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AnnoTtanps. A 4-dimensional Walker metrics with ¢ = 0 on a semi-Riemannian
manifold M have been investigated by E. Garcia-Rio and Y.Matsushita. The case
c=constant has been studied in [1]. In this paper we generalize these notions to
the case of non—constant ¢. We find the form of the defining functions that makes
this manifold similar to locally conformal flat 4-dimensional Walker manifold.

1. INTRODUCTION

A Walker n-manifold admits a field of parallel null r-planes, with » < 7. The
canonical form of a metric studied by Walker [5] contains three functions a(z,y, 2, 1),
b(z,y, z,1) and c(x,y, z,1). We consider 4-dimensional Walker manifolds with parallel
null 2-planes. In [3] locally conformal flat Walker manifolds were investigated in the
restricted form of metric when ¢(x, y, 2,t) = 0. The case c= constant is studied in {1].
In this paper following [1} and {3], we focus upon the case of arbitrary non-constant
c=c(x,y, 2, 1), and investigate locally conformal flat 4-dimensional Walker manifolds

admitting parallel null 2-planes.

Definition 1. A Walker manifold is a triad (M, g, D) of an n-dimension manifold

M, an indefinite metric g and an r-dimensional parallel distribution D.

If dimM = 4 and dimD = 2, g has the signature (- -++) and in suitable

coordinates
0 0 1 0
0 0 0 1
(1.1) g(x7 y7 27 t) n 1 O a(x7 y? Z? t) C(x7 y? Z? t)
0 1 c(z,y,21t) blz,yzt)
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for some functions a(z,y,2,t), b(z,y,2,t), c(x,y, 2,¢t) and where D = <a%7a%>
(cf.[5,6]). The plane D is strictly parallel if and only if

0 0 1 0

0 0 0 1
(12) g(x7y7 Z7t) o 1 0 G(Z7t) C(Z7t)

0 1 c(zt) bzt

In this case the coordinate system can be chosen to satisfy a(z,t) =0, ¢(z,{) =0
(cf.[5]). In this paper, we are interested in a general case of the Walker metric g as in
(1.1).

2. CURVATURE TENSOR OF 4-DIMENSIONAL NEUTRAL METRIC
ADMITTING A PARALLEL NULL 2-PLANE

In suitable coordinates the canonical form of Walker metric has been obtained by
Walker in [5, 6], where the metric expresses as in (1.1}.
It follows, after some straightforward calculations, that the Levi Civita connection

of a Walker metric (1.1) is given by

1 1
Vamaz — iazaz + iczay
Vg, 0 ! 0y + lb 12,
= = Cgx0g Yz
%= 2 Y
1 1

1 1
Vayat — Ecyaz —+ ibyay
1 1

1 1
Vo, 0, = i(az + cay + aag )0y + 5(202 —az + bay + cagy)dy — iazaz — anat

1 1 1 1
Vo, 0 = i(at + cey + acy)dy + i(bcy + b, 4 cep )0y — iczaz — icyat

1 1 1 1
Va0 = 5(2@ — b, + cby + aby)dy + i(bt + bby + cby )0y — 5bggaz — ibyah
where a, means partial derivative 8%@(957 y, 2, t) and 9y denotes the coordinate vector
field %, k= x,y, z,t. Hence, if (M, g) admits strictly parallel vector field, then the
associated Levi-Civita connection satisfies

1 1
Vo0, = iazaz + 5(202 —a;)dy

z

1 1
Vazat — iataz + ibzay
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1 1
Vatat - 5(2Ct - bz)az —+ Ebtay
Let R denote the curvature tensor, taken with the sign convention R(X,Y) =
Vix,v] — [Vx, Vy]. Then, the nonzero components of the curvature tensor of Walker

metric (1.1) are computed as:

1 1
R828m az = iazzaz + iczzay
1 1
Ro.0,0y = iayzaz + iczyay
1 1
Ry, 5,0, = i(cayz + Ay )0y + 1(2021 + ayby + 2bay, + 2ca,, — 204, — cycy )0y
1 1
_iazzaz - anzat
1 1
Ry o, 0 = Z(Zatz + Cocy + 2¢yy — 205 + 2a¢5 — byay)0y + i(ccm + begy)dy
1 1
_iczzaz - icyzat

1 1
R8tazaz - iczzaz + ibzzay

1 1
Ratam 8y == iczyaz —+ ibyzay

1 1
R8t8m az = i(cczy + aczz)az + Z(_2Czt + 2bzz + Ci - Czby + bzcy + 2bcyz
1 1

—agby + 2ccy5)0, — icmaz — iczyat
1
RGtazat — Z(2Ctz — 2b,y + agby + bycz - Ci - bzcy + 2¢bgs + azbz)az
1 1 1

