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1. PRELIMINARIES AND STATEMENTS OF MAIN RESULTS

Throughout this paper, ¢ denotes a positive, increasing function on R* and it is

assumed that there exists a constant D > 0 such that
w(2t) < De(t) for t>0.

Let w be a weight function on R™, that is a nonnegative locally integrable function,

and f be a locally integrable function on R". Define that, for 1 < p < oo,

1/p
1
flleeewy = sup 7/ FW)|Pw(y)dy ;
[ f1] e () e R Wy B(x’d)l (y)[Pw(y)

where B(x,d) = {y € R™ : |x — y| < d}. The generalized weighted Morrey spaces are
defined by

LP?(R™,w) = {f € Lige(R") : || fl|£ree(w) < 00}
If p(d) = d°, § > 0, then LP¥(R",w) = LP°(R"™, w), which is the classical Morrey
space (see [16], [17]).
As the development of the Calderén-Zygmund singular integral operators, their commu-
tators and multilinear operators have been well studied (see [3] - [6], [9]). In [14],
Hu and Yang proved a version sharp estimate for the multilinear singular integral
operators. In [18], [19], C. Pérez, G. Pradolini and R. Trujillo-Gonzalez obtained a
sharp weighted estimates for the singular integral operators and their commutators.

The boundedness of the pseudo-differential operators was studied by many authors
57
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(see [1], [7], [12], [15], [20] - [21]). In [20], the boundedness of the commutators
associated to the pseudo-differential operators are obtained. The main purpose of
this paper is to study the multilinear pseudo-differential operators as follows.
We say a symbol o(z,£) belongs to the class Sysy if
or o
dxt OV
where 1, v are multi-indices and || = [p1] 4. ..+ [pn|. A pseudo-differential operator
with symbol o(z, &) € S5 is defined by

T(Ha) = [ o o) fe)de,

n

o(2,€)| < Cup (14 [g)ymeIFlul g ¢ e R,

where f is a Schwartz function and f denotes the Fourier transform of f. It is known
(see [1]) that there exists a kernel K (z,y) such that

T(f)(x) = A K(z,z —y)f(y)dy,
where

Ky) = [ &m0 ot g,

In [12] the boundedness of the pseudo-differential operators with symbol o € S} ” 0.6
(8 < nb/2,0 < 6 < 1—0) are obtained. In [15] the boundedness of the pseudo-
differential operators with symbol of orders 0 and —oo is proved. In [1] some sharp
estimate of the pseudo-differential operators with symbol o € 51_—729,{52 (0<0<1,0<
0 < 1—0) are obtained. In [20] the boundedness of the pseudo-differential operators
and their commutators with symbol o € S;fg’{f (0<6<1,0<6<1—0)are
obtained. Our study are motivated by these papers.

Assuming that 7' is a pseudo-differential operator with symbol o(z,§) € S5 that
m; (j =1,...,1) are some positive integers such that mq + ...+ m; = m and b; are
functions given on R™, we set

Ry Ogsy) =by() = 30 D)@ —9)% 1<j<m
la|<m;

The multilinear operator associated to T is defined by
11 Rin,41(bj52,9)
Ty(f)(x) = : e K(z,x —y)f(y) dy.
R |z -y
Note that for m = 0, Tp is just the multilinear commutator generated by T and b

(see [18], [19]), while for m > 0, T} is nontrivial generalizations of the commutator.
It is well known that multilinear operators are of great interest in harmonic analysis
and have been widely studied by many authors (see [3] - [6]). Besides, the Morrey

space can be considered as an extension of the Lebesgue space, since the Morrey
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space LP* becomes Lebesgue space LP for A = 0). Hence, it is natural and important
to study the boundedness of multilinear singular integral operators on the Morrey
spaces LP* with A > 0 (see [2], [10], [11]). The purpose of this paper is twofold. First,
we establish a sharp inequality for multilinear pseudo-differential operator T}, with
symbol o € Sl_f(%z (0 <6 <1,0<6<1—6). Then, we use this sharp inequality
to prove the boundedness for the multilinear operators on the generalized weighted
Morrey spaces.

