,p) = Դ (ip) 1 / 2 -^v csc npv e l n ( - 1 / 4+^ / 2 ) [1], 
Г(1 — Pv) 

(2.7) Zv,2(xv,p) = ֊ ( i p r = ( , n ) 1 / 2 - ^ егп(-1/4+^/2) 2 M " Փ ( x v ) [1], 

where 

and 

(2.8) 

Г(1 — Pv)' 

1/2-M1 
^ ( x ^ = lim ф - 1 / 2 ( x ) \ [ ф(г)л\ 

x ^ x i I J x 1 J 

W (p) = W (zv,1 (x,p),zv,2(x,p)) = —2p[1], 

where W(f (x),g(x)) := f (x)g'(x) — f'(x)g(x) is the Wronskian of f and g. 
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II 

(2 -9 ) x 

|ф(x)| - 1 / 2 exp j i p J |ф(Ь)|л| [1], i f x v - 1 < x < xv, 

Z 1,1 (x, p) = |Ф(x)| -1 /2csc npv e x p j ip Լ |ф (Ь)и | [1] 

+ i co snp v exp I —ip J |ф(£)|л| [1] 

( 2 . 1 0 ) 

if xv < x < xv+1, 

|ф( 

Z i I 2 ( x , p ) = < 

exp I —ipԼ |ф(Ь)"й|[1] + 

+ i cos npv exp I ip J |ф(Ь)|сй| [1] , 

|ф(x) | - 1 / 2 sinnpv e x p j —ip J |ф(£)|л| [1], if xv < x < xv+1, 

if xv-1 < x <  xv 

(2.11) 

( 2 . 1 2 ) 

(2.13) 

Z i , 1 ( x v , p ) = — 2 ՜ p 1 / 2 -^v c s c n p v е г п ( 1 / А - ^ / 2 ) 2 v ф ( x v ) [1], 
Г(1 — Pv)' 

Z v 2  ( x v , p ) = 
л/2Л 

p1/2-^ ein(1/4-Vv/2) 
2^ ф (xv ) 

2 r ՜ Г(1 — Pv) 
W(p) = W (Zlh(x,p),Zll2(x,p)) = —2ip[1]. 

[1], 

III 

|ф(x)| - 1 / 2 exp < ip / фЬ^ЗЬ^ [1], if xv-1 < x < xv, 

(2.14) Z 1"(x,p) ={ 1 | ф ( x ) - 1 2 csc ^ 

x e x p j p J |ф(Ь)|̂ Ь + ֊ n j [1], if xv < x < xv+1 

W x 
-1/2 

(2.15) ZII2 1 (x,p)=< 
+i exp 

exp ) —ipԼ |ф (Ь)и | [1] 

) " xv 

фЫА 

2 |фИ -1/2 •  n p v ' sin ֊ 2 ֊ 
) x 

xv 1 < x <  xv 

x e x p j —p J |ф(Ь)|̂ Ь + ^ J [1], if xv << x << xv+1, 

(2.16) ZI1 (xv ,p) = Դ (ip) 1 / 2 -»v csc npv 
ф (xv) 

Г(1 — pv) [1], 

(2.17) ZII2 (xv,p) = + ֊ ( b p ) 1 ( , n ) 1 / 2 - ^ / 2 s e c ( П ^ \  2 M " ф ( x v )  

V 2 J Г(1 — pv) [1], 

(2.18) W(p) = W (ZvII 1 (x,p),Zll2 I(x,p)) = —2ip[1]. 
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Turning point of type IV: 

\ф(х)\ - 1 / 2 exp p\ m ) \ d t \ [1] 

(2.19) Z% (x,p) = 
1csc դ \ Փ ( x ) \ - 1 / 2 

if x v - 1 < x <  xv 

exp . W \ф(1)Щ - г - [1] 

+ exp | - i p Լ \Փ(է)խ + г 4 | [ 1 ] 

Wx)\ - 1 / 2 exp I - p £ \Փ(է)խէ^յ [1], if 

(2.20) ZlV2 ( x ^ b s i n ^ \ )(x)\ - 1 / 2 X 

if xv < x < xv+i, 

x 

(2.21) ZVV (xv ,p) 

e x p j - i p Լ \Փ(է) \dt - i4j[1] 

ф (xv) 

, xv < x < xv 

p\ /2 cSc 
Г(1 - ^v) 