1 1
Razayaz = iazyaz + iczyaz

1 1
Ro.0,0, = iayyaz + icyyaz
1 1
Ro.0,0. = i(cayy + aayq )0y + Z(Zczy — 2a4y + ayby + 2bay, + 2caqy + agcy
1 1

2
— Gy Cqp — cy)ay — —Qgy0; — —ayy O

2 2

1
Ry, 0,0, = Z(2aty — 2¢y, + CZ + 2¢eyy + ayCe — Cyag — byay + 2ac,y) 0y

1 1 1
+§(bcyy + cCyy)0y — i(czy)az - icyyat
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1 1
Ratayaz == Eczyaz —+ ibzyay

1 1
Ro,0,0y = icyyay + ibyyay

1 1
Ro,0,0. = E(ccyy + acgy + CZ)ay + Z(szy — 2¢y; + 2beyy + cyca + 2cchy

1 1
—aybz)ay — iczyaz — icyyat

1 1
Ry,0,0; :Z(2Cty — 2b,y — cycq + 2¢byy + ayby + 2aby, )0, + E(bbyy + cbyy )0y

1 1

1 1
R5,0.0, :1(2012 + byay — 20, — cpey )0y + Z(Ci + 2by + byey — aghy
— 2¢qt — caby)dy

1
Rj,0.0y =—(2¢y. + byay — 2ay; — CZ + eyay — aycy + cycy )0y

4
1
+ Z(2byz — aybz — 20yt)8y
1
Rp,6.0. :Z(cazcy — CCuy — ccz — 2cay; — 2aa,4, + cayby, 4 aayby, + 2ccy,

1
+ 2ac,,; — acycy )0y + Z(szz 4 2a4 — 2cia, + azb, — bya,
— ayby + byay — 2a,,b — 2cay, +2b,cy — aagb, — cagby,
+ 2bcy, + 2ccy, — degy + 2epa8 + cepey + aci —begay — 2byc,

1
+ agbey )0y + Z(Zazt — ayby — 2¢4,)0;

1
+ Z(2ayt — ayby + aycy — 2¢y; — agey + cZ)@t

1
Ras,0.0: :1(4% —2b,, +a.by + 2ab,; — 2ay — byay + 2cby, + bia,
— bya; + bbyay + 2¢,by + 2a,¢, + cayb, — abycy, — 2ccy,

— 2a:¢q — 2acq: — 2¢yb, — be? — cCxy + acyby )0y

Y

1
+ 7 (ceyba — 2beys — 2ccqr + begey + cc? + 2bby, + 2¢b,, — byba,
1
— cbyay — byecy)dy + Z(_me + bpag + bycy + 2¢4 — ci — byey)0,

1
(2.1) + Z(bzay — CuCy + 2¢y1 — 2by;)0;.

Further note that the existence of strictly parallel vector field simplifies (2.1) as

follows:
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1
R&:@zaz :E(bzz + azr — 2Czt)ay

1
(2’2) Rataz Oy :§(2Ctz — by, — att)a;v

3. LOCALLY CONFORMAL FLAT METRICS

A semi-Riemannian manifold is locally conformal flat if and only if its Weyl tensor,
given by:
Se

X, Z)g(Y,V) = g(X,V)g(Y, Z))

—(712) (Ric(X, Z)g(Y, V) = Rie(Y, Z)g(X, V) + Ric(Y,V)g(X, Z)g(X,V)g(Y, Z))
n—

vanishes. The nonzero components of Weyl tensor of a Walker metric (1.1) are

calculated as:

1 1 1
W(&“ay? 8278t) - Eazz - ECzy - Ebyy
1 1 1
W(0z, 82,0, 02) = — gazz + ECzy - gbyy
1 1
W(az7 827 817 at) - - Zczz + szy
1 1
W8z, 8z, 0y,0;) = — 7 %y + 16wy
1
W (s, 02,0y, 00) = = 5y
W (B, 02,8, 0 =%t T g0 T 75 — gheyy gy — ghay = 500
1 1
+ Zabzy + gcbyy
1
W(az7 aha:mat) - — ibzz
1 1 1
W0z, 01, 0y,8;) = — gcyz + ﬁbyy + ﬁazz
1 1
W(az7 at7 ay7 at) - — _bzy + —Cpm
4 4

