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1. Preliminaries and statements of main results

Throughout this paper, φ denotes a positive, increasing function on R+ and it is
assumed that there exists a constant D > 0 such that

φ(2t) ≤ Dφ(t) for t ≥ 0.

Let w be a weight function on Rn, that is a nonnegative locally integrable function,
and f be a locally integrable function on Rn. Define that, for 1 ≤ p < ∞,

||f ||Lp,φ(w) = sup
x∈Rn, d>0

(
1

φ(d)

∫
B(x,d)

|f(y)|pw(y)dy

)1/p

,

where B(x, d) = {y ∈ Rn : |x− y| < d}. The generalized weighted Morrey spaces are
defined by

Lp,φ(Rn, w) = {f ∈ L1
loc(Rn) : ||f ||Lp,φ(w) < ∞}.

If φ(d) = dδ, δ > 0, then Lp,φ(Rn, w) = Lp,δ(Rn, w), which is the classical Morrey
space (see [16], [17]).
As the development of the Calderón-Zygmund singular integral operators, their commu-
tators and multilinear operators have been well studied (see [3] - [6], [9]). In [14],
Hu and Yang proved a version sharp estimate for the multilinear singular integral
operators. In [18], [19], C. Pérez, G. Pradolini and R. Trujillo-Gonzalez obtained a
sharp weighted estimates for the singular integral operators and their commutators.
The boundedness of the pseudo-differential operators was studied by many authors
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(see [1], [7], [12], [15], [20] - [21]). In [20], the boundedness of the commutators
associated to the pseudo-differential operators are obtained. The main purpose of
this paper is to study the multilinear pseudo-differential operators as follows.
We say a symbol σ(x, ξ) belongs to the class Sm

ρ,δ, if∣∣∣∣ ∂µ

∂xµ

∂ν

∂ξν
σ(x, ξ)

∣∣∣∣ ≤ Cµ,ν(1 + |ξ|)m−ρ|ν|+δ|µ|, x, ξ ∈ Rn,

where µ, ν are multi-indices and |µ| = |µ1|+ . . .+ |µn|. A pseudo-differential operator
with symbol σ(x, ξ) ∈ Sm

ρ,δ is defined by

T (f)(x) =

∫
Rn

e2πix·ξσ(x, ξ)f̂(ξ)dξ,

where f is a Schwartz function and f̂ denotes the Fourier transform of f . It is known
(see [1]) that there exists a kernel K(x, y) such that

T (f)(x) =

∫
Rn

K(x, x− y)f(y)dy,

where
K(x, y) =

∫
Rn

e2πi(x−y)·ξσ(x, ξ)dξ.

In [12] the boundedness of the pseudo-differential operators with symbol σ ∈ S−β
1−θ,δ

(β < nθ/2, 0 ≤ δ < 1 − θ) are obtained. In [15] the boundedness of the pseudo-
differential operators with symbol of orders 0 and −∞ is proved. In [1] some sharp
estimate of the pseudo-differential operators with symbol σ ∈ S

−nθ/2
1−θ,δ (0 < θ < 1, 0 ≤

δ < 1− θ) are obtained. In [20] the boundedness of the pseudo-differential operators
and their commutators with symbol σ ∈ S

−nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ < 1 − θ) are

obtained. Our study are motivated by these papers.
Assuming that T is a pseudo-differential operator with symbol σ(x, ξ) ∈ Sm

ρ,δ that
mj (j = 1, . . . , l) are some positive integers such that m1 + . . .+ml = m and bj are
functions given on Rn, we set

Rmj+1(bj ;x, y) = bj(x)−
∑

|α|≤mj

1

α!
Dαbj(y)(x− y)α, 1 ≤ j ≤ m.

The multilinear operator associated to T is defined by

Tb(f)(x) =

∫
Rn

∏l
j=1 Rmj+1(bj ;x, y)

|x− y|m
K(x, x− y)f(y) dy.