[1], 

(2.22) Z%(xv,p) = e — / 2 S e ^ 

(2.23) W(p) = W (ZvIV(x,p),ZlV2 (x,p)) = -2p[1], 

Halvorsen [7j proved that if 0 < c < x < 1 and 

Г \Փ(է) \dt = 0, 
J c 

then the solution y(x, A) of (1.1), determined by fixed values of y, y' at c, is an entire 

function of A of order 1/2. On the other hand, by Hadamard's theorem an entire 

function f (z) of a finite order l, can be represented in the following form: 

f(z) = z"e->n (1 - ֊ ) exp( ± + i ( i ) 2 + ... + h (±) "} , z e C, 

where an = 0 are the zeros of f (z), arranged in order of increasing magnitude, h < l, 

g(z) is a polynomial whose degree q does not exceed l and m is the multiplicity of the 

f(z) 

expansion for sinhz and J'v(z). It is well known that 

J2 
sinh z = z J^J I 1 + 

m=1 
z G C , 
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and therefore 
ж f Z(? \  ж f z \ 

(2.24) sinh c ^ = е ^ П ( 1 + = ^ v ^ n ( 1 + Z r )  , z e C 
m=1 ՝ • ' m=1 ՝ •  m ' 

where zm = mn/c, and the holomorphity domain of the function f (z) = zx / 2 is the 

z<0 

z 

Also, from [lj we have 

(2.25) J'v(z)= (-zrv 1 П (1 — 4 ) , v > 0, 
2 r ( v ) m = \ У m 

where jm, m = 1 , 2 , . . . , is the sequence of positive zeros of J1 (z) and 
2 

(2.26) 3m = m 2n 2 — դ + O(1). 

z=c АД and Г(1) = 1 in (2.25), we obtain 

^ л И ) = 2 n f 1 — £ \ • 
m=1  v  j m / 

and similarly 

(2.28) J1 ( c r f ) = 1 I I (1 + f ) . 
m=1 ՝ J m ' 

For completeness, below we give the following well-known theorems which play an 

important role in estimation of the infinite product and which can be found, for 

instance, in [24]. 

Theorem 2.1. For any sequence of complex numbers pn , n = 0 , 1 , . . . , the product 
ж 
П ( 1 + Pn) 
n=0 

converges absolutely if and only if the series ^Ж pn converges absolutely. 

Theorem 2.2. If pn(z), n = 0 , 1 , . . . , are analytic functions in a simply connected 

domain D, and the series 
ж 

^n ( z  (z 
n=0 

uniformly converges in every closed region R of D, then 
ж 

П ( 1 + Pn (z)) 
n=0 
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uniformly converges in every such R to a function f (z) analytic in D. 

Theorem 2.3. (a) If amn, m,n > 1 are complex numbers such that 

\ amn \ = o f - — ^ — , m = n, 

m 2 - n2  

then for any n > 1 

' log n ՝՝ П (1 + a m n ) = 1 + o 
m>1, m=n 

(b) In addition, if bn (n > 1), is a square summable sequence of complex numbers, 

then the product 

П ( 1 + amnbn) 
m > 1, m=n 

is convergent. 

3 . A S Y M P T O T I C F O R M O F T H E S O L U T I O N 

Let us consider the second order differential equation (1.1) on a finite interval I, say 

I = [0,1], with any initial conditions, where y and y' are determinated at a fixed 

point c, for example y(0, A) = 0 y'(0, A) = 1, also Փ 2 ^ ) is of the form (2.1) meaning 

that I contains m turning points x 1 , x 2 , xm, which are zeros of Փ. A solution of 

the problem in I1iE can be obtained by applying the initial conditions to 

y ( x ,p ) = ^ ( p ^ ^ p ) + C2 (p)ZT2 ( x,p),  x e h,E. 

