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1. INTRODUCTION

Below N, Z and R denote the sets of all naturals, integers and real numbers respectively.
For any a, b € Z, we denote Z(a) = {a,a+ 1,---}, Z(a,b) = {a,a +1,--- b}
when a < b. Besides, I denotes the space of all real functions whose pth powers are
summable over Z.

The present paper considers the existence of a nontrivial homoclinic orbit for the

following p-Laplacian difference equation

(1.1 Alpp(Ault = 1)) = pp(u(t)) = MO S ult + 1), u(t), ut = 1)), t € Z,

where A is the forward difference operator Au(t) = u(t+1)—u(t), A2u(t) = A(Au(t)),
¢p(s) is the p-Laplacian operator ¢,(s) = |s|P2s(p > 2), A € C(Z,R) and [ €
C(Z x R R).

Equation (1.1) can be considered as a discrete analog of the second order p-Laplacian

functional differential equation
(12)  [ep(@)) = ppu) = A(8)f(s,uls + 1), u(s),u(s — 1)), s €R,
where f € C(R*,R). Equation (1.2) includes the following equation

(1.3) Au'(s) = V'(u(s +1) —u(s)) = V'(u(s) —u(s — 1)), s € R.
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Equations similar to (1.3) have been studied by many researchers. For example, using
a version of the Mountain Pass Theorem, Smets and Willem [27] have proved the
existence of solitary waves with prescribed speed on infinite lattices of particles with
nearest neighbor interaction for (1.3).

Recently, the theory of nonlinear difference equations has been widely used in the
study of discrete models appearing in many fields such as computer science, economics,
neural network, ecology, cybernetics see [1, 14, 15, 17, 20]. For example, the simple
logistic equation w,11 = ru, is a formula for approximating the evolution of an
animal population over time, where u,, is the number of animals this year, w,y1 is
the number in the next year and r is the growth rate or fecundity. The price-demand

curve of cobweb phenomenon
D, = —mgp, +bg, mg>0, by >0

is the economics application of difference equations, where D,, is the number of units
demanded in period n, p, is the price per unit in period n and my represents the
sensitivity of consumers to price.
In the theory of differential equations, a trajectory which is asymptotic to a constant
state as |s| — oo (s denotes the time variable) is called a homoclinic orbit. Such orbits
have been found in various models of continuous dynamical systems and frequently
have tremendous effects on the dynamics of such nonlinear systems. So the homoclinic
orbits have been extensively studied since the time of Poincaré, see [4, 6, 9, 13, 16,
21, 23, 25, 28] and the references therein. Similarly, we give the following definition:
if T is a solution of o discrete system, another solution z will be called o homoclinic
orbit emanating from T if |2(t) — Z| — 0 when t — Foo.
Homoclinic orbits of dynamical systems are important in applications for a number of
reasons. They may be “organising centres” for the dynamics in their neighbourhood.
From their existence one can under certain conditions, infer the existence of chaos
nearby or the bifurcation behaviour of periodic orbits. In the past two decades many
authors studied homoclinic orbits for dynamical systems via critical point theory.
Here we only mention [6, 9, 16, 21, 28]. In particular, the second order systems were
considered in [6, 16].
It is well-known that critical point theory is powerful tool to deal with the problems
for differential equations {18, 19, 24, 29]. Only since 2003, the critical point theory has
been employed to establish sufficient conditions on the existence of periodic solutions
of difference equations. In particular, Yu, Shi, Chen and their collaborators considered
the existence of periodic solutions of second order nonlinear difference equations {8,
10 - 12, 26, 30, 31}]. In the recent paper of Cabada, Li and Tersian [7] the existence
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of homoclinic solutions for semilinear p-Laplacian difference equations with periodic
coefficients is studied. However, to our best knowledge, the results on the homoclinic
orbits of p-Laplacian difference equations for (1.1) obtained in the literature are very
scarce. Since f in (1.1) depends on w(t + 1) and u(t — 1), the traditional ways of
establishing the functional in [2, 3, 10 - 12, 22, 30, 31} are inapplicable to our case.
The main purpose of this paper is to give some sufficient conditions for the existence
of a nontrivial homoclinic orbit. What is more, if f(¢,-) is an odd function for any
t € Z, the existence of an unbounded sequence of nontrivial homoclinic orbits is
obtained. The main approach used in our paper is variational techniques and the
notable Mountain Pass Lemma introduced by Ambrosetti and Rabinowitz [5, 24].
Now we state the main results of this paper.