Note that for m = 0, Tb is just the multilinear commutator generated by T and b

(see [18], [19]), while for m > 0, Tb is nontrivial generalizations of the commutator.
It is well known that multilinear operators are of great interest in harmonic analysis
and have been widely studied by many authors (see [3] - [6]). Besides, the Morrey
space can be considered as an extension of the Lebesgue space, since the Morrey
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space Lp,λ becomes Lebesgue space Lp for λ = 0). Hence, it is natural and important
to study the boundedness of multilinear singular integral operators on the Morrey
spaces Lp,λ with λ > 0 (see [2], [10], [11]). The purpose of this paper is twofold. First,
we establish a sharp inequality for multilinear pseudo-differential operator Tb with
symbol σ ∈ S

−nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ < 1 − θ). Then, we use this sharp inequality

to prove the boundedness for the multilinear operators on the generalized weighted
Morrey spaces.
Now, we introduce some notations. Denote by Q a cube in Rn with sides parallel
to the coordinate axes. For any locally integrable function f , its sharp function is
defined by

f#(x) = sup
Q∋x

1

|Q|

∫
Q

|f(y)− fQ| dy,

where, and in what follows, fQ = |Q|−1
∫
Q
f(x) dx. It is well-known (see [13]) that

f#(x) ≈ sup
Q∋x

inf
c∈C

1

|Q|

∫
Q

|f(y)− c| dy.

We say that f belongs to BMO(Rn) if f# ∈ L∞(Rn) and denote ||f ||BMO =

||f#||L∞ .
Let M be the Hardy-Littlewood maximal operator

M(f)(x) = sup
Q∋x

|Q|−1

∫
Q

|f(y)| dy, 0 < p < ∞.

We set Mp(f) = (M(fp))1/p and denote by A1 the class of Muckenhoupt weights (see
[13]):

A1 = {0 < w ∈ L1
loc(R

n) : M(w)(x) ≤ Cw(x), a.e.}.

The following theorem is the main result of this paper.
Theorem. Let T be a pseudo-differential operator with a symbol σ ∈ S

−nθ/2
1−θ,δ

(0 < θ < 1, 0 ≤ δ < 1 − θ) and let 2 < p < ∞, 0 < D < 2n, w ∈ A1, and
Dαbj ∈ BMO(Rn) for all α with |α| = mj and j = 1, . . . , l. Then

||Tb(f)||Lp,φ(w) ≤ C

l∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

 ||f ||Lp,φ(w).

2. Proof of the Theorem

To prove the theorem, we need the following lemmas.
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Lemma 1. ([3]) Let b be a function on Rn and Dαb ∈ Lq(Rn) for all α with |α| = m

and some q > n. Then, for any x ̸= y,

|Rm(b;x, y)| ≤ C|x− y|m
∑

|α|=m

(
1

|Q̃(x, y)|

∫
Q̃(x,y)

|Dαb(z)|qdz

)1/q

,

where Q̃ is the cube centered at x with the side length 5
√
n|x− y|.

Lemma 2. ([1]) Let T be a pseudo-differential operator with a symbol σ ∈ S
−nθ/2
1−θ,δ

(0 < θ < 1, 0 ≤ δ < 1− θ). Then, for every p, 1 < p < ∞,

||T (f)||Lp ≤ Cp||f ||Lp , f ∈ Lp(Rn).

Lemma 3. ([1]) Let σ ∈ S
−nθ/2
1−θ,δ (0 < θ < 1, 0 ≤ δ < 1− θ) and K be the kernel of a

pseudo-differential operator T with a symbol σ. Then, for |x0−x| ≤ d < 1 and k ≥ 1,(∫
(2kd)1−θ≤|y−x0|<(2k+1d)1−θ

|K(x, x− y)−K(x0, x0 − y)|2dy

)1/2

≤

≤ C
|x0 − x|(1−θ)(m−n/2)

(2kd)m(1−θ)
,

provided m is an integer such that n/2 < m < n/2 + 1/(1− θ).

Lemma 4. ([1]) Let σ ∈ S0
ρ,δ(0 < ρ < 1) and

K(x,w) =

∫
Rn

e2πiw·ξσ(x, ξ) dξ.

Then, for |w| ≥ 1/4 and any integer N ≥ 1,

|K(x,w)| ≤ CN |w|−2N .

Lemma 5. Let 1 < p < ∞, 0 < D < 2n, w ∈ A1. Then, for any function f ∈
Lp,φ(Rn, w)

(a) ||M(f)||Lp,φ(w) ≤ C||f#||Lp,φ(w);
(b) ||Mq(f)||Lp,φ(w) ≤ C||f ||Lp,φ(w) for 1 < q < p.