In view of formulas (2.4) - (2.23) for the functions of {Z^Kx, p), Z'[ 12(x, p)} and their 

derivatives, it is clear that this solution can be represented in the following form: 

y«,xi)(x,p) : = H (x, p) exp | ( - 1 ) 5 l ֊ 1 ( i ) 5 1 p Լ \ Փ(է) \ d^Ek (x,p), 

y(x1,p): = F(x1, բ1, p) c s c e x ^ ( - 1 ) 0 1 (i)^1 p J \Փ(է)\d^j Ek(x1,p), 

as it is done in Example 3.1 below. Here, the functions H(x, p) and F(x1,^1,p) 

x1 

v { x )  

Ek(x,p) = [1] + £ e p a k h n ( x )[bkn(x)], 
n=1 
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where a-շ = ai = — 1, ao = —a-i = i, pkv(x)(x) = 0 0 < S < fiki(x) < Ak (x ) < 

... < вки{х)( х) < 2 m a x { R + (1), R-(1)}, and the integer-valued functions v and bkn 

are constant in all intervals [0, x1 — e] and [x1 + e,x2 — e] for sufficiently small e > 0, 

and 

fx fX 
(3.1) R+(x) = \Jmax{0, ф 2(t)} dt, R-(x) = y /max{0, ֊Փ 2(է)} dt. 

o o 

The following theorem proves that if an asymptotic solution of initial value problem 

(1.1) is obtained in the interval [0, x1], then it can be obtained recursively in the 

remaining intervals. 

Theorem 3.1. Let y(xv,xv+1)(x,p) be an asymptotic solution of the initial value 

problem (1.1) in the interval (xv ,xv+1). Then 

(3.2) y(o,xi) (x, p) = H (x,p)expj( — 1)Й 1 - 1(0Й 1 p Լ №(t)\dt^Ek(x,p) ) S i ֊ U . ) S i p 

o 

= A(x, p)Ek(x, p), 

and for x € (xv,xv+1), v > 1, we have 

1 TT np ֊ 
(3.3) y(x„,x„+1) ( x ,p ) = 2kA ( xi ,p ) П  c s c2^-:l 

( Г xi+1 

x exp ( — 1 ) ^ - 1 ( b ) S v p ^ / \Փ(t)\dt 
x i < x 

+ E (֊1)'v f + (—1)й--1(')Sv pfx Ek (x,p), 
xi<xv :Ti = I I I , I V ՝ ' x ՝ ՝ ՝ 

where к is the number of turning points xi < xv of III or IV type. Also, 

(3.4) y(xi ,p) = F (xi, pi, p) csc npi exp j ( — 1)01 (ւք1 p Լ * \ф(t)\d^ Ek ( x b p ) 
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and for xv > x1} which are turning points of II or IV type, we have 

(3.5) y(xv,p) = 2 ֊ F ( x v , p) exp ՛լ (2 - )in ^4 _ գ 

r x 1 1 „ ֊wn-
+ ( - 1 ) 0 1 (i)^1 pԼ \Փ(է)\d^j cscnpv ]<[ csc 

{f  Xi+1 

( - 1 ) ' " - 1 ( i ) ' " p ^ / \ Փ(է)\di 
X i < X v J  x i 

+ E ( -1 ) ' " Դ ) Ek(xv ,p). 

xv > x1 I III 

(3.6) y(xv,p) = 2 ֊ F ( x v , P v , ip) exp ՛լ (2 - -&v)in (— 4 + 

Հ* X1 ՝\ \ви / Աաւյ յ I „„„ TT „„„ + ( - 1 ) 0 1 (i)^1 pԼ \Փ(է)\d^j cscnpv ]<[ csc 

( f'Xi+1 

x exp ( - 1 ) ' v - 1 ( i ) ' " p ^ J \Փ(է)\Л 
Xi<X" 

+ E ( -1 ) ' " 4Ek(xv,p), 
Xi<X" :Ti = I I I , I V J 

where s is the number of turning points xi < xv, which a re III or IV type. 

Proof: It is clear that in the intervals (0,x1) U (x 1 ,x 2 ) the solution can be obtained 

by the formula 

У ( x , p ) =  C l ( P ) Z Է l ( x , p ) + C 2 ( P ) Z l , 1 շ ( x , P ) ,  

x1 IV 

y(0, A) = 1 y'(0, A) = 0, then using formulas (2.19) ֊(2.21) and (2.23) we obtain 

y(0,X1)(x,p) = 1 \ ф(x) \ - 1 / 2 \ Փ(0) \ 1 / 2 exp ՛լ p £ \ Փ(է) \ d^Ek (x,p) 

:= H (x, p) exp I p J \ Փ(է) \ d^Ek(x,p) 

: =  A(0,X1) ( x ,p ) Ek  ( x ,p ). 
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Moreover, for the interval ( x i , x 2 ) we get 

(3.7) y{xux2)(x,p) = 4 ^ ( x ) r i / V ( 0 ) \ i / 2 csc դ 

(3.8) x e x p j p Լ \ф(г)\Л + ip Լ \ф(Ь)\сИ — ^ J Ek (x,p) 

= 2 A ( o , x 1 ) ( x i , p ) c s c ֊ e x P j l p J W)\dt  — . 

