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1. Preliminaries and Theorems

As the development of the theory of singular integral operators, their commutators
and multilinear operators have been well studied (see [1] - [5], [7], [12] - [15]). In
[8], some singular integral operators with non-smooth kernels are introduced, whose
kernels satisfy some requirements which are weaker than those for the Calderón-
Zygmund singular integral operators. In [6] and [11], the boundedness of the singular
integral operators with non-smooth kernels and their commutators is proved.

The main purpose of this paper is to study the vector-valued, multilinear, singular
integral operators with non-smooth kernels defined as follows (see [8], [11]).

Definition 1.1. A family of operators Dt, t > 0 is said to be an approximation to
the identity, if for every t > 0 the family Dt can be represented by the kernel at(x, y)
as follows:

Dt(f)(x) =

∫
Rn

at(x, y)f(y)dy

for every f ∈ Lp(Rn) with p ≥ 1, and at(x, y) satisfies the inequality

|at(x, y)| ≤ ht(x, y) = Ct−n/2s(|x− y|2/t),

where s is a positive, bounded and decreasing function such for some ϵ > 0

lim
r→∞

rn+ϵs(r2) = 0.
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Definition 1.2. A linear operator T is called singular integral operator with non-
smooth kernels, if T is bounded on L2(Rn) and is associated with some kernel K(x, y)

such that
T (f)(x) =

∫
Rn

K(x, y)f(y)dy

for every continuous function f with a compact support, and for almost all x, which
do not belong to that support. In addition, it is required that:
(1) There exists an approximations to the identity {Bt, t > 0} such that TBt possesses
an associated kernel kt(x, y) and there exist constants c1, c2 > 0 such that∫

|x−y|>c1t1/2
|K(x, y)− kt(x, y)|dx ≤ c2 for all y ∈ Rn.

(2) There exists an approximations to the identity {At, t > 0} such that AtT possesses
an associated kernel Kt(x, y) which satisfies the inequalities

|Kt(x, y)| ≤ c4t
−n/2 if |x− y| ≤ c3t

1/2,

and
|K(x, y)−Kt(x, y)| ≤ c4t

δ/2|x− y|−n−δ if |x− y| ≥ c3t
1/2,

for some constants c3, c4 > 0, δ > 0.

Let mj (j = 1, . . . , l) be positive integers m1 + . . .+ml = m and bj (j = 1, . . . , l) be
functions on Rn. Set

Rmj+1(bj ;x, y) = bj(x)−
∑

|α|≤mj

1

α!
Dαbj(y)(x− y)α, 1 ≤ j ≤ m.

Given functions fi (i = 1, 2, . . .) defined on Rn, for any 1 < r < ∞ the the vector-
valued multilinear operator associated to T is defined by the formula

|Tb(f)(x)|r =

( ∞∑
i=1

(Tb(fi)(x))
r

)1/r

,

where

Tb(fi)(x) =

∫
Rn

∏l
j=1 Rmj+1(bj ;x, y)

|x− y|m
K(x, y)fi(y)dy.

Set

|T (f)(x)|r =

( ∞∑
i=1

|T (fi)(x)|r
)1/r

and |f(x)|r =

( ∞∑
i=1

|fi(x)|r
)1/r

.

Note that |Tb(f)|r is just the vector-valued multilinear commutator of T and bj when
m = 0 (see [14]), while |Tb(f)|r is a nontrivial generalizations of the commutator
when m > 0. It is well known that multilinear operators are of great interest in
harmonic analysis and have been widely studied by many authors(see [2] - [5]). Hu
and Yang (see [10]) proved a variant sharp estimate for multilinear singular integral
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operators. In [14], Pérez and Trujillo-Gonzalez proved a sharp estimate for multilinear
commutators when bj ∈ OscexpLrj (Rn).
The main purpose of this paper is to prove a sharp function inequality for the
vector-valued, multilinear singular integral operators with non-smooth kernels when
Dαbj ∈ BMO(Rn) for all α with |α| = mj . As the application, some Lp(p > 1) norm
inequality for the vector-valued, multilinear operators are obtained.
Throughout the paper, Q = Q(x, d) denotes a cube in Rn with sides parallel to the
coordinate axes, the center of which is a point x and the length of sides is d. If b is a
locally integrable function, then its sharp function is defined as

b#(x) = sup
x∈Q

1

|Q|

∫
Q

|b(y)− bQ|dy,

where, and in what follows,

bQ = |Q|−1

∫
Q

b(x)dx.