Theorem 1.1. Assume that the following hypotheses are satisfied:
+oo
(A A#) >0 forallt € Zand > A1) < +oo, where % + % =1;

t=—o0

(f1) there exists a functional g(vy, v, vs) € C(R* R) such that

. g(vy, vg,v3
hmi( bl ):077": v3 +vd + 03,
r—0 V9

|f(t, 01,09, 03)] < |glvr,ve,v3)], forall t€ Z;
(Fy) there exists a functional F(t,v1,v0) € CY(Z x R*, R) with F(t,v1,v3) <0 and

it salisfies the conditions
8F(t — 17 2}271}3) + 8F(t71}171}2)

= f(t
o . f(t,v1,02,03),
Pt
lim ( 71}177}2) -0
p—0 pp

uniformly for t € Z, p = +/v} + v3;
(Fy) there exists a constant 8 > p such thot
8F(t71}171}2) 8F(t71}171}2)
81}1 vt 81}2
for all (t,v1,v2) € Z x R*\ {(0,0)}.

Then equation (1.1) has a nontrivial homoclinic orbit.

vy < ﬁF(t71}171}2) < 07

Remark 1.1. The above hypotheses imply that uw(t) = 0 is o trivial solution of (1.1).

Remark 1.2. The assumption (I,) implies that for any nonempty finite integer
interval I C Z there exist constants a > 0 and R > 0 such that

B
(F3) F(t,v1,v2) < —a (\/vf +v§) , for all t € I and v} +v3 > R

If f(t,) is an odd function, we show that (1.1) has an unbounded sequence of
nontrivial homoclinic orbits.
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Theorem 1.2. Suppose that the conditions (N), (f1), (F1) and (Fy) are satisfied. If

(f2) ft, —v1, —v2, —v3) = —f(t,v1,v2,03),
for all (t,v1,v0,v3) € Z x R®, then equation (1.1) has an unbounded sequence of

nontrivial homoclinic orbits.

2. VARIATIONAL STRUCTURE AND SOME LEMMAS

In order to apply the critical point theory, we establish variational framework corresponding
to (1.1) and give some lemmas which will be of fundamental importance in proving

our main results. We start by some basic notation.

Let S be the vector space of all real sequences of the form

u=Au() ez = (- ul(=t), - u(=1),u(0),u(1), - uld), ),
namely
S={{ult)}ult) e R, t € Z}.
Define

+oo
E= {u€S| ST lAu(t = DP + Ju(t)]P] < +oo, teZ}.

Note that F is a Banach space with the norm

(2.1) llullz = { f |Au(t — )7 + Iu(t)lp]}p < too, ue k.
t=—00
For all v € F define the functional J as follows:
T(u) — ;f B|Au(t P+ %|u(t)|p FAOF (& alt + 1), ult)
1 =2
(2.2) = ];Ilull%+ D MOt ult+ 1), (1)),

t=—o0

where

aF(t — 171}271}3) + aF(t71}171}2)
81}2 81}2
The functional J is well-defined C! functional on F and Equation (1.1) is easily

= f(t,v1,v2,v3).

recognized as the corresponding Euler-Lagrange equation for J. Therefore, we are to

look for nonzero critical points of J.

Five lemmas should be stated, which will be used in the proof of our main results.

Firstly, let us recall the Palais-Smale condition.

Let E be a real Banach space and J € C'(E, R), that is J is a continuously Fréchet-

differentiable functional defined on F. J is said to satisfy the Palais-Smale condition
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(P.S. condition for short) if any sequence {u(¢)} C E for which {J(u(t))} is bounded
and J'(u(t)) — 0(t — oo) possesses a convergent subsequence in F.
Let B, denote the open ball in I/ with radius p and centered at 0 and let 5, denote

its boundary.

Lemma 2.1. (Mountain Pass Lemma [5, 24]). Let F be a real Banach space and
J € CHE, R) satisfy the P.S. condition. If J(0) =0 and

(J1) there exist constants p, o > 0 such that J|pp, > o,

(J2) there exists e € E\ B, such that J(e) <0,

then J possesses a critical value ¢ > o given by

— inf J
¢= Inf max (9(s)),

where
I'={g € C([0,1], E})|g(0) =0, g(1) = e}.