In order to find the solution in I2,E,we fix x e (xi,x2) and write the obtained solution 

in this interval as linear combination of fundamental solutions in I2,£: 

(3.9) y ( x 2 , x 3 ) ( x , p ) =  A ( p ) Z T 2 i ( x , p ) + В (p ) Z T?2 ( x ,p ). 

Then, by Cramer's rule we can determine the connection coefficients 

Հ у(x1 ,x2)(x,p)Z2,22(x,p) —  Z T2 ( x ,p )y(x1 x2) ( x ,p )  

A ( p ) = —:—т~,— ՛ 
W{ZT?i(x,p),ZT2(x,p)) 

, y ' ( x 1 x 2 ) ( x , p ) Z ' T 2 i ( x , p )  —  Z'T2i ( x ,p )y(x1,x2) ( x ,p )  B (p ) = 
W (Zft(x,p),Zti(x,p) 

Note that {ZT\(x,p),ZT 22 (x, p)} are fundamental system of solutions in the intervals 

(xi, x2)U(x2, x3), and hence the continuation oft he solution y(x, A) to (x2 ,x3) satisfies 

(3.9), where A(p) and B(p) are the coefficients obtained in the previous interval, but 

now the formulas for {Z^fa, p), Zl2(x, p)} are Med in x2 < x < x3. Further, one 

can suppose that 

y ( x i , x i + 1 ) ( x, p) = A( x i , x i + 1 ) ( x , p ) E k  ( x ,p )  

is the asymptotic form of the solution of the initial value problem in the interval 

( x i ,  x i + i ), i = 1 , 2 , . . . , m, with xm+i = 1. Without loss of generality we can suppose 

that xi and x2 are turning points of IV and III types. Then, using formulas (2.14) -

(2.16) and those which they imply for the derivatives and taking into account (2.18), 

we can calculate the connection coefficients A(p) and B(p) by (3.10). Thus, (3.9) 
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yields 

1 пш nu2 ( fX1 ՝| 
y(X2,X3)(x,p) = 4 H(x, p) csc — csc — e x p j p J \ Փ(է) \ dt՝> 

x exp | ip Լ \Փ(է) \ dt - դ + p Լ \Փ(է) \dt + — J 

1 пи2 f f X ] / / \ ] in ] 
= 2 A ( X 1 ,X2) ( x 2 , p ) c s c 2 e x p լ p j \ Փ ( է ) \ d t + Y J . 

This procedure can be used to calculate the solution in the remaining intervals. For 

completeness of the proof, note that acting in the same way one can obtain the 

following representations. 

xv I 

A ( X " ,X" + 1)  ( x ,p )=  A(X"-1,X" ) ( x v , p ) c s c  nPv e x p j p J \  Փ ( է ) \ dt^j . 

xv II 

A(X" ,X" + 1 ) ( x , p ) = A ( X " - 1 , X " ) ( x v , p ) c s c  nPv e x p j  ip J \Փ ( է ) \  d t^j . 

xv III 

A ( X " ,X"+1) ( x ,p ) = 1  A(X"-1,X" ) ( x v , p ) c s c  n— e x p j p J \Փ ( է ) \d t + ^ . 

xv IV 

A ( X " ,X" + 1) ( x ,p ) = 1  A ( X " - 1 , X " )  ( x v , p ) c s c ֊ e x p j bp J \Փ ( է ) \d t  -

This completes the proof. • 

y( x, p) 

y(0 ,A)=0 , y'(0, A) = 1. 

Suppose, the first turning point x1 is of IV type, that is of the order l1 = 4m + 1, and 

m- 1 

solutions {Z IV1 (x,p),Z IV2(x,p)} we obtain 

(3.11) y(x, p) = — {Z{V1 (0, p)ZIV2 (x, p) - ZIV1 (x, p)Z(V(0, p)) , x e (0, x 1). 