It is well-known that(see [9], [16]) that

b#(x) ≈ sup
x∈Q

inf
c∈C

1

|Q|

∫
Q

|b(y)− c|dy

and

||b− b2kQ||BMO ≤ Ck||b||BMO for k ≥ 1.

We say that b belongs to BMO(Rn) if b# belongs to L∞(Rn) and ||b||BMO = ||b#||L∞ .
Assuming that M is the Hardy-Littlewood maximal operator

M(f)(x) = sup
x∈Q

1

|Q|

∫
Q

|f(y)|dy,

we set Mp(f) = (M(fp))1/p for 0 < p < ∞. Further, the sharp maximal function
M#

A associated with approximation to the identity {At, t > 0} is defined as

M#
A (f)(x) = sup

x∈Q

1

|Q|

∫
Q

|f(y)−AtQ(f)(y)|dy,

where tQ = l(Q)2 and l(Q) denotes the side length of Q.
The below two theorems are the main result of this paper.

Theorem 1.3. Let 1 < r < ∞ and let Dαbj ∈ BMO(Rn) for all α with |α| = mj

(j = 1, . . . , l). Then, there exists a constant C > 0 such that

M#
A (|Tb(f)|r)(x̃) ≤ C

l∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

Ms(|f |r)(x̃).

for any function f ∈ C∞
0 (Rn), any 1 < s < ∞ and any point x̃ ∈ Rn,
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Theorem 1.4. Let 1 < r < ∞ and Dαbj ∈ BMO(Rn) for all α with |α| = mj

(j = 1, . . . , l). Then, |Tb|r is bounded on Lp(Rn) for any 1 < p < ∞, that is

|||Tb(f)|r||Lp ≤ C
l∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

 |||f |r||Lp .

2. Some Lemmas

We present some preliminary lemmas.

Lemma 2.1. ([4]) Let b be a function on Rn and let Dαb ∈ Lq(Rn) for all α with
|α| = m and some q > n. Then

|Rm(b;x, y)| ≤ C|x− y|m
∑

|α|=m

(
1

|Q̃(x, y)|

∫
Q̃(x,y)

|Dαb(z)|qdz

)1/q

,

where Q̃ is the cube centered at x, with the side length 5
√
n|x− y|.

Lemma 2.2. ([8], [11]) Let 1 < r < ∞ and let T be a singular integral operators with
non-smooth kernel as in Definition 1.2. Then, for every f ∈ Lp(Rn), (1 < p < ∞),

|||T (f)|r||Lp ≤ C|||f |r||Lp .

Lemma 2.3. ([6]) Let {At, t > 0} be an approximation to the identity and b ∈
BMO(Rn). Then, for every f ∈ Lp(Rn), p > 1, 1 < r < ∞ and x ∈ Rn

sup
x∈Q

1

|Q|

∫
Q

|AtQ((b− bQ)f)(y)|dy ≤ C||b||BMOMr(f)(x),

where tQ = l(Q)2 and l(Q) denotes the side length of Q.

Lemma 2.4. ([8], [11]) There exists a constant C > 0 such that for any γ > 0 and
λ > 0

|{x ∈ Rn : M(f)(x) > Dλ,M#
A (f)(x) ≤ γλ}| ≤ Cγ|{x ∈ Rn : M(f)(x) > λ}|,

where D is a fixed constant depending only on n. So that

||M(f)||Lp ≤ C||M#
A (f)||Lp

for every f ∈ Lp(Rn), 1 < p < ∞.
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3. Proofs of Theorems

Proof of Theorem 1.3. It suffices to prove that for f ∈ C∞
0 (Rn)

1

|Q|

∫
Q

∣∣|Tb(f)(x)|r − |AtQTb(f)(x)|r
∣∣ dx ≤

≤ C

l∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

Ms(|f |r)(x).