1 1
W(&m 8t7 827 at) = — Zabzz — ZCbzy — Ebbyy — Ebazz + ﬁbcyz + chzz

1
W(aw 827 ay7 8z) = _iayy

1 1
W(8y7827 8y78t) = —chy + Zazy
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1 1 1 1 1 1
W(ay7 8z78278t) = — gy + —Clgy + Zbayy — ZCCyy — TS GCyy —+ Eabyy

12 4 4 12
1 1 1
W(ay7 8t7 ay7 at) - _gazz + gczy - gbyy
1 5 1 1 1
W(ay7at7827at) = cht - szy + Zaczz + Eccyz + Zazt - Zczz - Zbazy
1 1
+Ecbyy — gcam

1 1 1 1 1 1
W(0;,0:,0,,0:) = Zbczay — Zbazcy + —abgey — —acyby + ébycz + szaz

4 4
1 1 1 1 1
— Zazbz — Ebaam — ibcayz + ibccyy — icybz — iccyt
1 1 1 1 1 1
+ §Cbzy — gczbyy — gczam — iacbyz — Ecczz — ibczy
1 2 1y
+ iaccm + gbacyz + §C Cyz — iaczt + Ebayt — Zb yy
1 1 1 1 1 1
+ iabzz +coe — Zazbzz - Ebabyy + Ecazt - Ebzz - Eatt
1 1 1 1 1 1
(31) + anzby - Zcbzay + Eazct - Zbyat —+ Zaybt — iczat.

Now it is possible to obtain the form of a locally conformal flat Walker metric as

follows.
Theorem 1. A Walker metric (1.1) is locally conformal flat if and only if the
functions a(x,y, 2,1), b(z,y,2,t) and c(x,y, z,1) satisfy
a(z,y, 2,1) = F(z,t)zy + R(z,t)y — %S(m)xz + Lz, t)z + &(2,t)
b(z,y, z,1) = zyA(z,t) + zB(2,t) + %S(zgt)yz + N(z, 0y + n(z,t)
(3.2) clz,y, 2,t) = %A(z7 O + M(z,t)z + %F(z7 Oy? + H(z, )y + 0(2,1),

where the functions R(z,t), A(z,1), B(z,t), S(z,t), Q(z,1), §(2,1),n(z,t) and 0(z,1)

satisfy the following relations:

LA+ MS — BF —24, — S, =0,
2F, — S, — NF + HS + RA = 0,
L— M, —nF+H, — N, + 05 + €A =0,
—0S, — MH, + Fn, + RB, + Sn, — 26A, + LB, — 2B,H + NM,
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—256, —2BH, —3MM, + BL, +2BR, + 240, — 3A& — 2Ly

2¢A, — 2RM, — 3Fn, — 2HH, + 2HL, + 20S, + RN, + NR, — S¢&,
12RB, + 2F0, — 2MR, + BR, + 256, + 2LH, — LN, + A¢,
—2HM, — 29F, —nHF — nFL — ¢AH + ¢€BF + ONF + 6SL

—EMS —0AR —2N,, +4H,, — 2R, =0,

NMR+ EBH — N& + 2B, —EMN + ONL — 2¢M, —nHL —0BR
—2M&, + Ry + 2R, + 216, + 20L, + 2NO, + B¢, — Ly, —2n, H
(3.3) —20H, —20M, + 20N, — 2nH, + 46, — 21, — 2, = 0.

Proof: Since a four-dimensional manifold is locally flat if and only if the Weyl
tensor vanishes, we consider (3.1) as a system of PDEs.

As regards the components of the Weyl tensor (3.1) we have

1 1 1
W(az7ay7 8278t) - — Eazz — gczy — Ebyy =0
1 1 1
W(az7 827817 82) - gazz + gczy — gbyy =0
1 1
W(8178z7az78t) - - Zczz + szy =0
1 1
W(acm az7 ay7 82:) = - Zazy + chy =0
1
W(az7827 ay7at) - - icyz =0
1
W(az7 8t7az7at) —_ - ibzz = O
1 1 1
W(az7 at7 ay7 82) - - gczy + Ebyy + Eazz =0
1 1
W(az7 at7 ay7 at) - szy + Zczz =0
1 1 1 1 1 1
W(&M 8t7 827 at) - — Zabzz — Zcbzy — Ebbyy — Ebazz —+ Ebcyz —+ chzz =0
1
W(a% 8278% az) =T 50y = 0

2
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1 1
W(a% 8278% 8t) - chy + Zazy =0
1 1 1 1 1 1
W(8y7 827 827 8t) :ﬁaam —+ anzy —+ Zbayy — chyy — Eacyz —+ ﬁabyy =0
1 1 1
(34) W(8y78t78y7 8t) - — gam —+ gczy — gbyy =0.