Proof. (a) Let f ∈ Lp,φ(Rn, w). Then M(wχB) ∈ A1 for any ball B = B(x, d) ⊂ Rn

(see [8]). Therefore, using the inequality (see [13])∫
Rn

|M(f)(y)|pu(y)dy ≤ C

∫
Rn

|f#(y)|pu(y)dy,

which is true for any u ∈ A1, we get∫
B

|M(f)(y)|pw(y)dy ≤
∫
Rn

|M(f)(y)|pM(wχB)(y)dy ≤

≤ C

∫
Rn

|f#(y)|pM(wχB)(y)dy ≤
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≤ C

[∫
B

|f#(y)|pM(w)(y)dy +
∞∑
k=0

∫
2k+1B\2kB

|f#(y)|p
(
sup
Q∋y

1

|Q|

∫
B

w(z)dz

)
dy

]
≤

≤ C

[∫
B

|f#(y)|pM(w)(y)dy +

∞∑
k=0

∫
2k+1B\2kB

|f#(y)|p
(

1

|2k+1B|

∫
B

w(z)dz

)
dy

]
≤

≤ C

[∫
B

|f#(y)|pw(y)dy +
∞∑
k=0

∫
2k+1B

|f#(y)|pM(w)(y)

2n(k+1)
dy

]
≤

≤ C

[∫
B

|f#(y)|pw(y)dy +
∞∑
k=0

∫
2k+1B

|f#(y)|pw(y)
2nk

dy

]
≤

≤ C||f#||pLp,φ(w)

∞∑
k=0

2−nkφ(2k+1d) ≤ C||f#||pLp,φ(w)

∞∑
k=0

(2−nD)kφ(d) ≤

≤ C||f#||pLp,φ(w)φ(d).

Thus,

||M(f)||Lp,φ(w) ≤ C||f#||Lp,φ(w).

The inequality (b) is proved by an argument similar to that in the proof of (a), and
we omit the details. �
Key Lemma. Let T be a pseudo-differential operator with a symbol σ ∈ S

−nθ/2
1−θ,δ

(0 < θ < 1, 0 ≤ δ < 1 − θ) and let Dαbj ∈ BMO(Rn) for all α with |α| = mj

(j = 1, · · ·, l). Then there exists a constant C > 0 such that for any f ∈ C∞
0 (Rn),

2 < r < ∞ and x̃ ∈ Rn,

(Tb(f))
#(x̃) ≤ C

l∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

Mr(f)(x̃).

Proof. It suffices to prove that for any f ∈ C∞
0 (Rn) and some constant C0, the

following inequality holds:

1

|Q|

∫
Q

|Tb(f)(x)− C0|dx ≤ C
l∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

Mr(f)(x̃).

Without loss of generality, we can assume l = 2. Fix a cube Q = Q(x0, d) and x̃ ∈ Q.
We consider two cases.
Case 1. d ≤ 1. Let Q∗ be the concentric with Q cube with side length d1−θ, Q̃ =

5
√
nQ∗ and

b̃j(x) = bj(x)−
∑

|α|=mj

1

α!
(Dαbj)Q̃x

α.
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Then Rmj (bj ;x, y) = Rmj (b̃j ;x, y) and Dαb̃j = Dαbj − (Dαbj)Q̃ for |α| = mj .
Consequently, for f = fχQ̃ + fχRn\Q̃ = f1 + f2 we obtain

Tb(f)(x) =

∫
Rn

∏2
j=1 Rmj+1(b̃j ;x, y)

|x− y|m
K(x, x− y)f(y)dy =

=

∫
Rn

∏2
j=1 Rmj (b̃j ;x, y)

|x− y|m
K(x, x− y)f1(y)dy−

−
∑

|α1|=m1

1

α1!

∫
Rn

Rm2(b̃2;x, y)(x− y)α1Dα1 b̃1(y)

|x− y|m
K(x, x− y)f1(y)dy−

−
∑

|α2|=m2

1

α2!

∫
Rn

Rm1(b̃1;x, y)(x− y)α2Dα2 b̃2(y)

|x− y|m
K(x, x− y)f1(y)dy+

+
∑

|α1|=m1, |α2|=m2

1

α1!α2!

∫
Rn

(x− y)α1+α2Dα1 b̃1(y)D
α2 b̃2(y)

|x− y|m
K(x, x− y)f1(y)dy+

+

∫
Rn

∏2
j=1 Rmj+1(b̃j ;x, y)

|x− y|m
K(x, x− y)f2(y) dy.