Without loss of generality, we can assume l = 2. We fix a cube Q = Q(x0, d) and a
point x̃ ∈ Q and suppose that Q̃ = 5

√
nQ and

Ãj(x) = Aj(x)−
∑

|α|=m

1

α!
(DαAj)Q̃x

α.

Then

Rm(Aj ;x, y) = Rm(Ãj ;x, y) and DαÃj = DαAj − (DαAj)Q̃ for |α| = mj .

Now, we decompose f = g + h = {gi}+ {hi} in gi = fiχQ̃ and hi = fiχRn\Q̃. Then

Tb(fi)(x) =

∫
Rn

2∏
j=1

Rmj+1(b̃j ;x, y)

|x− y|m
K(x, y)fi(y)dy =

=

∫
Rn

2∏
j=1

Rmj (b̃j ;x, y)

|x− y|m
K(x, y)gi(y)dy−

−
∑

|α1|=m1

1

α1!

∫
Rn

Rm2
(b̃2;x, y)(x− y)α1Dα1 b̃1(y)

|x− y|m
K(x, y)gi(y)dy

−
∑

|α2|=m2

1

α2!

∫
Rn

Rm1(b̃1;x, y)(x− y)α2Dα2 b̃2(y)

|x− y|m
K(x, y)gi(y)dy

+
∑

|α1|=m1, |α2|=m2

1

α1!α2!

∫
Rn

(x− y)α1+α2Dα1 b̃1(y)D
α2 b̃2(y)

|x− y|m
K(x, y)gi(y)dy

+

∫
Rn

2∏
j=1

Rmj+1(b̃j ;x, y)

|x− y|m
K(x, y)hi(y)dy = T


2∏

j=1

Rmj (b̃j ;x, ·)

|x− ·|m
gi


−T

 ∑
|α1|=m1

1

α1!

Rm2(b̃2;x, ·)(x− ·)α1Dα1 b̃1
|x− ·|m

gi


−T

 ∑
|α2|=m2

1

α2!

Rm1(b̃1;x, ·)(x− ·)α2Dα2 b̃2
|x− ·|m

gi


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+T

 ∑
|α1|=m1, |α2|=m2

(x− ·)α1+α2Dα1 b̃1D
α2 b̃2

α1!α2!|x− ·|m
gi

+ T


2∏

j=1

Rmj+1(b̃j ;x, ·)

|x− ·|m
hi


and

AtQTb(fi)(x) =

∫
Rn

2∏
j=1

Rmj+1(b̃j ;x, y)

|x− y|m
Kt(x, y)fi(y)dy

=

∫
Rn

2∏
j=1

Rmj (b̃j ;x, y)

|x− y|m
K(x, y)gi(y)dy

−
∑

|α1|=m1

1

α1!

∫
Rn

Rm2(b̃2;x, y)(x− y)α1Dα1 b̃1(y)

|x− y|m
Kt(x, y)gi(y)dy

−
∑

|α2|=m2

1

α2!

∫
Rn

Rm1(b̃1;x, y)(x− y)α2Dα2 b̃2(y)

|x− y|m
Kt(x, y)gi(y)dy

+
∑

|α1|=m1, |α2|=m2

1

α1!α2!

∫
Rn

(x− y)α1+α2Dα1 b̃1(y)D
α2 b̃2(y)

|x− y|m
Kt(x, y)gi(y)dy

+

∫
Rn

∏2
j=1 Rmj+1(b̃j ;x, y)

|x− y|m
Kt(x, y)hi(y)dy

= AtQT

(∏2
j=1 Rmj (b̃j ;x, ·)

|x− ·|m
gi

)

−AtQT

 ∑
|α1|=m1

1

α1!

Rm2(b̃2;x, ·)(x− ·)α1Dα1 b̃1
|x− ·|m

gi


−AtQT

 ∑
|α2|=m2

1

α2!

Rm1(b̃1;x, ·)(x− ·)α2Dα2 b̃2
|x− ·|m

gi


+AtQT

 ∑
|α1|=m1, |α2|=m2

1

α1!α2!