Now, we introduce some notations. Denote by () a cube in R™ with sides parallel
to the coordinate axes. For any locally integrable function f, its sharp function is
defined by

1
H(m) — o _
7 (x) ;1;12 |Q|/Q|f(y) foldy,

where, and in what follows, fo = |Q|™* fQ f(z)dx. Tt is well-known (see [13]) that

F#(2) ~ sup inf @ﬂ /Q ) — el dy.

Q>x c€C

We say that f belongs to BMO(R"™) if f# € L*(R") and denote ||f||pmo =

1| Lo
Let M be the Hardy-Littlewood maximal operator

M) = sup Q! /Q F@)ldy, 0<p< oo,

We set M,,(f) = (M(f?))"/? and denote by A; the class of Muckenhoupt weights (see
[13]):

Ay ={0<we L. (R"): Mw)(z) < Cw(x),a.e.}.

The following theorem is the main result of this paper.

Theorem. Let T be a pseudo-differential operator with a symbol o € 51__%9,{52
0<f<l,0<d<l—-0)andlet 2 <p<o0,0< D <2 w e Ay, and
D*b; € BMO(R") for all o with |a| =mj; and j =1,...,l. Then

1
ITo(Dllzrecr <CTL | D2 1D bllma0 | 1 1lzre -

J=1 \lejl=m;

2. PROOF OF THE THEOREM

To prove the theorem, we need the following lemmas.
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Lemma 1. ([3]) Let b be a function on R™ and D*b € L1(R"™) for all « with |a] =m
and some q > n. Then, for any x # vy,

1/q
1
[Rn (b2, y)| < Clz —y[™ Z <M /Q( )|Dab(z)|qd2> )
) x,y

|a]=m
where Q is the cube centered at x with the side length 5v/n|z — y|.

Lemma 2. ([1]) Let T be a pseudo-differential operator with a symbol o € S;_":’{;Q

(0<0<1,0<d<1—06). Then, for every p, 1 < p < o0,

NT(NDee < CpllfllLe, — f € LP(R").
Lemma 3. ([1]) Let o € S:ﬁgz(O <0<1,0<6<1—-0) and K be the kernel of a
pseudo-differential operator T with a symbol o. Then, for |zg—z| <d <1 andk > 1,

1/2
/ K(@,2 —y) — K(vo, 00— y)Pdy | <
(2bd)1-0 <ly—zo|<(2F+1d)1=0

— |(1=0)(m—n/2)
< oz -1l
= (2Fd)m(1-0) ’
provided m is an integer such that n/2 <m <n/2+1/(1—0).

Lemma 4. ([1]) Let 0 € S 5(0 < p < 1) and

K(z,w) = / XL (1, €) dE.
Then, for lw| > 1/4 and any integer N > 1,

|K(x,w)] < CN|w|_2N.

Lemma 5. Let 1 < p < o0, 0< D < 2" w € A;. Then, for any function f €
LP?(R™, w)

(a) IM(H)lLrew) < CNFFlLoew)s

() NMg(F)llLrew) < ClfllLreq) for 1 <q<p.

Proof. (a) Let f € LP?(R™, w). Then M(wxpg) € A; for any ball B = B(z,d) C R"
(see [8]). Therefore, using the inequality (see [13])
[ (@l < [ 1t
Rn Rn
which is true for any u € A, we get

/B M(f) () Pu(y)dy < / M) () P M (wxs) () dy <

n

<C . | ()P M (wxs)(y)dy <
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oo 32 [ (an g o) o]

<C

1
<C # ()P M (w) (y)dy + / p(/ d >d <
L1t )y Z N e RSO T
# ()P yp M) y)
<c /|f yPuly d“Z/MB T gy <
<C /|f# )Pw(y dy+Z/ ﬂdy <
k+lB onk -
SO sy D27 025 d) < CIF#([L,0 ) D (27" D)Fp(d) <
k=0 k=0
< OFFIoe 0 ()-
Thus,

||M(f)|‘Li"*‘P(w) S C”f#HLp,go(w).