Lemuma 2.2. (Symmetric Mountain Pass Lemma [24]). Let E be an infinite dimensional
Banach space and let J € C1(E, R) be even, satisfy the P.S. condition and J(0) = 0.
If E=V & X, where V is finite dimensional, and J satisfies the following conditions

(J3) there exist constants p, o > 0 such that J|pp,nx > o,

(J4) for each finite dimensional subspace E C E, there is a v = v(E) such that

J <0 on E\B,,

then J possesses an unbounded sequence of critical values.

Lemma 2.3. The following inequalities are true:

(2.3) [wllir < [lulle,
(2.4) [ulloe < [lulles
where

1
+0o0o P
l[llir = [ > IU(t)Ip] and ||ulloc = sup [u(t)].
R teZ
Proof. By the definition of || - ||#, || - [|eo and || - || g, inequalities (2.3) and (2.4) follow
immediately. |
Lemma 2.4. For any x > 0, the following inequality holds
|z — 1] > | — 1|P, where p > 1.
Proof is obvious. |

Lemma 2.5. If the conditions (A), (f1), (F1) and (Fy) are satisfied, then J satisfies
the P.S. condition.
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Proof. Let {u;} C F be such that {J(ug)} is bounded and J'(u;) — 0 as k — oo.
Then there exists a positive constant K such that |J(uy)| < K. Thus by (2.3) and
(F3), we obtain that for k large enough

K+ il > () — % (i), )

<___> |, |5 + Z A F(t, up (4 1), ug(t))

t=—o0

Z -2 Lug&}t;?uk(t — D)+
A(t)aF(t7“’“(g;1)7”’“(”)%(15)}
- <___> I 1% + Z A E (L, up(t + 1), up (1))
“+oo
_%tZOOA(t) |:8F(t7uk(ta;’11)7uk(t))71,k(t+ 1)+ aF(t?uk(gllm’“(w)uk(t)

1
>l===llu -
(p )n I

Since S > p, it is not difficult to conclude that {u;} is a bounded sequence in F, i.e.
there exists a constant Cy > 0 such that ||ugx||g < Cy. So passing to a subsequence if

necessary, it can be assumed that up — wp in F. Moreover, since

liminf A(w

B huo)| i (’”‘ N

(25)  luwolle = sup = < liminf ||ug || &,
0#hEE’ ||h||E 0#heE’ ”h”E k—o0

we conclude that ||ugl| g is bounded and ||uollg < Cy. By (2.5) we have |ug(t)] < C
and |uo(t)] < C, for all t € Z, and by (f1), there exists a constant Cy > 0 such that

|[ft, ur(t+ 1), up(t), ur(t — 1)) — fFlt,uo(t + 1), uo(t),uot —1))| < Cqy, te€Z.

+oo
Since Y, A1(t) < +oo for all € > 0 there exists D € N(D > 1) such that
t=—0o0
1

Z AL(t) < €.

[t|>D

For this D, we define a 2(D + 1) dimensional subspace of E:
Epii={u={u®)e F: u(t)=0, |t| >D+1}.
Let

0, if [t >D+1,
22
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ug(t), it |t <D+1,
t) = .
vo(t) {07 it |t > D+1.
Obviously, the above assumptions imply vy = {vi(t)} € Epy1 and vg = {vo(t)} €
Ep.i.
Since ug, — up, kK — 00 in F, we get

(2.6) (ug, h) — (ug,h), heF.

Therefore, for any h € Epy1 we have (v, h) — (vg, k), i.e. v — vo, k — ooin Epy1.
Consequently, we arrive at v, — vg, k — 00 in Ep11 which implies v, — vg, &k — o0

in E. So for k large enough, we have
(2.7) g (t) — wo()] = log(t) = oo <e, |t <D+ 1.
Thus, we have
(w4 1), a8 welt — 1) = Fltuolt + 1), uolt), wolt = 1)) = 0, k — ox,

for any ¢ such that |t| < D. On the other hand, by (2.7) and Holder’s inequality, for
k large enough, we get