(x− ·)α1+α2Dα1 b̃1D
α2 b̃2

|x− ·|m
gi


+AtQT

(∏2
j=1 Rmj+1(b̃j ;x, ·)

|x− ·|m
hi

)
.

Further, by Minkowski’s inequality,

∣∣|Tb(f)(x)|r − |AtQTb(f)(x)|r
∣∣ =

∣∣∣∣∣∣
( ∞∑

i=1

(Tb(fi)(x))
r

)1/r

−

( ∞∑
i=1

(AtQTb(fi)(x))
r

)1/r
∣∣∣∣∣∣
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≤

( ∞∑
i=1

|Tb(fi)(x)−AtQTb(fi)(x)|r
)1/r

≤

( ∞∑
i=1

∣∣∣∣∣T
(∏2

j=1 Rmj (b̃j ;x, ·)
|x− ·|m

gi

)∣∣∣∣∣
r)1/r

+

 ∞∑
i=1

∣∣∣∣∣∣T
 ∑

|α1|=m1

1

α1!

Rm2(b̃2;x, ·)(x− ·)α1Dα1 b̃1
|x− ·|m

gi

∣∣∣∣∣∣
r1/r

+

 ∞∑
i=1

∣∣∣∣∣∣T
 ∑

|α2|=m2

1

α2!

Rm1(b̃1;x, ·)(x− ·)α2Dα2 b̃2
|x− ·|m

gi

∣∣∣∣∣∣
r1/r

+

 ∞∑
i=1

∣∣∣∣∣∣T
 ∑

|α1|=m1, |α2|=m2

1

α1!α2!

(x− ·)α1+α2Dα1 b̃1D
α2 b̃2

|x− ·|m
gi

∣∣∣∣∣∣
r1/r

+

( ∞∑
i=1

∣∣∣∣∣AtQT

(∏2
j=1 Rmj (b̃j ;x, ·)

|x− ·|m
gi

)∣∣∣∣∣
r)1/r

+

 ∞∑
i=1

∣∣∣∣∣∣AtQT

 ∑
|α1|=m1

1

α1!

Rm2(b̃2;x, ·)(x− ·)α1Dα1 b̃1
|x− ·|m

gi

∣∣∣∣∣∣
r1/r

+

 ∞∑
i=1

∣∣∣∣∣∣AtQT

 ∑
|α2|=m2

1

α2!

Rm1(b̃1;x, ·)(x− ·)α2Dα2 b̃2
|x− ·|m

gi

∣∣∣∣∣∣
r1/r

+

 ∞∑
i=1

∣∣∣∣∣∣T
 ∑

|α1|=m1, |α2|=m2

1

α1!α2!

(x− ·)α1+α2Dα1 b̃1D
α2 b̃2

|x− ·|m
gi

∣∣∣∣∣∣
r1/r

+

( ∞∑
i=1

∣∣∣∣∣(T −AtQT )

(∏2
j=1 Rmj+1(b̃j ;x, ·)

|x− ·|m
hi

)∣∣∣∣∣
r)1/r

:= I1(x) + I2(x) + I3(x) + I4(x) + I5(x) + I6(x) + I7(x) + I8(x) + I9(x).

Thus
1

|Q|

∫
Q

∣∣|Tb(f)(x)|r − |AtQTb(f)(x)|r
∣∣ dx

≤ 1

|Q|

∫
Q

I1(x)dx+
1

|Q|

∫
Q

I2(x)dx+
1

|Q|

∫
Q

I3(x)dx+
1

|Q|

∫
Q

I4(x)dx

+
1

|Q|

∫
Q

I5(x)dx+
1

|Q|

∫
Q

I6(x)dx+
1

|Q|

∫
Q

I7(x)dx+
1

|Q|

∫
Q

I8(x)dx

+
1

|Q|

∫
Q

I9(x)dx := I1 + I2 + I3 + I4 + I5 + I6 + I7 + I8 + I9.
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Let us estimate I1, I2, I3, I4, I5, I6, I7, I8 and I9 separately. First, by lemma 2.1 we
obtain that for any x ∈ Q and y ∈ Q̃

Rm(b̃j ;x, y) ≤ C|x− y|m
∑

|αj |=m

||Dαj bj ||BMO.