Therefore,
1

|Q|

∫
Q

|Tb(f)(x)− Tb̃(f2)(x0)|dx ≤

≤ 1

|Q|

∫
Q

∣∣∣∣∣
∫
Rn

∏2
j=1 Rmj (b̃j ;x, y)

|x− y|m
K(x, x− y)f1(y)dy

∣∣∣∣∣ dx+
+

C

|Q|

∫
Q

∣∣∣∣∣∣
∑

|α1|=m1

∫
Rn

Rm2(b̃2;x, y)(x− y)α1

|x− y|m
Dα1 b̃1(y)K(x, x− y)f1(y)dy

∣∣∣∣∣∣ dx+
+

C

|Q|

∫
Q

∣∣∣∣∣∣
∑

|α2|=m2

∫
Rn

Rm1(b̃1;x, y)(x− y)α2

|x− y|m
Dα2 b̃2(y)K(x, x− y)f1(y)dy

∣∣∣∣∣∣ dx+
+

C

|Q|

∫
Q

∣∣∣∣∣∣
∑

|α1|=m1, |α2|=m2

∫
Rn

(x− y)α1+α2Dα1 b̃1(y)D
α2 b̃2(y)

|x− y|m
K(x, x− y)f1(y)dy

∣∣∣∣∣∣ dx+
+

1

|Q|

∫
Q

∣∣Tb̃(f2)(x)− Tb̃(f2)(x0)
∣∣ dx =: I1 + I2 + I3 + I4 + I5.

To estimate the quantities I1, I2, I3, I4 and I5, first, for x ∈ Q and y ∈ Q̃, we use
Lemma 1 and obtain

Rm(b̃j ;x, y) ≤ C|x− y|m
∑

|αj |=m

||Dαj bj ||BMO.

Now, we suppose σ(x, ξ) = σ(x, ξ)|ξ|nθ/2|ξ|−nθ/2 = q(x, ξ)|ξ|−nθ/2. Then q(x, ξ) ∈
S0
1−θ,δ. Therefore, denoting the pseudo-differential operator with symbol q(x, ξ) by S
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and applying the Hardy-Littlewood-Soboleve fractional integration theorem and the
L2-boundedness of S (see [1]), we obtain that for 1/p = 1/2− θ/2,

I1 ≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

 1

|Q|

∫
Q

|T (f1)(x)|dx

≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

( 1

|Q|

∫
Q

|T (f1)(x)|pdx
)1/p

≤ C

2∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

 |Q|−1/p

(∫
Rn

|S(f1)(x)|2dx
)1/2

≤ C

2∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

 |Q|−1/p

(∫
Rn

|f1(x)|2dx
)1/2

≤ C

2∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

 |Q̃|1/2

|Q|1/p

(
1

|Q̃|

∫
Q̃

|f(x)|2dx
)1/2

≤ C

2∏
j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

( 1

|Q̃|

∫
Q̃

|f(x)|rdx
)1/r

≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

Mr(f)(x̃).

For I2, we use Lemma 1 and Hölder’s inequality and obtain that for 1/r+1/r′ = 1/2,

I2 ≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

(
1

|Q|

∫
Q

|T (Dα1 b̃1f1)(x)|pdx
)1/p

≤

≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

|Q|−1/p

(∫
Rn

|S(Dα1 b̃1f1)(x)|2dx
)1/2

≤

≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

|Q|−1/p

(∫
Rn

|Dα1 b̃1(x)f1(x)|2dx
)1/2

≤

≤ C
∑

|α2|=m2

||Dα2b2||BMO
|Q̃|1/2

|Q̃|1/p
∑

|α1|=m1

(
1

|Q̃|

∫
Q̃

|Dα1b1(x)− (Dαbj)Q̃|
r′dx

)1/r′

×

×
(

1

|Q̃|

∫
Q̃

|f(x)|rdx
)1/r

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).
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Similarly, for I3, we get

I3 ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).

For I4, taking r1, r2 > 1 such that 1/r + 1/r1 + 1/r2 = 1/2, we obtain

I4 ≤ C
∑

|α1|=m1,|α2|=m2

(
1

|Q|

∫
Q

|T (Dα1 b̃1D
α2 b̃2f1)(x)|pdx

)1/p

≤

≤ C
∑

|α1|=m1,|α2|=m2

|Q|−1/p

(∫
Rn

|S(Dα1 b̃1D
α2 b̃2f1)(x)|2dx

)1/2

≤

≤ C
∑

|α1|=m1,|α2|=m2

|Q|−1/p

(∫
Rn

|Dα1 b̃1(x)D
α2 b̃2(x)f1(x)|2dx

)1/2

≤

≤ C
|Q̃|1/2

|Q̃|1/p
∑

|α1|=m1,|α2|=m2

2∏
j=1

(
1

|Q̃|

∫
Q̃

|Dαj b̃j(x)|rjdx
)1/rj

×

×
(

1

|Q̃|

∫
Q̃

|f(x)|rdx
)1/r

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).

