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BLOW-UP THE SYMMETRY ANALYSIS
FOR THE HIROTA-SATSUMA EQUATIONS
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E-mail: hassanzedan2003Qyahoo.com

Annotalrsa. The paper investigates the invariance and integrability properties
of Hirota-Satsuma equations. Painleve analysis for the general similarity reduced
ordinary differential equation is performed. Using Rung-Kutta-Merson method
in shooting and matching technique, the nonlinear ordinary differential equations
are solved that were numerically converted from similarity reduction.

1. INTRODUCTION

In 1981, R. Hirota and J. Satsuma first proposed the well-known Hirota — Satsuma
KDV equation [1]. This equation describes an interaction of two long waves with
different dispersion relations.

It is well known that the nonlinear partial differential equations are widely used
to describe many important phenomena in physics, biology, chemistry, etc. This
equations play a crucial rule in applied mathematics and physics and have many
applications in physics and Engineering.

For the past two decades the Lie group method has been applied to solve a wide
range of problems and to explore many physically interesting solutions of nonlinear
phenomena [2]-[3]. In recent years several extensions and modifications of the classical
Lie algorithm have been proposed in order to arrive at new solutions of PDE [6].

The present paper gives a systematic investigation of the invariance and integrabi-
lity properties of Hirota-Satsuma coupled KDV equation. This enables us to obtain
similarity reductions and allows us to derive a great variety of particular solutions
which have not been reported for Hirota — Satsuma KDV equation.

An ordinary differential equation (ODE) is said to be Painleve type or to have the
Painleve property if all its solutions are free from movable critical points. A critical

point is a branching point or a singularity in the solution of the ODE. It is movable if
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its location depends on the initial values. The most well known ode of Painleve type
are the so-called Painleve equations, PI-PVI [7].

The connection between complete integrability and Painleve property was first
noticed by Ablowitz — Segur [8], who observed that the similarity reductions of
nonlinear PDE solved by inverse scattering transform give rise to nonlinear ODEs.

First, we introduce a generalized nonlinear Hirota-Satsuma KDV equation in the

following form:

1
(1.1) ut = 5Uazs — 3wy + 3(vw),,
(12) Vy = —Vgga + 37”}17
(1.3) Wy = —Waype + SUW,.

This paper is arranged as follows. In Section 2, we briefly describe the invariance
analysis and obtain the reduction system for equations (1.1)—(1.3). In Section 3, we
describe the improved Painleve analysis and obtained new solutions of equations’
(1.1)—(1.3). In Section 4, Shooting Method is used to study the reduction similarity

system of Hirota-Satsuma KDV equation.

2. INVARIANCE ANALYSIS

Let us consider one-parameter Lie group of infinitesimal transformations of the

form:
r— X =z + iz, t,u,v,w) + O(?),
t — T =1+ €&z, t,u,v,w) + O(e?),
u— U =u+epi(z,t,u,v,w) + 0(62>7
v —V =v+epo(x,t,u,v,w) + O(€2>7
(2.1) w— W =w+ eps(z, t,u,v,w) + O(?), e<<1,

depending one infinitesimal parameter e. This Lie-Group based similarity method
has already been applied successfully to construct and classify all possible classes of

similarity solutions.
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Applying the infinitesimal Lie-group technique [5], a straightforward calculation
yields the following generators of the e Lie group:

2
(bl - _§k4u7

¢2 - ]f11}7

1
¢3 = —§(3k1 + 4ky)w,

1
§1 =kt §k4$7
(22) & = ks + kqt,

where kq, ko, k3 and k4 are arbitrary constants.
The extremal Lie group of transformations, admitted by (2.2), is thus seen to
depend on four arbitrary group constants (k1, ko, k3, k4). Consequently, the infinitesi-

mal generators are:

9 .9
X = T Yow

0
(23) X2 = %7

0
(24) X3 = E7

1 2 o 2 9 4 0
(2.5) Xa=—-Z5—+t— — cu— — = w

%0z ot T 3%0u 30w

The commutation relation between these generators are given in the following table:

Ixi x2  x3 x4

xi] 0 0 0 0
2|0 0 0 Ly
x3| 0 0 0 X3

xa| 0 —3x2 —-x3 O
Group-invariant solutions can be found by solving the characteristic equation:
(2.6) b _dv _du _dv_ dw
& & o1 w2 e3
After solving the characteristic equation (9) associated with the infinitesimal sym-
metry (2.2), one obtains:
ko + k
@7) ey
(ks + kgt)3

and

wi(2) = (ks + kat) 3w
k

wo(z) = (ks + kat) *i0,
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k
(2.8) wa(z) = (k3 + k4t)(%+ﬁ)w7

where z is the similarity variable and wq(z), w2(z), ws(z) represent the similarity
functions.
Substituting (2.7) and (2.8) into equations (1.1)—(1.3), we obtain an ordinary

differential equations of the form:

3kiw/1”(z) + 22w (2) + 4wy (2)

(2.9) — 18w (2)w!(2) + 18ws(2)w)(2) + 18wq(2)ws(z) = 0,
2. / 3k /
(2.10) 3kjwh'(2) — 2wh(z) + k—wg(z) — 9wy (2)wh(z) =0,
4
3k
(2.11) 3k (2) — zwh(z) — k—lwg(z) — 9wy (2)ws(z) — dws(z) = 0,
4
where
5 17 2 5 177 3 5
w{:dwl wlzdwl and w;, _ dws (i=1,2,3).

bode dz? dz3
In the following sections we solve the ordinary differential equations (2.9)—(2.11) by

two different methods.