Hence, from (2.19) and (2.20) it follows that 

\ Փ^)Փ(0) \ 1 
(3.12) y(x,p) = 

2p 
exp^ p Լ \Փ(է^ [1] - expj -p Լ \Փ(է)&\ [1] 
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for x e (0, x i ) or 

^(x^(0)\-i/2 

(3.13) y(x,p)= ^ ( x ) ^ 0 ) \ expjp Լ \ф(1)\С^ Ek(x, p) for x e (0,xi). 

Besides, in virtue of (2.21) and (2.22) we get 

№ ( 0 ) \ - i / 2 V 2 n p i / 2 - ^ 1 2 ^ ^ (x i )c sc 
(3.14) y(xi,p) = 

4Г(1— pi) 

x exp | p Լ \ф (^ )и | Ek(x,p). 

Further, using Theorem 3.1 we can calculate 

( 3 . 1 5 > y(x,p) = I M I ^ t S c Դ 

x exp j p J \ф(t)dt + ip J \ф(t)dt — 4 ^ E k ( x , p ) , xi < x < x2. 

We note that (3.15) also can be obtained directly. 

IV 

in the interval (xv,xv+i): 

( ) 1 \ ф(x)ф(0) \ - i / 2 npi npv j Гx՝ dt n \ 
(3.16) y(xv,x„+1)(x,p ) = 2k 2p c s c ^ r c s c ^ r e x p { p j 0 \ф(^\  d t  — Т / 

x П c s c 2 n - _ e x p { ( — 1 ) ' " - i ( i ) ' " p £ Ր 1 \ф(t)\ dt 
x 2 < x i < x v Հ x i < x v  x i  

+ E ( —1)'" 4 + ip f \Փ(t)\ dt — 4 E k ( x , p). 
x 2<x i <x v :Ti = I I I , I V "՚  x" ՝ 

III 

, Հ 1 \ ф(x)ф(0)\  - i / 2 npv j Г x 1,,41I in I 
(3.17) y(xv xv+1)(x, p) = 2 ^ 2 p c s c ֊ ^ expjpԼ \ ф(1) \ dt — - j 

1 \ф(x)ф(0)\ - i / 2 c s c npi c s c npv 
2 c s c 2 r J o ՝ T ՝ ՝ ' ՝ ~ ՝ 4 

П c s c - n - i exp<j( — 1 ) ' " - i ( i ) ' " p £ Ր \ ф(t) \ dt 
x 2 < x i < x v Հ x i < x v  x i  

+ £ ( —1)'" f +p Г \ ф^ \ dt + f E k (x, p). 
„ .Փ T T T ТЛГ J x" I x2 < x i < x " :Ti = I I I , I V 
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II 

, \ 1 \Փ(x)Փ(0) \1 - 1 / 2 ՈԱ1 ( Ո11Հէ1 in 1 (3.18) y(X" ,X"+1) ( x ,p ) = 2k 2p c s ^ - ^ c s c  n ^ v e x p <pj \Փ ( է ) \d t  - ~4j 

x П csc e x J ( - 1 ) ' " - 1 ( i ) ' " p E Г + 1 \Փ(է)\dt 
X 2 < X i < X " Հ Xi<X"  X i  

+ E ( -1 ) ' " f + ip Г \Փ(է) \ dtEk(x,p). 
X 2 < X i < X " : T i = I 11 ,IV  Xv J 

I 

, N 1 \ Փ(x)Փ(0)\  - 1 / 2 nu1 ( Г ^ м , in 1 (3.19) y(X" , X " + l ) ( x , p ) = 2k 2p c s c ֊ c s c  n ^ v e x p YJo \Փ ( է ) \d t  - ~4j 

x П csc e x J ( - 1 ) ' " - 1 ( i ) ' " p E Ր \Փ(է)\dt 
X 2 < X i < X v Xi<Xv  X i  

+ E ( -1 ) ' " f + p[X\ Փ(է) \ dtEk (x,p). 