To estimate I5, observe that

Tb̃(f2)(x)− Tb̃(f2)(x0) =

∫
Rn

(
K(x, x− y)

|x− y|m
− K(x0, x0 − y)

|x0 − y|m

) 2∏
j=1

Rmj
(b̃j ;x, y)f2(y)dy

+

∫
Rn

(
Rm1(b̃1;x, y)−Rm1(b̃1;x0, y)

) Rm2(b̃2;x, y)

|x0 − y|m
K(x0, x0 − y)f2(y)dy

+

∫
Rn

(
Rm2(b̃2;x, y)−Rm2(b̃2;x0, y)

) Rm1(b̃1;x0, y)

|x0 − y|m
K(x0, x0 − y)f2(y)dy

−
∑

|α1|=m1

1

α1!

∫
Rn

[
Rm2(b̃2;x, y)(x− y)α1

|x− y|m
K(x, x− y)− Rm2(b̃2;x0, y)(x0 − y)α1

|x0 − y|m
K(x0, x0 − y)

]
×Dα1 b̃1(y)f2(y)dy

−
∑

|α2|=m2

1

α2!

∫
Rn

[
Rm1(b̃1;x, y)(x− y)α2

|x− y|m
K(x, x− y)− Rm1(b̃1;x0, y)(x0 − y)α2

|x0 − y|m
K(x0, x0 − y)

]
×Dα2 b̃2(y)f2(y)dy

+
∑

|α1|=m1, |α2|=m2

1

α1!α2!

∫
Rn

[
(x− y)α1+α2

|x− y|m
K(x, x− y)− (x0 − y)α1+α2

|x0 − y|m
K(x0, x0 − y)

]
×Dα1 b̃1(y)D

α2 b̃2(y)f2(y)dy

=: I
(1)
5 + I

(2)
5 + I

(3)
5 + I

(4)
5 + I

(5)
5 + I

(6)
5 .
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By Lemma 1 and the following inequality (see [13])

|bQ1 − bQ2 | ≤ C log(|Q2|/|Q1|)||b||BMO,

which is true when Q1 ⊂ Q2, imply

|Rm(b̃;x, y)| ≤ C|x− y|m
∑

|α|=m

(||Dαb||BMO + |(Dαb)Q̃(x,y) − (Dαb)Q̃|)

≤ Ck|x− y|m
∑

|α|=m

||Dαb||BMO,

for x ∈ Q and y ∈ Q(x0, (2
k+1d)1−θ)\Q(x0, (2

kd)1−θ). Therefore, noting that |x−y| ∼
|x0 − y| for x ∈ Q̃ and y ∈ Rn \ Q̃, we obtain

|I(1)5 | ≤
∞∑
k=0

k2
∫
(2kd)1−θ≤|y−x0|<(2k+1d)1−θ

|K(x, x− y)−K(x0, x0 − y)|

× 1

|x− y|m
2∏

j=1

|Rmj (b̃j ;x, y)||f(y)|dy

+
∞∑
k=0

k2
∫
(2kd)1−θ≤|y−x0|<(2k+1d)1−θ

∣∣∣∣ 1

|x− y|m
− 1

|x0 − y|m

∣∣∣∣
×|K(x0, x0 − y)|

2∏
j=1

|Rmj (b̃j ;x, y)||f(y)|dy

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ∞∑
k=0

k2

(∫
|y−x0|<(2k+1d)1−θ

|f(y)|2dy

)1/2

×

(∫
(2kd)1−θ≤|y−x0|<(2k+1d)1−θ

|K(x, x− y)−K(x0, x0 − y)|2dy

)1/2

+C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ∞∑
k=0

k2

(∫
|y−x0|<(2k+1d)1−θ

|f(y)|2dy

)1/2

×

(∫
(2kd)1−θ≤|y−x0|<(2k+1d)1−θ

|x0 − x|2

|x0 − y|2
|K(x0, x0 − y)|2dy

)1/2

,

for the second term above, arguing as in the proof of Lemma 2.1 of [1], we obtain

