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АННОТАЦИЯ. T h e R iemann zeta-function Z has the following well-known proper-
ties: 

(M) It is meromorphic in С with a s imple pole at z = 1 with residue 1. 
( S R ) T h e s y m m e t r y relation Z(z) = Z(z) holds for z = 1 . 
( F E ) T h e following functional equat ion holds: 

Z ( z ) r ( z / 2 ) n - z / 2 = Z(1 ֊ z ) r ( ( 1 - z ) / 2 ) n - ( 1 - z ) / 2 . 

Moreover, Z has a universality property due to Voronin (1975). We show that 
arbitrari ly close approx imat ions of the R i e m a n n zeta-function that sa t i s fy (M) , 
( S R ) , ( F E ) m a y have a different universality property. Consequently, these appro-
x imat ions do not sat i s fy the R iemann hypothesis . Moreover, we investigate the 
set of all "BirkhofF-universal" functions sat i s fy ing (M) , ( S R ) , ( F E ) . 

1. I N T R O D U C T I O N 

The Riemann zeta-function Z(z) has the following well-known properties, cf. [5j: 

(M) It is meromorphic with at least a single pole at z = 1 with residue 1. 

(M*) It is holomorphic in the complex plane except for just one single pole at z = 1 

with residue 1. 

(SR) The symmetry relation Z(z) = Z(z) holds for z = 1. 

(FE) The functional equation Z(z)T(z/2)n - z / 2 = Z(1 ֊ z ) r ( (1 - z)/2)n - ( 1 - z ) / 2  

holds. 

(V) It has a universality property due to Voronin (1975): For every compact set 

K С {z: 2 < m.z < 1} with connected complement, every function 

f G A(K) := { f : f is continuous on K and holomorphic in the interior of K} 

zero-free on K and every e > 0: 

liminf ^ m e a s \r G [0,Т]: max |Z(z + ir) — f (z)\ < e l > 0, 
Т^<х> Т I z^K I 

where meas stands for the Lebesgue measure. 
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Voronin's Theorem has many applications in physics and is very close to Riemann's 

famous conjecture, i. e.the real part of every non-trivial zero of С is 1/2- To explain, 

we give the following two results, cf. [5]. 

T h e o r e m 1 (Bagchi (1981)). Riemann's Conjecture is true if and only if Voronin's 

result also holds in case of f = С-

T h e o r e m 2. Riemann's Conjecture is false if Voronin's result holds for some function 

f փ 0 with at least one zero in the interior K° of K. 

Proof: If Voronin's result holds for such a function f , we obtain a sequence {тп } с R 

such that {С(z + iTn)} converges compactly in K° to that function f . Assuming 

Riemann's hypothesis to be true, {С(z + iTn)} is a sequence of holomorphic and 

non-vanishing functions in K B y Hurwitz' Theorem the limit function f is either 

equivalently 0 or also non-vanishing. We have a contradiction. 

2. N O T A T I O N S 

Let b = {bn} с С be a sequence without finite accumulation point and a = {an} 

with an ^ 0. A compact set K is called a Mergelian set if its complement K c : = С \ K 

is connected. We call a compact set K a Vitushkin set, ՛մ for all open disks D с С 

we have 

a(D \ K) = a(D \ K°), 

where a denotes the continuous analytic capacity of the considered set. The family 

of all Mergelian sets we denote by M and the family of all Vitushkin sets by V. The 

famous theorems of Mergelian and Vitushkin state that each function f G A(K) is 

K 

and only if K G M or K GV respectively. 

A function < is said to satisfy one of the following universality properties if 

(Bb, M ) For every K G M , every function f G A(K), there exists 
a subsequence {nk} С N with <(z + bnk) ^ f (z) uniformly on K. 

(La,b, M) For every K G M , every funct ion f G A(K), there exists 
a subsequence {nk} С N with <(ank z + bnk) ^ f (z) uniformly on K. 

If these universality properties should hold for every K G V, instead of K G M, we 

denote them by (Bb, V) and (La,b, V) respectively. Moreover, we say that b satisfies 

(A) if b = {bn} С {z: ^z G [0,1], 9 z = 0} , 

(B) if dist(bn ; {z: G [0,1] or ^z = 0 } ) ^ то, as n ^ <x>. 
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3. M A I N R E S U L T S 

Our aim is to construct functions that satisfy several of these properties and 

Z 

Pustyl'nikov [4]. 

T h e o r e m 3 (Pustyl'nikov (2003)). There are functions satisfying (M*), (SR), (FE), 

but Riemann's Conjecture does not apply to them. Simultaneously, these functions 

approximate the Riemann zeta-function uniformly on compact sets K G M with 

1 G K. 

In 2004, this result was improved by Gauthier and Zeron [1]. They were able to 

Z 

sets with arbitrarily small complement. This means that the approximants and the 

zeta-function itself are "almost"indistinguishable. Our results are as follows: 

T h e o r e m 4. If b has (A) and (B), then there exists a meromorphic function Zi with 

(M),(SR),(FE),(V) and (Bb, V). The functions Zi and Z have the same zeros in the 

critical strip. 