Consequently, by the Ls-boundedness of T (lemma 2.2), we get

I1 ≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

 1

|Q|

∫
Q

|T (g)(x)|rdx

≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

( 1

|Q|

∫
Rn

|T (g)(x)|srdx
)1/s

≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

( 1

|Q|

∫
Rn

|g(x)|srdx
)1/s

≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

( 1

|Q̃|

∫
Q̃

|f(x)|srdx
)1/s

≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

Ms(|f |r)(x̃).

To estimate I2, we denote s = pq and using lemma 2.2 and Hölder’s inequality for
1 < p < ∞, q > 1 and 1/q + 1/q′ = 1, we get

I2 ≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

1

|Q|

∫
Q

|T (Dα1 b̃1g)(x)|rdx

≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

(
1

|Q|

∫
Rn

|T (Dα1 b̃1g)(x)|prdx
)1/p

≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

(
1

|Q|

∫
Rn

|Dα1 b̃1(x)||g(x)|prdx
)1/p

≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

(
1

|Q̃|

∫
Q̃

|Dα1b1(x)− (Dαbj)Q̃|
pq′dx

)1/pq′

×
(

1

|Q̃|

∫
Q̃

|f(x)|pqr dx

)1/pq

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃).

In the same way, we obtain

I3 ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃).
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Similarly, denoting s = pq3 for 1 < p < ∞, q1, q2, q3 > 1 and 1/q1 + 1/q2 + 1/q3 = 1,
for I4 we obtain

I4 ≤ C
∑

|α1|=m1,|α2|=m2

1

|Q|

∫
Q

|T (Dα1 b̃1D
α2 b̃2g)(x)|rdx

≤ C
∑

|α1|=m1,|α2|=m2

(
1

|Q|

∫
Rn

|T (Dα1 b̃1D
α2 b̃2g)(x)|prdx

)1/p

≤ C
∑

|α1|=m1,|α2|=m2

(
1

|Q|

∫
Rn

|Dα1 b̃1(x)D
α2 b̃2(x)||g(x)|prdx

)1/p

≤ C
∑

|α1|=m1,|α2|=m2

(
1

|Q̃|

∫
Q̃

|Dα1 b̃1(x)|pq1dx
)1/pq1( 1

|Q̃|

∫
Q̃

|Dα2 b̃2(x)|pq2dx
)1/pq2

×
(

1

|Q̃|

∫
Q̃

|f(x)|pq3r dx

)1/pq3

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃).

For I5, I6, I7 and I8, we use lemma 2.3 and similar to I1, I2, I3, I4, we get

I5 ≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

( 1

|Q|

∫
Rn

|T (g)(x)|srdx
)1/s

≤ C

2∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

( 1

|Q̃|

∫
Q̃

|f(x)|srdx
)1/s

≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

Ms(|f |r)(x̃),

I6 ≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

(
1

|Q|

∫
Rn

|T (Dα1 b̃1g)(x)|prdx
)1/p

≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

(
1

|Q|

∫
Rn

|Dα1 b̃1(x)||g(x)|prdx
)1/p

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃),

I7 ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃),

I8 ≤ C
∑

|α1|=m1,|α2|=m2

(
1

|Q|

∫
Rn

|T (Dα1 b̃1D
α2 b̃2g)(x)|prdx

)1/p
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≤ C
∑

|α1|=m1,|α2|=m2

(
1

|Q|

∫
Rn

|Dα1 b̃1(x)D
α2 b̃2(x)||g(x)|prdx

)1/p

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃).

To estimate I9, we write( ∞∑
i=1

∣∣∣∣∣(T −AtQT )

(∏2
j=1 Rmj+1(b̃j ;x, ·)

|x− ·|m
hi

)∣∣∣∣∣
r)1/r

≤

( ∞∑
i=1

∫
Rn

∣∣∣∣∣
∏2

j=1 Rmj+1(b̃j ;x, y)

|x− y|m
(K(x, y)−Kt(x, y))hi(y)

∣∣∣∣∣
r

dy

)1/r

≤

( ∞∑
i=1

∫
Rn

∣∣∣∣∣
∏2

j=1 Rmj
(b̃j ;x, y)

|x− y|m
(K(x, y)−Kt(x, y))hi(y)

∣∣∣∣∣
r

dy

)1/r

+

 ∞∑
i=1

∑
|α1|=m1

1

α1!