(∫
(2kd)1−θ≤|y−x0|<(2k+1d)1−θ

|x0 − x|2

|x0 − y|2
|K(x0, x0 − y)|2dy

)1/2

≤ C
|x0 − x|(1−θ)(m−n/2)

(2kd)m(1−θ)
,
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thus, by Lemma 3 and for n/2 < m, we get

|I(1)5 | ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

×

×
∞∑
k=0

k2
d(1−θ)(m−n/2)

(2kd)m(1−θ)

(∫
|y−x0|<(2k+1d)1−θ

|f(y)|2dy

)1/2

≤

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ∞∑
k=1

k22k(1−θ)(n/2−m) ×

×

(
1

|Q(x0, (2kd)1−θ)|

∫
Q(x0,(2kd)1−θ)

|f(y)|rdy

)1/r

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ∞∑
k=1

k22k(1−θ)(n/2−m)Mr(f)(x̃) ≤

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).

To estimate I
(2)
5 , by the equality (see [3]):

Rm(b̃;x, y)−Rm(b̃;x0, y) =
∑

|β|<m

1

β!
Rm−|β|(D

β b̃;x, x0)(x− y)β

and Lemma 1, we get

|Rm(b̃;x, y)−Rm(b̃;x0, y)| ≤ C
∑

|β|<m

∑
|α|=m

|x− x0|m−|β||x− y||β|||Dαb||BMO,

thus

|I(2)5 | ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

×

×
∞∑
k=0

∫
(2kd)1−θ≤|y−x0|<(2k+1d)1−θ

k
|x− x0|
|x0 − y|

|K(x0, x0 − y)||f(y)|dy ≤

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ∞∑
k=1

k2k(1−θ)(n/2−m) ×

×

(
1

|Q(x0, (2kd)1−θ)|

∫
Q(x0,(2kd)1−θ)

|f(y)|rdy

)1/r

≤

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).
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Similarly, we obtain

|I(3)5 | ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).

For I
(4)
5 , as for I

(1)
5 and I

(2)
5 , we get that for 1/r + 1/r′ = 1/2

|I(4)5 | ≤ C
∑

|α1|=m1

∫
Rn

∣∣∣∣ (x− y)α1

|x− y|m
− (x0 − y)α1

|x0 − y|m

∣∣∣∣ |Rm2(b̃2;x, y)||K(x, x−y)||Dα1 b̃1(y)||f2(y)|dy+

+C
∑

|α1|=m1

∫
Rn

|Rm2
(b̃2;x, y)−Rm2

(b̃2;x0, y)|
|(x0 − y)α1 |
|x0 − y|m

|K(x, x−y)||Dα1 b̃1(y)||f2(y)|dy+

+C
∑

|α1|=m1

∫
Rn

|K(x, x−y)−K(x0, x0−y)| |(x0 − y)α1 |
|x0 − y|m

|Rm2(b̃2;x0, y)||Dα1 b̃1(y)||f2(y)|dy ≤

≤ C
∑

|α|=m2

||Dαb2||BMO

∑
|α1|=m1

∞∑
k=1

k2k(1−θ)(n/2−m)×

×

(
1

|Q(x0, (2kd)1−θ)|

∫
Q(x0,(2kd)1−θ)

|f(y)Dα1 b̃1(y)|2dy

)1/2

≤

≤ C
∑

|α|=m2

||Dαb2||BMO

∞∑
k=1

k2k(1−θ)(n/2−m)

(
1

|Q(x0, (2kd)1−θ)|

∫
Q(x0,(2kd)1−θ)

|f(y)|rdy

)1/r

×

×
∑

|α1|=m1

(
1

|Q(x0, (2kd)1−θ)|

∫
Q(x0,(2kd)1−θ)

|(Dα1b1(y)− (Dα1b1)Q̃)|
r′dy

)1/r′

≤

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ∞∑
k=1

k22k(1−θ)(n/2−m)Mr(f)(x̃) ≤

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).

Similarly,

|I(5)5 | ≤ C

2∏
j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).