The inequality (b) is proved by an argument similar to that in the proof of (a), and
we omit the details. O
Key Lemma. Let T be a pseudo-differential operator with a symbol o € Sl__";’éz
(0<60<1,0<06<1-0) andlet D*b; € BMO(R"™) for all a with |a| = m;
(j = 1,---,1). Then there exists a constant C > 0 such that for any f € C5°(R"™),
2<r<ooandzé€ R",

l

(To(f <CII| D_ IID%bjlisao | M(f)(@).

=1 \Jay|=m,

Proof. It suffices to prove that for any f € C§°(R"™) and some constant Cj, the
following inequality holds:

ol / T f Co|dx<CH > IDbllsao | M (f)(3).

J=1 \leyj|=m;
Without loss of generality, we can assume [ = 2. Fix a cube Q = Q(zo,d) and & € Q.

We consider two cases.
Case 1. d < 1. Let Q* be the concentric with @ cube with side length d'~¢, Q =

5y/n@Q* and
bj(x) = bi(x) — Y i(Dabj)on‘-

|a|=m;
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Then R, (bj;z,y) = ij(i)j;di,y) and D%; = D%, — (D%j)g for |a| = m;.
Consequently, for f = fXQ + fXRn\Q = f1 + f2 we obtain

—Zl

|y |=mq

—Zl

|az[=ma

LD

lar|=m1, |azl=m2

Therefore,

+|g|/Q

+|g|/Q

.C
Q)

Ty (f)()

R'n.

Oél! R™

a2! Rn

1

H?:l Rm_;’—‘-l (Ej; x, y)

K(z,z —y)f(y)dy =

K(z,v —y) fi(y)dy—

K(z,z —y)fi(y)dy—

Rn |z — y|™
H?:l ij' (5j51‘7y)
|z —y|™
Rm2 (b2; T, y)(x — y)a1Da1b1 (y)
|z —y|™
Ry, (bis 2, y)(x — y)*2 D2 by(y)
|z —y|™

(x — y)@1te2 Dby (y) D2 by (y)

K(z,z —y) fi(y)dy+

+

<.

>

lai[=ma

|z [=ms

R‘n,

R’IL

Q llaz|=ma1, |az|=ma

aqlas! /n |

9 -
Hj:l ij+1(bj;‘ray

i K(z,z —y) fi(y)dy+

)

|z —y|™

K(z,z —y) f2(y) dy.

1
@ /Q |Tb(f)(x) - T}}(f2)(l'o)|dx <

151 R, (bj; 7,)

K(z,z —y) fi(y)dy| dz+

C Db () K (2 — y) 1 (y)dy| dat

Rn |z —y[™
Ry, (bo; 2, 9) (z — y)
|z —y|™

le (El;xay)(x - y)
2 /Rn |z —y|™

= Dobo(y) K (2,2 — ) fr (y)dy| do+

1Dy (y) D2 by (y)

/ (x —y)*e2D

|z —y|™

K(z,z —y) fi(y)dy| dz+

+i/ | T3, (f2)(x) = Ty(f2)(wo)| dw =: Iy + Io + Iy + In + Is.
Ql Jq

To estimate the quantities Iy, Is, I3, I4 and I5, first, for x € Q and y € Q, we use

Lemma 1 and obtain

Ry (bj;,y) < Cle—y[™ Y [ID*bj||saro-

ajl=m

Now, we suppose o(x,&) = o(x,&)|E[0/2¢]79/2 = q(x,€)[¢|~"/2. Then q(z,£) €
S?_Q) s5- Therefore, denoting the pseudo-differential operator with symbol g(z, ) by S
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and applying the Hardy-Littlewood-Soboleve fractional integration theorem and the
L?-boundedness of S (see [1]), we obtain that for 1/p =1/2 —0/2,