T h e o r e m 5. Let Л > 0 and b with (A). First, there exists a closed set S with area of 

the complement of S less than Л. Second, for every positive function e G C(S) there 

exists a meromorphic function Z2 with (M),(SR), (FE),(La,b, V) for some sequence a 

and 

Finally, we obtain a generic result. Let CTO = C U { ж } be the extended complex 

plane and d(z, w) the chordal bet ween z,w G CT O . If f is a meromorphic function 

on C, and if f (z) = ж whenever z is a pole of f in C, then f : C ^ CTO is a 

continuous function, for short f G C(C, CT O) . Setting D n : = {z : \z\ < n}, Qn(f,g) := 

max{d(f (z),g(z)) : z G D „ } (f,g G C(C, CT O ) ) and 

the metric space (C(C, CT O) , ջ) is complete. This metric also generates the topology 

of uniform convergence on compact subsets of C on the space C(C, CT O) . 

A 

A U { ж } is a closed subset of (C(C, CT O) , ջ). Hence, A U { ж } becomes a complete 

metric space under the induced metric. 

(3.1) IZ(z) — Z2(z)\ <e(z) for all z G S. 
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b 

Tn : A и { ж } ^ C(C, CT O), f (z) ^ f (z + bn). 

The set of universal functions 

U := {p G A U { ж } : (M (C) U { f : f - ж } ) С {Tnp: n G N } } 

is a dense Gg-set in A U { ж } . 

R e m a r k 1. (i) Let p GU. It follows from Vitushkin's Theorem that p satisfies 

(Bb, V). 
A Z 

element of U and it neither satisfies (Bb, V) nor (La,b, V). For instance, we 

consider K = {z: \z\ = 1} G V and f G A(K) with f (z) = 1/z. This 

function is not uniformly approximable by polynomials or entire functions. 

Z 

(V*), where "Mergelian set" is replaced by "Vitushkin set". 

(iii) Replacing "Vitushkin set" by "Mergelian set" in the Theorems 4, 5 and 6, 

similar results hold with (M*) instead of (M), cf. [3]. 

(iv) Any function p satisfying (Bb, M) or (La,b, M) respectively does not satisfy 

an analogue of the Riemann hypothesis. This can be seen by an application 

of Hurwitz' Theorem,, as in the proof of Theorem, 2. 

In a topological sense, the analogue of Theorem, 6 shows that the majority of 
A* 

fails to satisfy an analogue of Riemann's Conjecture. 

(v) The proofs techniques of these theorems combine universality with certain 

types of functional equations. 

4. S K E T C H O F T H E P R O O F O F T H E O R E M 5 

M 

z, 1 — z and 1 — z are all in M for each element z of M. Without loss of 

generality, we assume that for each bn G b the points bn, 1 — bn and 1 —bn 

b 

S 

S 

Moreover, we determine a sequence {rn} of radii with rn G (0, n) such that 
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the disks 

Bn := {z : \z — bn\ < rn} 

Bn := {z : \z — bn\ < rn} 

(1 — Bn) := {z : \z — 1 + bn\ < rn} 

(1 — Bn) := {z : \z — 1 + b՜\ < rn} 

are pairwise disjoint, do not intersect S and belong to {z: ՝Rz G [0,1], ^z = 0} . 

{rn} S 

S c is less than Л. Finally, we define an := rn/n and we record that 

(4.1) F := S U U Bn U U Bn U ( J (1 — Bn) U Ա (1 — B ) 
n£N n£N n£N n£N 

is also a closed, doubly symmetric set. 

(ii) We use the approach 

Z2(z) : = Z(z) • v(z), 

where 

v(z) := m(z) • m(1 — z) • m(z) • m(1 — z), 

using an "appropriate"meromorphic function m satisfying m(0) = m(1) = 1. 

Consequently, Z2 satisfies (M). Also, we have v(z) = v(z) and v(z) = v(1 — z). 
Z 2 

v S 

m 

following lemma. 

L e m m a 1 (Lull, Meyrath, Niefi (2008)). Suppose that G C 

F G 

function e G H(F). Then for every function f G M(F) there exists a function 

m G M(G) with 

\f(z) — m(z)\ < \e(z)\ for all z G F. 

(La,b, V) 
Z 2 

A(K) K V 

approximation the countable set P of all polynomials with coefficients in 

Q + iQ is dense in A(K) for all K G M. In the case of meromorphic 

approximation the following lemma holds. 
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L e m m a 2. The countable set R of all rational functions r := p/q with p,q G 

P is dense in A(K) for all KG V. 

Both lemmas are proved in [2]. The rest of the proof is very technical, but 

F 

(4.1) with the "right"error. 
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