For I
(6)
5 , as for I

(1)
5 , we get, that for 1/r + 1/r1 + 1/r2 = 1/2,

|I(6)5 | ≤ C
∑

|α1|=m1,|α2|=m2

∫
Rn

∣∣∣∣ (x− y)α1+α2

|x− y|m
− (x0 − y)α1+α2

|x0 − y|m

∣∣∣∣×
×|K(x, x− y)||Dα1 b̃1(y)||Dα2 b̃2(y)||f2(y)|dy+

+C
∑

|α1|=m1,|α2|=m2

∫
Rn

|K(x, x− y)−K(x0, x0 − y)| |(x0 − y)α1+α2 |
|x0 − y|m

×
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×|Dα1 b̃1(y)||Dα2 b̃2(y)||f2(y)|dy ≤

≤ C
∑

|α1|=m1,|α2|=m2

∞∑
k=1

2k(1−θ)(n/2−m)×

×

(
1

|Q(x0, (2kd)1−θ)|

∫
Q(x0,(2kd)1−θ)

|f(y)Dα1 b̃1(y)D
α2 b̃2(y)|2dy

)1/2

≤

≤ C
∑

|α1|=m1,|α2|=m2

∞∑
k=1

2k(1−θ)(n/2−m)

(
1

|Q(x0, (2kd)1−θ)|

∫
Q(x0,(2kd)1−θ)

|f(y)|rdy

)1/r

×

×
2∏

j=1

(
1

|Q(x0, (2kd)1−θ)|

∫
Q(x0,(2kd)1−θ)

|Dαj bj(y)− (Dαj bj)Q̃|
rjdy

)1/rj

≤

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).

Thus

|I5| ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).

Case 2. d > 1. In this case, let Q̃ = 5
√
nQ and

b̃j(x) = bj(x)−
∑

|α|=mj

1

α!
(Dαbj)Q̃x

α.

Then Rmj (bj ;x, y) = Rmj (b̃j ;x, y) and

Dαb̃j = Dαbj − (Dαbj)Q̃, |α| = mj .

Hence, for f = fχQ̃ + fχRn\Q̃ = f1 + f2, we have

1

|Q|

∫
Q

|Tb(f)(x)|dx

≤ 1

|Q|

∫
Q

∣∣∣∣∣
∫
Rn

∏2
j=1 Rmj (b̃j ;x, y)

|x− y|m
K(x, x− y)f1(y)dy

∣∣∣∣∣ dx
+

C

|Q|

∫
Q

∣∣∣∣∣∣
∑

|α1|=m1

∫
Rn

Rm2(b̃2;x, y)(x− y)α1

|x− y|m
Dα1 b̃1(y)K(x, x− y)f1(y)dy

∣∣∣∣∣∣ dx
+

C

|Q|

∫
Q

∣∣∣∣∣∣
∑

|α2|=m2

∫
Rn

Rm1(b̃1;x, y)(x− y)α2

|x− y|m
Dα2 b̃2(y)K(x, x− y)f1(y)dy

∣∣∣∣∣∣ dx
+

C

|Q|

∫
Q

∣∣∣∣∣∣
∑

|α1|=m1, |α2|=m2

∫
Rn

(x− y)α1+α2Dα1 b̃1(y)D
α2 b̃2(y)

|x− y|m
K(x, x− y)f1(y)dy

∣∣∣∣∣∣ dx
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+
1

|Q|

∫
Q

|Tb̃(f2)(x)|dx =: J1 + J2 + J3 + J4 + J5.

As for I1, I2, I3 and I4, by the Lp(1 < p < ∞)-boundedness of T (see Lemma 2), we
get

J1 ≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

( 1

|Q|

∫
Rn

|T (f1)(x)|rdx
)1/r

≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

 |Q|−1/r

(∫
Rn

|f1(x)|rdx
)1/r

≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

( 1

|Q̃|

∫
Q̃

|f(x)|rdx
)1/r

≤ C
2∏

j=1

 ∑
|αj |=mj

||Dαj bj ||BMO

Mr(f)(x̃);

J2 ≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

(
1

|Q|

∫
Rn

|T (Dα1 b̃1f1)(x)|pdx
)1/p

≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

|Q|−1/r

(∫
Rn

|Dα1 b̃1(x)f1(x)|pdx
)1/p

≤ C
∑

|α2|=m2

||Dα2b2||BMO

∑
|α1|=m1

(
1

|Q̃|

∫
Q̃

|Dα1b1(x)− (Dαb1)Q̃|
r′dx

)1/r′

×

×
(

1

|Q̃|

∫
Q̃

|f(x)|rdx
)1/r

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃);

J3 ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃);