S A [t et 4 1))t = 1)) £t uoft 1 1), w0 (8) un(t — 1) (s (o)

t=—o0

= D MO [Funt + 1) ar(t), un(t = 1)) = f(t wo(t + 1), u0(t), uo(t — 1))] (wn(t)—uo(t))

|t|<D

+ Z A [f (6wt + 1), up(t), ue(t — 1)) — f(E,uo(t + 1), uo(t), uo(t — 1))] (uk(t)—uo(t))

[t|>D

<O 30 MO|ur(t) —uo(®)] +Co > AW ug(t) — uo(t)]
[t|<D [t|>D

_ng\Z|uk(t)—uO |+CQ(Z )\q ) (Z|uk —uo |)

[t|<D [t|>D [t|>D
<209AD - e+ O [lug — uoll - € = (2C2AD + Ca [lug — woll ) - ¢,

where A = sup A(t). Since ¢ is arbitrary, we have

teZ
ZA Tt un(t + 1), ug(t), up(t — 1)) —
(2.8) —f(tuo(t + 1), uo(t), wo(t — 1) (uk(t) —uo(t)) =0 as k— oo.

Similarly, we get

Z AOF(E un(t + 1), un(t), un(t — 1)) — £t ualt + 1), uo(t), uolt — 1))]h(t)

t=—o0
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<A+ O)|hlg-e heE.
Combining with (2.2} and (2.6), we obtain that for any h € I
(J'(ug) — J(ug), h) — 0, as k— 4oo.
Therefore, ||J/ (uo)||g < lilgiolgf |V (v )|z = 0. So we have

(J'(u) = J' (o), up — uo) = (J'(up), up —uo)

(2.9) <N (w)ll g lupllg + lluolle) < 2C | (ug)lly — 0 as  k — foo.
For k large enough, we have

lur — woll'y < (J'(ur) — J'(uo), ur, — uo)

(2.10) = D Akt + 1), un(t), un(t —1)—

— [t uo(t + 1), uo(t), wo(t — 1))](uk(t) — uo(t)).
By the definition of J
(J'(ur) = J'(uo), up — uo)

+oo
= Y lep (Aur(t = 1)) =@ (Aup(t = )] (Aug(t — 1) — Aug(t — 1))

t=—o0

+oo
+ D lep (un(t = 1)) = @y (wo(t = )] (un(t = 1) = un(t — 1))

t=—o0

—+00
(2.11) + D A (w4 1), un (), u(t — 1)) —
t=—00
—f (uo(t 4 1), uo(t), uo(t — 1))] (uk(t) — uo(t)) -
If Aug(t — 1) #£ 0, we set
Aug(t — 1)
T Auot — 1)
Since uy, possesses point-wise limit uo(z) at any = > 0, by Lemma 2.4, for all t € Z,
we easily obtain

(2.12) [pp (Auk(t = 1)) — @p (Auo(t = 1)) (Aug(t —1) — Aup(t — 1)) =
> [Aug(t — 1) — Aug(t — 1)|F

and

(2.13) [p (un(t = 1)) = wp (wo(t = 1) (us(t = 1) —wo(t = 1)) 2

> Jup(t —1) —uot —1)".
24
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If Aug(t — 1) = 0, then (2.12) and (2.13) are obviously true. From the definition of
Il - |z, formulas (2.11), (2.12) and (2.13), (2.10) holds. Therefore, (2.9), (2.10) and
(2.11) imply that w;, — wug in E. The proof of Lemma 2.5 is complete. O

3. PROOFS OF THE MAIN RESULTS

In this section, we firstly prove the existence of a nontrivial homoclinic orbit of
equation (1.1). Next, if f(¢,-) is an odd function for any ¢ € Z, we prove the existence

of an unbounded sequence of nontrivial homoclinic orbits of equation (1.1).

3.1. Proof of Theorem 1.1. To prove the existence of a homoclinic orbit to (1.1)
recall that as we know that J € C'(E,R), J(0) = 0 and J satisfies P.S. condition.
Hence, it suffices to prove that J satisfies the conditions (Ji) and (J3). By (F}), there
exists § > 0 such that

1 P
| (¢, v17v2)|§4)\ (\/W%Jrv%) for teZ and o} o} <3

Let p= %5, for any v € F and ||u||g < p, we have

1
()] <l < Jlulls < p= —6, tel.