2

no< Ol X Ipbilisvo | gy [ 17wl

7=1 \layl=m;

2 1D%blmao (@2 /Q |T(f1)(x)|pdx>1/p

IN
Q
e

J=1 \Jaj|=m;
2 1/2
< oI = 1D%bilisno | 1@ (/ |s<f1><x>|2dx)
=1 \lay|=m; !
2 1/2
< oI S 1D%bilisno | 1@ (/ |f1<x>|2da:)
=1 \Jayl=m; m
2 = 1/2
| Q12 (1 ,
< C [|DYb;|| Baro — | |f(z)|"dx
jll[l |o¢jz—mj ’ ‘Q|1/P |Q| Q
2 1 1/r
< ¢I| X 1pmbilimmo ( / If(x)rdfv>
i=1 \|aj|=m; 1Ql /g

< C

—

Il
—

> 11Dl a0 | My (f)(#).

lecj|=m;

J

For I5, we use Lemma 1 and Holder’s inequality and obtain that for 1/r+1/r' = 1/2,

o 1 o 1/p
Lo Y 0uhilave X (g [ r@Uheras) <

[az|=m2 [ar|=my

3 1/2
<0 X I hllmo 3101 ([ Is0mipe))

<
|z |=ma |1 |=m1
~ 1/2
<C X bl X107 ([ 10mh@h@Pa) <
|az[=ma |a1|=m1 R
<0 X 1 hllol @ T (L[ e - gl an) %
> 2|l BMO =~ — 1(z) — N 1" dx
|aa|=ma ‘Q|1/p lar|=ma |Q‘ Q e

2

1/r
X(%/@f(x)ﬁ@) <CI[| D IID*bllsmo | Me(£)().

i=1 \Jal=m,
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Similarly, for I3, we get

Z |1D*bjl|Brro

|ee|=

el

) M, (f)(2)-

For I, taking r1,75 > 1 such that l/r—l— 1/r1 +1/ro = 1/2, we obtain

I, <C

>

lar|=my,|az|=m2

>

|ar|[=ma,|az|=m2

> ([ i@

lai|=m1,|az|=m2

<c Qe ([ 15D

<C

7 5 1/p
<é| /Q T(Dallea'zbgfl)(m”de) <

1/2
2dx> <

1/2
)|2dx) <

Qv s~ v
<C < / | D7D, |”d:c> X
/R = N [¢]
1 A\ 2 o N
x @/wa ir)  <c[] Z 1D°b; | ar0 | M, (£)(@).
J=1 \la|=
To estimate I5, observe that
K(r,o —y) K(zo,20—y ) 2
T -7 = -
)~y = [ (SRR - ) [T v,
~ ¥ Rm,2 l; ;‘T7
+/ (le (b1;2,y) — le(bn?ﬁo,y)) m(fylmy)K(xowo —y)f2(y)dy
7 7 le 6 ; 9
—i—/’ (Rmz(b%mvy) —Rmz(b%xo,y)) m[((%,xo —y) f2(y)dy

mo (527 Z, y)(l‘ — y)al

Ry, (ba; o, y) (w0 — y)*

TR

la1|=

><D6”51( )fz( )dy

K(z,z—y) —
|z —y|™ )

|zg — y|™

z,y fQ( )

K(l"o,fvo —y)