The above equations imply

(1) cye =0

(2) bye =0

(3) ayy =0

(4) byye =0
(5) byyy =0
(6) caw = bya
(7) aya = cyy
(8) awa = —byy
(9) cyyy = 0.

>From the first equation we have c(z,y, 2,t) = ¢(z, z,t) + ¢(y, 2,1), and from the
second equation b(z,y, 2,t) = zMi(y,2,t) + N1(y, 2,t), while the third equation we
get alz,y, z,t) = yFi(z, 2,0) + Gy(z, 2, t).

>From the fourth and fifth equations we conclude that M1,y = 0 and Nyyy, = 0.
Therefore My (y,z,t) = yA(z,t) + B(z,t) and

Nify, ) = 550 09 + N, Oy + (2,1,
$0,
blz,y,z,1) = zyA(z,t) + xB(2,t) + %S(zg y? + N(z, )y + n(z,t).
Since ¢yyy = 0, we have ¢,y (y, 2,t) = 0, therefore
(y, z,t) = %F(z7 y? + H(z, )y + Ki(2,1).
>From cpp = byy, we have o (x, 2,1) = A(z2, 1), hence,
e(x, 2,1) = %A(zgt)xz + M(z,t)x + No(z,1),
and

el y, 1) = 5 A2, 000+ M(z )+ 5 F (2 ) + H(z, 1y + 0(1).
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Since age = —byy, we have yFiq.(x, 2,1) + Giaa = —S(2, 1), therefore Fi,, =0 and
Gi(z,2,t) = —%S(zg Oaz? + Lz, )z + &(2,1).
By Gay = Fio = ¢yy = F(2,1), we have Fi(z, 2,t) = F(z,t)z + R(z,1), so
alz,y,z,t) = F(z,)zy + R(z,t)y — %S(zg Oa? + Lz, )z + £(2,1).
By sixth equation of (3.1)
W ians — lazt _ 1 5 1 1 1 1

1 1
4 Zczz — ﬁccyz — Zbcyy + cht — szy — Ecazz + Zabyz + gcbyy = 07

so from the above relations we get

1 1 1 1 1

— in(zgt)F(z?t) — ixB(zgt)F(z?t) — in(zgt)F(z?t) + th(zgt)

N2 0) = Ty 1) b e M(2,0)S(2,0) + TyH (=, 0)S(5,1)

?

+ %9(27 t)S(z,t) + ixl}(zg t)A(z,t) + iyR(z7 t)A(z,t) + 35(2715)14(2715) =0,
and
Wi3as :iy(ZFt(zg t) — S,(z,1) — N(z,0)F(z,1) + H(2,1)5(z,1)
+ R(z,t)A(z, 1)) + ix(L(th)A(z?t) + M(z,t)S(z,1)
- B Fz,t) — 24,(2,t) —St(z7t)) + Li(z,t) — M,(2,t)
—n(z, ) (z,t) + Hi(2,t) — N.(2,1) + 0(2,1)S(z,1) + &(2, ) A(2,t) = 0,

)
)

(2,1

implying the first three equations of (3.3). Similarly, from the fifteenth equation of
(3.1) follow the first three equations of (3.3).
By the last equation of (3.1)

1 1 1 1 1
Wayzq — Zbczay — Zbazcy + Zabzcy — Zaczby + ibycz + szaz — Zazbz

1 1 1 1
—ﬁbaam — ibcayz + ibccyy — icybz — iccyt + Ecbzy — gczbyy
L, 1 2

b be,, + + lb + 2
—=C Qgy — —ACOyy — —CChy — —0C, —ACCyy —0QCy, —C Cyy
6 27 Y 2 27 9 37 3
1 1 1, 1 1, 1
—Eaczt + ibayt — Zb ayy + Eabzz + Cyp — Za bzz — ﬁbabyy
1 1 1 1 1 1
+§cazt — ibzz — iatt + anzby — Zcbzay + Eazct — Zbyat
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1 1
+Zaybt — iczat =0,

implying
e 1.5 1 1 9
1 1 1 1
+ NA, + §ABR — iSMN — ELANqL ESBH —0AS + nAF — LA, — AH,
1 1
—2AL, — EA® — SM; + AM, + FB; + AN, + Sy + 24, — 5SZB + 55}]\[)

+x<—295t —ONS —O0BF + nAR+ 0AL + nMF + nHS —EMA — EAN
+2nFy —2MH, + Fne + RBy + Sn, —26A:+ LB, — 2B, H +2NM,
—2860, — NL; +2MN, —2BH, —2MM, + BL. + 2BR; + 2A0, — 3A&,