\/5 ’
Thus, we have w?(t + 1) + «>(t) < §? for all t € Z, which implies

2 2 <
(3.1) IF(t,ult +1),u ())|_22+2A (Ve® + el n) <
< L[ PO+t 1)), teZ
4p ’
Summing inequalities (3.1) over Z, we get
S F (a4 D) < - S [0 + et 1] < =l
t=—0o0 )\ tffoo B 2)\]9 E
Thus, if |||l g = p, then
J(u >:—||u||P b APt + 1)y ul0) = —||u||P =L gy, = L
2Ap 2" 7

t=—o0

that is J(u) > a > 0, where a = ﬁpp. To verify condition (J3), for all 7 € R and
any given w € F\ {0}, we consider the quantity

J(r ):—7P||w||E+ Z MOF(t, mw(t + 1), 7w(t)).

t=—o0
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Let w € F be such that @w?(t) +w?(t+ 1) > R? on a nonempty finite, integer interval
1 C Z. Then by (F}) we conclude that for any 7 > R

J(rw) < TP||w||E + Y CADF(t, ot + 1), Tw(t))
tel

8
< ~rtlels - alr A Y [Vt D+ e70)]

tcl

where A = r{lgl?)\(t) > 0.
Since 8 > p, we can choose 7 large enough to ensure that J(7w) < 0. Thus, both
conditions (J1) and (J2) are satisfied. Theorem 1.1 is proved. O

3.2. Proof of Theorem 1.2. The condition (f2) implies that .J is even. As we
already know J € C'(E,R), J(0) = 0 and J satisfies P.S. condition. In order to prove
Theorem 1.2 by using the Symmetric Mountain Pass Lemma, we prove conditions (J3)
and (J4). From the proof of Theorem 1.1, condition (J1) is valid, so (J3) is also valid.
To prove (Jy), suppose I C E is a finite-dimensional subspace and consider u € F
with v # 0. By (F%), there exist some constants R > 1 and a > 0 such that

p
Ft,v1,v9) < —a (\/v% +v%> ,

t € Z and v} + v > R For all u € E, we have |lu||} < c|ul|%, where ¢ = ¢(E).
Choosing v such that ||u||g > ¥/cR, we define I = {¢ | |u(¢)| > R}. Hence,

SN F(t ult+ 1), __GZA[ TSRO

tcl tel

Thus, we have

():—Ilull”+z:A F(t u(t + 1), (1))

1 w2 s
<l —a 0 M) [Vl T DT (D]
L P —a U ?
< el — e 3220 VT DY+ ()]
< el ~ allul 3o AW,

tel
Since 3 > p there exists v = v(E)(y > R) such that J(u) < 0 whenever ||u/|o > ~. By
Lemma 2.2 J possesses an unbounded sequence of critical values ¢; with ¢; = J (u;),
j € N. Hence, by (Fl) we have

1
(3.2) == ||ug||p + Z AV ug(t+ 1), u5(1)) < » 11 -

t=—o0
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Since ¢; — o0 as j — oo, (3.2) implies that {u;} is unbounded in E. Therefore, the
existence of an unbounded sequence homoclinic orbits is obtained. |

Remark 3.1. As an application of Theorems 1.1 and 1.2, we give an example

illustrating our results.
For all t € Z, assume that
Alpp(Au(t — 1)) — @p(u(t)) =

= —Be Cult) {(1 + cos? 2mt) ((u(t + 1)) + (u(t))?)
1}

F(t,v1,v9,v3) = —Bovo {(1 + cos? 27rt) (v% + v%)gfl +

e

-1

wlw

(3.3) (14 cos? 2m(t = 1) ((u()® + (ult — 1))?)

2

where 3 > p. Then, we have A\(t) = ™" and

(1t cos? 2t — 1) (e +v§)§1} 7

1

<2
pi

w[w

g(v1,v2,v3) = —4Pvy {(”% + 03 + v3)

F(t,v1,v9) = — (1 + cos? 2t) (v] + 03)

Then
8F(t — 171}271}3) + 8F(t71}171}2)

81}2 87}2
= o | (1-+ cos®20t) (63 + 08)* 1 (1 4+ cos® 2m(t 1)) (3 + vé)gl} |

It is easy to verify that all assumptions of Theorems 1.1 and 1.2 are satisfied. Consequently,
equation (3.3) has an unbounded sequence of nontrivial homoclinic orbits u;, 7 € N.
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