X 2 < X i < X " :Ti = I I I , I V  Xv J 

II IV 

1 \ Փ(0) \ - 2 V2np1 2^ ^(x 1)csc npv 
(3.20) y(xv ,p) 2 ֊ 4Г(1 - Բ1) 

Г X1 

x e x p j p £ \ Փ(է) \ dt + ( 2 - -dv ) i n ( 1 - f ) } դ - ^ 

x exp { ( - ! ) ' " - 1 ( i ) ' " p E Ր \Փ(է)\dt\, 

csc 2 ) I < ^ 2^i-1  

I III 

1 \ Փ(0) \  -1 /2V2n(ip)1 / 2 -^12^ ^(x 1 )csc ոբ. 
(3.21) y(xv ,p) = 2 ֊ 4Г(1 - Բ1) 

X1 
x e x p j p £ \ Փ(է) \ dt + ( 2 - Vv ) i n ( - 4 + П """ ^ 

( Ր X i + 1 
x exp ( - 1 ) ' " - 1 ( i ) ' " J \Փ(է) \dt 

csc 

Xi<Xv 

+ E ( -1 ) ' " T E k (xv,P). 
Xi<X" : T i = I 11 ,IV 
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4 . INFINITE P ROD UCT REPRESENTATION 

In this section, we consider the real, second order differential equation (1.1) with the 

initial conditions 

(4.1) y (0 ,A)=0 , y'(0,A) = 1, 

under the assumption that ф 2 (x) is a real function h aving m zeros x v , of the ord ers £v, 

v = 1 , . . . , m, in I , where £1 is an odd number and £2,£3 ... ,£m are even. Specially, 

we suppose that £1 = 4k + 1 and £v = 4k v = 2, 3,... ,m. In the terminology 

of [6J, x 1 is of the type IV while x2, x3,... xv are of the type II. Besides, the function 

Փ0 : I ^ R - {0}, defined as 
m 

Փ օ խ ) = Փ 2 ^ ) J | ( x - xv)- £", 
v=1 

is twice continuously differentiable. 

Now, let S(x,A) be the solution of the initial value problem ( 1 . 1 ) , (4.1). Then by 

Halvorsen's result, S(x, A) is an entire function of the order 1/2 for any fix ed x e (0,1), 

S(x, A) 

s ( x , A ) = s ( x ) n ( 1 - wAx), Wn(x) , 

where s(x) is a function rndependent of A but can depend on x. ^от any x, the sequence 

of zeros of S(x, A ^ e . S(x, wn(x)) = 0, which corresponds to the 

eigenvalues of the boundary value problem Լ(Փ2 (x), q(x), x) defined by the second-

order differential equation (1.1) with the boundary conditions 

y(0,A) = 0, y(0,A) = 1, y(x, A) = 0. 

We see that for any fixed x each wn(x), n = 1, 2,..., appears in the denominator 

and hence must be nonzero. Adding the extra condition q(x) > 0 for any x, we get 

wn(x) = 0 by Sturm's comparison theorem. Further, for any fixed x e (0, x1) the 

S(x, A) 

1 \ Փ^)Փ(0)\՜՚՚-ex^ p /օ (4.2) S(x, A) = ֊ \ ф(x)ф(0)\  - 1 / 2 e x ^ p £ \Փ(է)\dt} Ek(x, p). 
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For any x e [0, x_), the boundary value problem L^ 2(x), q(x), x) has infinitely many 

negative eigenvalues, say {A - (x ) } , and in this ease wn(x) = A -(x). Besides, due to 

(1.1) the asymptotic representation of each A -(x) is of the form 

(4.3) yf—X-(x) = սՎ j \ф(t) \ dt^ + o Q . 

By Hadamard's theorem, for a fixed x e [0, x_) the following representation is true: 

5 ( * . A > = Փ 0 п ( 1 — ֊ ) • 

where the function s(x) is independent of A but may depend on x, and for any x 

infinitely many negative eigenvalues {A - (x)}^= i form the zero set of S(x,A). We 

rewrite the infinite product as follows: 
A A — A - ( x ) 

(4.4) S(x, A) = s(x) П (1 — ֊ ) = si(x) П 
n > \ \  A - ( x ) J > ~n 

where 

Note that 

Z2 nn 
Si ( x ) := . ( x m — — and zn = ( ) . 

Ոձ A - ( x ) R - ( x ) г>1 

z 
1 + o ( — Am(x) 

and hence by Theorem 2.1 the infinite product 
J2 

П >_  Am ( x ) 

is absolutely convergent on any compact subinterval of (0, x_). Besides, the function 
_z2 

^mrx) is continues, and so the O-term is uniformly bounded in x. 

The proof of the following theorem is similar to Theorem 6.1 of [9] and therefore 

omitted. 