R, B 3 Ly —y)* R, B ; s —y)*
Z / 1(133@/)(:; ) K(z,z —y) — 1(bri 7o y)(if ) K (wo, 0 —y)
W CVQ " ‘x—y| |‘r0 _y|
QQ‘ =mz2 - )
x Dby (y) f2(y)dy
1 (x —y)ortoe (wo — y) 1oz
i - = 4K T, T — —-— Kz y Lo —
Z al!a2! /n |: |z — y‘m ( y) |x0 — y‘m ( 0,0 y)

lon|=m1, |az|=m:
xD'b1 (y) D*2ba(y) f2(y)dy
BV 4+ 12+ 10+ 1+ 10 + 1.
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By Lemma 1 and the following inequality (see [13])

b@, — ba,| < Clog(|Q2|/|@1NIIblBaso,

which is true when @1 C @2, imply

B (Biz,9)] < Cle—y[™ > (ID*bllzro + (D) g(ay) — (D*D)g))
lo|=m.
< Cklz—y[™ Y |ID*l|swmo,
lor|=m.

forz € Q and y € Q(zo, (28T1d)* =)\ Q (20, (2¥d)'~?). Therefore, noting that |z —y| ~
|zo — y| for z € Q and y € R™\ Q, we obtain

< Yok |K (2,3 —y) — K(20,20 — )|
k=0

/<2kd>19§|y—xo<(2k+ld)19
1 2 .
x| [ | R, (bjs 2, 9)||f () |dy

|z —y[™ 5

oo
D

k=0 (2kd) =0 <|y—zo| < (2k+1d)1 0

2
x| K (w0, 20 = y)| T T 1R, (b5 2, 9)I1.f ()l dy

j=1

2 0o 1/2
CII S 10obillmao | S K2 / )Py
ly—zo|<(2kt1d)1—0

J=1 \|a|=m; k=0

1 1

|.’IJ _ ylm o |$0 _ y|7n

IN

1/2
x </ IK(z,xy)K(xo,xoy)lzdy>
(2Fd)1=0<|y—wzo| < (2K+1d)1—0

2 0o 1/2
C Db, k? *d
fCIT (32 10%lsmo | S </|(d> 7(w) y>

J=1 \|a|=m; k=0

1/2
2

<[/ 10 =91 e (gm0 — )Py )
(2kd)1=0<|y—zo|<(2k+1d)1 -0 lzo — yl

for the second term above, arguing as in the proof of Lemma 2.1 of [1], we obtain

1/2
|zg — | ) |zo — 3;|(1—9)(m—n/2)
VK (20, x0 — d <C ,
</<2kd>19§|y—xo<<2k+ld>19 fro —yp K00 T s (2kd)m(1=0)
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thus, by Lemma 3 and for n/2 < m, we get

la=
1/2
d(1=0)(m—n/2)
2
(2ka)m(-9) <
) Z (2%) o </|y—aco|<(2k+1d)1e /W)l dy) =
= CH ( > ||Dabj||BMO> 3 R2Rk-0 /2
laf= k=1
1 1/r
X Td
(IQ(xO,(gkd)19)| /Q(zo?(m)le) £ ()] y)
2 o0
= H Z Db, |5aro | S K22KA=O0/2=mng (£)(2) <
=1 \lel= k=1
<

lel=

2
H ( > ||Dabj||BMO) M, (f)(2).
To estimate I ) by the equality (see [3]):

Ron(b;2,y) = Ryn(bio,y) = Y %Rm—IBI(Dﬁ& z,x0)(x — )’
|B]<m
and Lemma 1, we get
Bun(B52,9) = Bu(Bi20,0) <C 3 S0 Jo = o™ ¥l — g7 D] paso,
|B]<m |a|=m
thus

2
1P1<c]] ( 3 |D%j|BMO) x
J

j=1 \|al=m

> o200 g, 0 — ) 0 <

= Jarap-o<ly—zol<(2r+1ay-0  |To = Y|

2 (o)
cll ( b)) lDaijBMo) S ko102

la|= k=1

1/r
1
X f)l"dy <
<|Q(~T0»(2’“d)19)| Q(zo,(w)l*%l v )
2
<C

11 ( > ||D“bj||BMo> M, () (@).