1 1 1 1
— 2Ly +4AM,, — 2Bzz) + 4 <§SHF — 5NF2 + S RAF — SFS. + FFt>
1
+4° ( — FM, +2RA, —nF*+ FH, + LF, + FL, + AR, —2FN, — S LS
1 1 1 1
+ SRS = NF. + SH. + S.H + 0SF + SSHL — NFL+ (AF + SRBF

- %RMC + 2F,, — Szz> +y (25A2 —2RM; — 3Fn, —2HH, + 2H L, + 208,
+ RN, + NR, — S¢ + 2RB, + 2F0, — 2M R, + BR,, + 250, + 2LH,

— LN, + AS, — 2HM, — 2nF, —nHF —nFL — ¢AH + ¢BF + ONF + 6SL
—EMS —0AR — 2N, + AH,; — 2Ry, + ay(—0S5* + AL, + SN, + FN,

— BE, —2A,H + 2MS, —2MF, + LA, + NF, — 25H, — 2HS, — AR, — SL,
— FB, — RA, +2SM, + FMN +nFS — FBH — fAS — RMA+ LAH

1 1 1 1
—2F, — 2A2z) + ay? (5552 - §FSt —SF, —FA, — 552H - inB

1 1 1 1 1 1
+ GLAF = SRAS + SFMS + 5NFS) + x2y< — 3SAH | SA, 1 5SS,

— AF, — %SZM + %Asz — %RAZ + %SBF — %LAS + %FAN) + MR
+EBH — N& +26B, —EMN + ONL — 26M; — nHL — 0BR — 2M¢&, + R,
+ 2Ry + 2L0, + 20L, + 2NO, + B¢, — Ly, — 2, H — 20H, — 20M,, + 20N,
—2nH, +40,; — 2n,, — 2§; =0,

from where, the three equations of (3.3) follow.
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Definition 2. Let Ric and Sc denote Ricci tensor and scolar curvature of (M, g),
defined by Ric =trace{Z — R(X, Z)Y } and Sc = trace Ric, respectively.

Lemma 1. The scolar curvature of a Walker metric (1.1) is given by
(3.5) Sc=byy + azz + 2¢ay

Proof: The nonzero components of the Ricci tensor of any Walker metric (1.1) are

as follows

. 1 1
Ric( X4, X3) =50 + 5Cay

. 1 1
Ric( Xy, X4) =5 + ibzy

. 1 1
Ric(Xs, X3) :iazy + icyy

. 1 1
Ric(Xo, X4) =ccay + ibyy

2
. 1 1
Rice( X3, X1) =50 + 5Cay
. 1 1
Ric( X3, Xo) =5 day + 56wy

1
Ric( X3, X3) =3 (20azy + aagy + bayy + ayby — 2ay + agey

— Ay Cp + 2y — cZ)
1
Rice(Xs, X4) =5 (atz — ayby + bys + acar + 2¢Cay — Cas + beyy — ey + czcy>

. 1 1
Rie( X4, X1) =5 + ibzy

. 1 1
Rie( X4, Xo) :iczy + Ebyy

1
Rice( X4, X3) =5 (acm + 2¢Cay + Gta — Caz + CaCy + beyy — ¢y — ayby + byz>

1
Rie(Xy, X4) =5 ( — 2b,y + agby by + by + bbyy + 24 — 2 — byey + czby> :

The equations expressing the components of the curvature tensor ensure that the
Ricei operator (ﬁic(XLY) = Ric(X,Y) satisfies

P 1 1 1 1
Ric(0,) = <§am + iczy>az + <§azy + icyy>8y
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~ 1 1 1 1
Ric(dy) = <§azy + icyy>az + <§czy + Ebyy>8y

1
ch =3 (20azy + Qagy + bayy + ayby — 2ay; + agey — aycy + 2.y — cZ) Oy
1
5 — aybz + byz + acyy + 2cczy — Cyz T bcyy — Cyt T CxCy 8y
1 1 1 1
+ (5 Ay + 2Czy>a + <§azy + icyy>at
1
Ric (8:) = 9 ( ACyy + 2CCqay + Atz — Cuz + CaCy + beyy — cyr — ayby + byz) 0a
1

( 2b.s + by A chyy + by + bbyy + 2¢4y — 2 — by + czby>ay
1
2

1 1

Now the result follows by a straightforward calculation.

Remark 1. It follows from Lemma 1 that any locally conformal flat Walker metric

has vanishing scaler curvature.
Hence we come to semi-Riemannian manifolds with harmonic curvature (cf. [7]).
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