∫
Rn

∣∣∣∣∣Dα1 b̃1(y)(x− y)α1Rm2(b̃2;x, y)

|x− y|m
(K(x, y)−Kt(x, y))hi(y)

∣∣∣∣∣
r

dy

1/r

+

 ∞∑
i=1

∑
|α2|=m2

1

α2!

∫
Rn

∣∣∣∣∣Dα2 b̃2(y)(x− y)α2Rm1(b̃1;x, y)

|x− y|m
(K(x, y)−Kt(x, y))hi(y)

∣∣∣∣∣
r

dy

1/r

+

 ∞∑
i=1

∑
|α1|=m1, |α2|=m2

1

α1!α2!
×

×
∫
Rn

∣∣∣∣∣Dα1 b̃1(y)D
α2 b̃2(y)(x− y)α1+α2

|x− y|m
(K(x, y)−Kt(x, y))hi(y)

∣∣∣∣∣
r

dy

)1/r

= I
(1)
9 + I

(2)
9 + I

(3)
9 + I

(4)
9 .

Then, we observe that lemma 2.1 and the inequality

|bQ1 − bQ2 | ≤ C log(|Q2|/|Q1|)||b||BMO for Q1 ⊂ Q2,

(see [16]) imply that for any x ∈ Q and y ∈ 2k+1Q̃ \ 2kQ̃,

|Rm(b̃;x, y)| ≤ C|x− y|m
∑

|α|=m

(||Dαb||BMO + |(Dαb)Q̃(x,y) − (Dαb)Q̃|)

≤ Ck|x− y|m
∑

|α|=m

||Dαb||BMO.
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Note that |x − y| ≥ d = t1/2 and |x − y| ∼ |x0 − y| for x ∈ Q and y ∈ Rn \ Q̃.
Therefore, by the conditions on K and Kt and Minkowski’s inequality

I
(1)
9 =

∞∑
k=0

∫
2k+1Q̃\2kQ̃

∏2
j=1 |Rmj (b̃j ;x, y)|

|x− y|m
|K(x, y)−Kt(x, y)||f(y)|rdy

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ∞∑
k=0

∫
2k+1Q̃\2kQ̃

k2
dδ

|x0 − y|n+δ
|f(y)|rdy

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ∞∑
k=1

k22−δk 1

|2kQ̃|

∫
2kQ̃

|f(y)|rdy

≤ C

2∏
j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃).

For I
(2)
9 , we get

I
(2)
9 ≤ C

 ∑
|α|=m2

||Dαb2||BMO

∑
|α|=m1

∞∑
k=0

∫
2k+1Q̃\2kQ̃

k dδ

|x0 − y|n+δ
|Dα1 b̃1(y)||f(y)|rdy

≤ C

 ∑
|α|=m2

||Dαb2||BMO

 ∑
|α1|=m1

∞∑
k=1

k2−δk

(
1

|2kQ̃|

∫
2kQ̃

|Dα1 b̃1(y)|r
′
dy

)1/r′

×
(

1

|2kQ̃|

∫
2kQ̃

|f(y)|srdy
)1/s

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃).

Similarly,

I
(3)
9 ≤ C

2∏
j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃).

For I
(4)
9 , taking q1, q2 > 1 such that 1/s+ 1/q1 + 1/q2 = 1, we obtain

I
(4)
9 ≤ C

∑
|α1|=m1,|α2|=m2

∞∑
k=0

∫
2k+1Q̃\2kQ̃

dδ

|x0 − y|n+δ
|Dα1 b̃1(y)||Dα2 b̃2(y)||f(y)|rdy

≤ C
∑

|α1|=m1,|α2|=m2

∞∑
k=1

2−δk

(
1

|2kQ̃|

∫
2kQ̃

|f(y)|srdy
)1/s

×
(

1

|2kQ̃|

∫
2kQ̃

|Dα1 b̃1(y)|q1dy
)1/q1 ( 1

|2kQ̃|

∫
2kQ̃

|Dα2 b̃2(y)|q2dy
)1/q2

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃).
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Thus,

I9 ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Ms(|f |r)(x̃).