J |a|=m;
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Similarly, we obtain

2
I <cII 1 X2 1ID%bsllsno | Mo(f)(@).

j=1 la|=m;

For 1(4) as for I(l) and IEE2), we get that for 1/r +1/r" =1/2

(4) ) (w0 —y)™ N
L7 <C / — R, (bo; 2, y)|| K (z, z—y)|| Db dy+
Wise ¥ [ 2 BB R Gy ) ) [0 ()] o)l
|t |=ma
+C Y / Rony (b33 2, y) ~ Rony (B3 0, >I'(| y)|m'K<m DI ()| 2w dy+
|ag|=my
o —
+C Z / (z,2-y) K(zo,xoy)IWmm(bQ,xo, NIDby ()| f2(y)|dy <
|ag |=my
SC Z |‘Dab2||BMO Z Zk2k(1—9)(n/2—m)x
|a|=m2 |1 |=mq k=1
1 1/2
x f)D* b (y)Pdy | <
<|Q(x0,(2kd)19)| Lo o FD B0
00 1/r
1
<C [D%ba||paro Y | k2R(=)n/2=m) |f(y)|"dy x
|O‘Z7nQ l; |Q($07(2kd)1_9)| Q(:L’o,(de)1*9)
1 1/r
X [(D*1by(y) — (D' b1) )| dy <
|a1|z_:m1 <Q<x0 ) =0)] JQ(ao,(2xayi-2) 9
2 o)
<CII > IIpbjllsmo | D k*2HO=O0/2=maL (£)(3) <
J=1 \|a|=m; k=1
2
<cII| X Ip*billsao | Mo(f)(@).
j=1 \|a|=m;,
Similarly,
2
1 <1 X2 1pobilismo | Mo(£)(@).
i=1 \Jol=m,

For IéG), as for Iél), we get, that for 1/r 4+ 1/r1 + 1/re =1/2,

©Pr<c Y /

[ar[=ma,|az|=m2

OélJrOtz (xO _ y)alJrOtz

|:v—y|m lzo — y|™
x| K (2, — y)|[ D by (y)| | D*ba (y)|| fo(y) | dy+
_ agtaz
+C Z / (r,z—y —K(xo,ﬁo—y)\wx

lzo — y|™
|ar|[=m1,|az|=m2
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x| Dby ()| D*2ba (y)|| fo(y)|dy <

< C Z i2k(179)(n/27m)x

\al\:m1,|o¢2|:m2 k=1

1/2

1 17 27 2

X <|Q($o (2kd)1=9)] Q0. (25 a)1-9) | f(y) D b1 (y) D*?ba(y)] dy) <
’ Zo,

1/r
1
<C 2k(1 9(n/2 m) y Tdy X
< > X Q0 @A) Sy arayn )

|y |=ma,|as|=mae k=1

2 1/r;
. Doy (5) — (Dib)gdy ) <
11 <Q (@0, (")) Joeo.2bay-o) 7 e

j=1
H ( > ||Dabj||BMo) M,.(f)(2).

lel=

Thus

15| < CH ( > ||Dabj|BMO) M, (f)(Z)-

la|=m;

Case 2. d > 1. In this case, let Q = 5/nQ and

ol
Then Ry, (bj;2,y) = Ry, (bj; x,y) and
D%b; = Db; — (D%b;)g, || = m;.

Hence, for f = fXQ + fXRn\Q = f1 + f2, we have

al / T/ ()ld

<5 H“f’jj;fjj””’y)Kw ) f1(v)dy| du
+g| Q a|zm / o bzf_y;?m W% Doy () K (2 — ) 1 (9)dy | do
+g| i |Z N Bomy ’“’x ””_y;fm W% pesiy () K (e, — y)fr (v)dy| do
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1
+@ / |T5(f2)(£ﬁ)|d$ =i+ +J3+J4+ Js5.
Q