J4 ≤ C
∑

|α1|=m1,|α2|=m2

|Q|−1/r

(∫
Rn

|T (Dα1 b̃1D
α2 b̃2f1)(x)|rdx

)1/r

≤ C
∑

|α1|=m1,|α2|=m2

|Q|−1/r

(∫
Rn

|Dα1 b̃1(x)D
α2 b̃2(x)f1(x)|rdx

)1/r

≤ C
∑

|α1|=m1,|α2|=m2

2∏
j=1

(
1

|Q̃|

∫
Q̃

|Dαj b̃j(x)|rjdx
)1/rj ( 1

|Q̃|

∫
Q̃

|f(x)|rdx
)1/r

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).
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To estimate J5, observe that

Tb̃(f2)(x) =

∫
Rn

∏2
j=1 Rmj

(b̃j ;x, y)

|x− y|m
K(x, x− y)f2(y)dy

−
∑

|α1|=m1

1

α1!

∫
Rn

Rm2(b̃2;x, y)(x− y)α1

|x− y|m
K(x, x− y)Dα1 b̃1(y)f2(y)dy

−
∑

|α2|=m2

1

α2!

∫
Rn

Rm1(b̃1;x, y)(x− y)α2

|x− y|m
K(x, x− y)Dα2 b̃2(y)f2(y)dy

+
∑

|α1|=m1, |α2|=m2

1

α1!α2!

∫
Rn

(x− y)α1+α2

|x− y|m
K(x, x− y)Dα1 b̃1(y)D

α2 b̃2(y)f2(y)dy.

Hence, we use Lemma 4 and similar to I5, we get

|Tb̃(f2)(x)| ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ∞∑
k=0

k2
∫
2k+1Q̃\2kQ̃

|x− y|−2n|f(y)|dy

+C
∑

|α|=m2

||Dαb2||BMO

∑
|α1|=m1

∞∑
k=0

k

∫
2k+1Q̃\2kQ̃

|x− y|−2n|Dα1 b̃1(y)||f(y)|dy

+C
∑

|α|=m1

||Dαb1||BMO

∑
|α2|=m2

∞∑
k=0

k

∫
2k+1Q̃\2kQ̃

|x− y|−2n|Dα2 b̃2(y)||f(y)|dy

+C
∑

|α1|=m1,|α2|=m2

∞∑
k=0

∫
2k+1Q̃\2kQ̃

|x− y|−2n|Dα1 b̃1(y)||Dα2 b̃2(y)||f(y)|dy

≤ C

2∏
j=1

 ∑
|α|=mj

||Dαbj ||BMO

 d−n
∞∑
k=1

k22−kn

(
1

|2kQ̃|

∫
2kQ̃

|f(y)|rdy
)1/r

+C
∑

|α|=m2

||Dαb2||BMOd
−n

∞∑
k=1

k2−kn

(
1

|2kQ̃|

∫
2kQ̃

|f(y)|rdy
)1/r

×
∑

|α1|=m1

(
1

|2kQ̃|

∫
2kQ̃

|(Dα1b1(y)− (Dα1b1)Q̃)|
r′dy

)1/r′

+C
∑

|α|=m1

||Dαb1||BMOd
−n

∞∑
k=1

k2−kn

(
1

|2kQ̃|

∫
2kQ̃

|f(y)|rdy
)1/r

×
∑

|α2|=m2

(
1

|2kQ̃|

∫
2kQ̃

|(Dα2b2(y)− (Dα1b2)Q̃)|
r′dy

)1/r′

+C
∑

|α1|=m1,|α2|=m2

d−n
∞∑
k=1

2−kn

(
1

|2kQ̃|

∫
2kQ̃

|f(y)|rdy
)1/r
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×
2∏

j=1

(
1

|2kQ̃|

∫
2kQ̃

|Dαj bj(y)− (Dαj bj)Q̃|
rjdy

)1/rj

≤ C

2∏
j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ∞∑
k=1

k22−knMr(f)(x̃)

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).

Thus,

|J5| ≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

Mr(f)(x̃).

This completes the proof of Key Lemma. �
Proof of Theorem. Taking 2 < r < p in Key Lemma, by Lemma 5, we obtain

||Tb(f)||Lp,φ(w) ≤ ||M(Tb(f))||Lp,φ(w) ≤ C||(Tb(f))
#||Lp,φ(w)

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ||Mr(f)||Lp,φ(w)

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||BMO

 ||f ||Lp,φ(w).

This finishes the proof. �
Acknowledgement. The author would like to express gratitude to the referee for
his comments and suggestions.
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