This completes the proof of Theorem 1.3. �
Proof of Theorem 1.4. In Theorem 1, we choose 1 < s < p and using lemma 2.2,
we get

|||Tb(f)|r||Lp ≤ ||M(|Tb(f)|r)||Lp ≤ C||M#
A (|Tb(f)|r)||Lp

≤ C
l∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ||Ms(|f |r)||Lp ≤

≤ C
l∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

∥|f |r∥Lp .

This finishes the proof. �

4. Applications

In this section, Theorems 1.3 and 1.4 are applied to holomorphic functional calculus
of linear elliptic operators. First, we review some definitions of holomorphic functional
calculus (see [11]). Given 0 ≤ θ < π, introduce the domain

Sθ = {z ∈ C : | arg(z)| ≤ θ}
∪

{0}

and denote its interior by S0
θ . Set S̃θ = Sθ \{0}. A closed operator L on some Banach

space E is said to be of type θ if its spectrum σ(L) ⊂ Sθ and for every ν ∈ (θ, π],
there exists a constant Cν such that

|η|||(ηI − L)−1|| ≤ Cν , η /∈ S̃θ.

For ν ∈ (0, π], we set

H∞(S0
µ) = {f : S0

θ → C : f is holomorphic and ||f ||L∞ < ∞},

where ||f ||L∞ = sup{|f(z)| : z ∈ S0
µ}. Further, set

Ψ(S0
µ) =

{
g ∈ H∞(S0

µ) : ∃s > 0, ∃c > 0 such that |g(z)| ≤ c
|z|s

1 + |z|2s

}
.

For L of type θ and g ∈ H∞(S0
µ), define g(L) ∈ L(E) as

g(L) = −(2πi)−1

∫
Γ

(ηI − L)−1g(η)dη,
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where Γ is the contour {ξ = re±iϕ : r ≥ 0} parameterized clockwise around Sθ

by θ < ϕ < µ. If, in addition, L is one-one and its range is dense, then for any
f ∈ H∞(S0

µ)

f(L) = [h(L)]−1(fh)(L),

where h(z) = z(1+z)−2. Besides, L is said to have a bounded holomorphic functional
calculus on the sector Sµ, if

||g(L)|| ≤ N ||g||L∞

for some N > 0 and all g ∈ H∞(S0
µ).

Now, let L be a linear operator on L2(Rn) with θ < π/2 such that (−L) generates a
holomorphic semigroup e−zL, 0 ≤ | arg(z)| < π/2 − θ. Then, applying theorem 6 of
[8] and theorem 1.4, we arrive at the following statement.

Theorem 4.1. Given 1 < r < ∞ let the following conditions be satisfied:
(i) The holomorphic semigroup e−zL, 0 ≤ | arg(z)| < π/2−θ is represented by kernels
az(x, y) which satisfy the upper bound

|az(x, y)| ≤ cνh|z|(x, y), ν > θ

for x, y ∈ Rn, and 0 ≤ | arg(z)| < π/2− θ, where ht(x, y) = Ct−n/2s(|x− y|2/t) and
s is a positive, bounded and decreasing function such that

lim
r→∞

rn+ϵs(r2) = 0.

(ii) The operator L has a bounded holomorphic functional calculus in L2(Rn), that
is, for all ν > θ and g ∈ H∞(S0

µ), the operator g(L) is such that

||g(L)(|f |r)||L2 ≤ cν ||g||L∞ |||f |r||L2 .

Then, for Dαbj ∈ BMO(Rn) for all α with |α| = mj and j = 1, · · ·, l, the multilinear
operator g(L)b associated to g(L) and bj satisfies the conditions:

(a) For 1 < s < ∞ and x̃ ∈ Rn,

M#
A (|g(L)b(f)|r)(x̃) ≤ C

l∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

Ms(|f |r)(x̃);

(b) For any 1 < p < ∞, |g(L)b|r is bounded on Lp(Rn), that is

|||g(L)b(f)|r||Lp ≤ C

l∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

 |||f |r||Lp .
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