69

As for Iy, I, Is and Iy, by the LP(1 < p < co)-boundedness of T' (see Lemma 2), we

get

1/r
Ji < CH ( Z ||Dajbj||BMO) <22| / |T(f1)($)|rd17>

[aj|[=m;
2 1/r
CTI| 5 1omlono |10 ([ 1nera)
=1 \las|=m; e
2 N 1 . 1/r
1;[ (azm |D bj|BMO> (|Q|/Q|f(x)| dw)
< CH ( Z ||Dajbj||BMO) M. (f)(Z);
|aj|=m;
1 1/p
a2 . (63} p
hse 3 b b2||BMo|m§:jml(|Q| [ @b |dx)
<C Y ID%hlpe Y lQIY (/ DU (@ |de)
|az|=m2 lax[=ma R
<C Z [[D*2ba|| Baro ( | DY by (z) — (D“by) |rd93) X
|z |=m2 la1|=m |Q| /
1 1/r 2

Jz < OH ( Z ||Dabj||BMO) M. (f)(Z);

lee|=

_ ~ 1/r
n<c Y |Q|1/'“(/ |T<Da1b1Da2b2f1><:c>|’"dx>
R'Vl

|ar|[=ma,|az|=m2

sc Y e ([ mh@ph@nere)

|a1|=ma,|az|=m2

=02 ﬁ(@ /QlDaﬂ'Bj(aﬂV“jda:)l/m (& /. |f<x>|’°dx)” T

|1 |=ma,|az|=m2 j=1

H ( > ||Dabj||BMo) M,.(f)(2).

lel=
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To estimate J5, observe that

H?:1 ij (ng z, y)

Ti(f)@) = | T @y fy)dy

ocllz:m al / - b2|f_y;|(i— o K(z, 2 —y)D*bi(y) f(y)dy

- e e Dt o
" aﬂlazl / . (xx)gj;% K (2,3 = y)D* by (y) D°*ba (y) o (4)dy

lai|=m1, |az|=m2

Hence, we use Lemma 4 and similar to I5, we get

T (f2)(2)] < CH ( Z |Dabj||BMO> Zkg/ e —=yITMf(y)ldy

|a|=m; k=0 2FHIQ\2*Q

e Z Dbllsme Sk / & — g2 Dby ()] £ () dy

la|= oz |[=my k=0 2’““@\2’“@

e Z 1D a0 S Zk/ ey 2 D) f(v)dy

|aa|=mqo k=0 2FT1Q\2FQ

oY S e D R ID R )y

k41 k
|ar|=ma,|az|=m2 k=0 R\EQ

<ol (2 i) e e gl L o)

la|= k=1

o 1 1/r
+C Db A=Yy k2R ( . "d )
> D%l lsrod ™) | 20 2k@|f(y)| Yy

|a]=ma k=1

, /7’
> (g [ 100 - 0= 0)g)1 )

\oc1|=m1 |2kQ| 2kQ
o 1 1/r
0 S Db aod ™S k2t ( / |f<y>|fdy)
a;m ; 125Q| J2+6

/ 1/r'
2 (IQ:QI | (P70 ) = (D™ ba) ) dy)

|az|=ma2

o] 1/r
—n —kn
+C > d ;2 <|2kQ| nik dy)

|ar|=m1,|az|=m2
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2 1 1/T‘j
. = ) - ) gy
jgl (|2le 2+Q ’ 9
2 00
<CII| 32 1Dbillano | Yo w22 M) (@)
j=1 \|a|=m; k=1
2
<CII| >_ IIP*billsmo | Me(f)(E).
i=1 \la|=m;
Thus,
2
sl <CTT | Do IID%blleamo | Me(£)(#).
J=1 \la|=m;
This completes the proof of Key Lemma. g

Proof of Theorem. Taking 2 < r < p in Key Lemma, by Lemma 5, we obtain

TNl rew) < M@ Lee ) < CHT))F ] Lo )

2
< CII{ Do ID%blizaro | IMe(F)llLre(w)
J=1 \|al=m;
< CII| X WIp“bsllsamo | 11f 1o )
J=1 \|a|=m;
This finishes the proof. O
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