S(x, A) 

S(0,A) = 0 S'(0, A) = 1. Then 

S(x, A) = \ ф И ф ( 0 ) \ - 1 / 2 R - ( x ) П A  —  A2m(x), 0 
m> i m 
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where 
m— 

zm 
Ր R-(x) = / ^max{0, -ф 2(Ь)}Л, 
օ R-(x)' 

and the sequence Am(x) (m > 1) is that of the negative eigenvalues of the boundary 

value problem L on [0, x]. 

Similarly, Theorem 3.1 implies that for any xv < x < xv+1, v = 1, 2 . . .m, xm+1 = 1, 

the asymptotic form of the solution of the initial value problem (1.1), (4.1) is 

(4.5) S(x, p) = — \ ф^)ф(0) \  - 1 / 2 csc — ^ csc —բ2 • • • csc —pv֊1 csc —pv 
4p 2 

x exp | p Լ \Փ(է) \dt + ip Լ \Փ(է) \dt - i—J Ek (x,p). 

Further, the boundary value problem L in [0, x] has a countable set of positive and 

negative eigenvalues which we denote by {An(x)} = {A+ (x)} U {A - (x ) } , and the 

following formulas are true: 

\J~A+{x) = [n— - 4) \ Փ(է) \ d^ + o ( i ) , 

\/-A-(x) = - [n— - —) ( £ \Փ(է) \d^ + 0 ( 1 ) 

By Hadamard's theorem, for xv < x < xv+1 the solution on [0, x] is of the form 

— - — , * - ( x ) J \ A+(x)J՝ S ( x ' A ) = ' ( x ^ ( 1 - A ^ X 1 - Щ ) г>1 

Let j n be the sequence of positive zeros of J1 (z). Then (see [lj, § 9.5.11) 

— = 1 + o(—^ 
R+(x)A+(x) + V n2 J ' 

- j n = 1 + o( — ) . R-(x)A-(x) 

Consequently, the infinite products 

nj2 — 
J n n n f i TT J n  

n>1 R+(x)A+(x) >1 R—(x)A-(x) 

are absolutely convergent for each x e (xv,xv+1). Therefore, we can write 

7 Հ S ( A) ( ) т г (A - A-(x))R 2-(x1) ^ (A+(x) - A)R+(x) 
(4.7)  S ( x , A ) = gv ( x ) H j2 Ц — 1 , 

n>1  —n n>1  —n 
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where 

gv ( x ) = g ( x ) n R + x ^ n R ^ A 
n>_ ' ՝ n \ n > _ * 1 ) ' ՝ n ( x ) 

Theorem 4.2. If xv < x < xv+1, v = 1, 2 , . . . m and xm+_ = 1, then 

(4.8) S(x, A) = — \^(x)^(0)\՜ 1 / 2 (R-(x)R+(x)) 1 / 2 csc —— csc np2 • • • csc npv 
8 2 

x П (A — A-(x) )R-(x i ) П (A+(x) — A)R+ (x) 

n>i 3 n n>i 3 n  

where 

f x f x 

R+(x) = \Jmax{0, ф 2(t)}dt, R-(x) = \Jmax{0, —ф 2(t)}dt, 
Jo Jo 

the sequence {A+(x)} is that of the positive eigenvalues and { A - ( x ) } is that of the 

negative eigenvalues of the boundary value problem L in [0, x]. 

x 

П (A — A-(x))R-(xi ) П (A+(x) — A)R+ (x) 

n>i  3 n n>i  3 n  

are entire functions of A, with sequences of zeros A -(x) and A+(x) (n > 1) respectively. 

Moreover, 

П (A — A-(x))R-(x_) П (A+(x) — A)R+(x) 

n>i  j n n>i  j n 

4 e x p { R- (x i^VA| r Հ / 1 

= ^ _//2  J— cos ( R + ( x ) V \ — n/4 + О — 
nR_ 2(x_)R+/ 2(x)VA I  V > VVA 

as A ̂  ro. Consequently, using of the asymptotic expansion (4.5) of S(x, A) we get 

( ) S ( A) / т г (A — A-(x))R 2-(x 1) ^ (A+(x) — A)R+(x)4 

gv(x) =  S ( x,A ) I Ц 32 Ц 32 
\ n > 1  j n n > 1  j n  

= — \^(x)^(0)\ - 1  /2(R-(xi)R+(x))1 /2 csc —— cscnp2 • • • cscnp v , 
8 2 

• 
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