3. PAINLEVE ANALYSIS

Following [9], we outline the WTC algorithm for testing ODEs for the Painleve
property. Each of the three main steps of the algorithm is illustrated by the system
(2.9)-(2.11).

We assume a Laurent series solution
(3.1) wi(z) = g%(2) Y _win(2)g"(2), i=1,23,
k=0

where the coefficients w; 1(z) are analytic functions of z with w;0(2) # 0 in a

neighborhood of the manifold.

3.1. Step 1 (Determination of the Dominant Behavior). To investigate the
singularity structure analysis (2.9)—(2.11), we apply a local Laurent expansion in a
neighborhood of a noncharacteristic singular g(z) = 0.

Assume that the leading orders of the solutions of system (2.9)—(2.11) have the

form

(3.2) wi(2) =x; g% (z), i=1,2,3,
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wi(z) = x1 97 (%),
wa(2) = x2 97 (%),
(3.3) w3(2) = x3 g% (2),

where x1, x2 and x3 are constants.

We substitute (3.3) into the equations (2.9)—(2.11) to determine the leading expo-
nents o;. Balancing between the highest order term and the non linear terms, we
get:

o] = g = ag = —2.
The traditional Painleve test requires that all ay, @y and a3 be integers and at least
one of them be negative.

If one or more exponents a1, as and as remain undetermined, we assign integer
values to the free o;(i = 1,2,3) so that every equation in (2.9)—(2.11) has at least
two different terms with equal lowest exponents.

For each solution «;, we substitute
wz(’z) :wi,o(’z)gai(’z)7 i = 172737

i.e.

(3.4) wa(z) = col2)g " (2)
(where ag(z),bo(z) and ¢g(z) do not vanish) into (2.9)-(2.11). We then solve the
nonlinear equation for w; o, found by balancing the leading terms with the lowest
exponent of g(z).

If any of the solutions contradicts the assumption w; p(z) # 0, then that branch of
the algorithm fails the Painleve test [10].

If an «; is non-integer, all the «; are positive, or the assumption w; o(2) # 0 fails,
then that branch of the algorithm terminates and does not pass the Painleve test.

We substitute (3.4) into (2.9)—(2.11). Requiring that the leading terms be g~°(2),

and balancing at g °(z) we obtain

(3.5) ao(z) = 4k3g”(2), bo(z) =

where cg(z) is arbitrary function.
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3.2. Step 2 (Determination of the resonance). For each «; and w;o(z), we

calculate the ri < ... < r,, for which w;(z) are arbitrary functions (3.1). We
substitute:

(3.6) w;(z) =w; 0(2)g™ (2) + wm(z)go‘ﬁr(z).

or

wi(2) = 4kjg *(2)g 2 (2) + ar(2)g” (2),

4
() = g (27 )+ b))
(37) wi(2) = ()9 () + ()9 (2)

into (2.9)—(2.11) and equate the coefficients of the dominant (with ¢" °(2)). We get

the resonances values are:
Ty — —277”2 == —177”3 :O,T4 == 277”5 == 377"6 == 477”7 == 677”8 == 7,7”9 = 8.

3.3. Step 3 (Finding the Constants of Integration and Checking Compatibi-
lity Conditions). By convention, the resonance r1 = —2 is ignored since it violates
the hypothesis that g—2(z,t) is the dominant term in the expansion near g(z) = 0.

Furthermore, this is not a principal branch since the series has only eight arbitrary
functions instead of the required nine (as the term corresponding to the resonance
r1 = —2 does not contribute to the expansion). Thus, this leads to a particular
solution, while the general solution may still be multivalued.

The constants of integration at level k£ are found by substituting the system of
ordinary differential equations possessing the Painleve property. The arbitrariness of
w; (z) must be verified up to the resonance level. This is done by substituting (3.5)
into (3.1). We get

(3.8) w(z) = g%i(z) iwi7k(2)gk(2)7 i=1,2 3.
k=0

Therefore

8
wi(2) =Y ax(2)g" 2 (2),
k=0

8
wy(2) = Y bi(2)g"*(2),
k=0

8

(3.9) wa(z) =Y cr(2)g" 2 (2).

k=0
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From equation (3.5) and (3.9) we obtain:
wi(z) = K39 (2)972(2) + a1 (2)g M=) + as(2) + as(2)g(2) + aa(2)g(2)
tas(2)g%(2) + as()g*(2) + ar(2)g7(2) + as(2)g(2),
ws(z) = 4’§) 9 (2)g (=) + bu(2)g (=) + bal2) + bo()g(2) + ba(2)g(2)
b (2)9%(2) + be(2)g" (2) + br ()97 (=) + bs(2)° (=),
ws(2) = co(2)g 2(2) + ex(2)g (=) + ealz) + eal2)g(2) + eal(2)g?(2)
(3.10) tes(2)9%(2) + co(2)g"(2) + er(2)g°(2) + as(2)g°(2).

We now substitute (3.10) into equations (2.9)—(2.11) and group the terms in the same

powers of g(z). So, we get the coefficients of g 2(2) at level k.
To find the functions ay(z), bi(2) and ¢i(z), we equate the coefficients by g~ *(z)

to zero at level k£ = 1. By solving the equations, we obtain:
ai(z) = —4kig" (2),
42
11(s) — KGO C) Bl kg (2)g"()

c5(2)
ch(2)g'(z) — co(2)g"(2)

9" (%) '
To find the functions as(z), ba(z) and ca(z) we equate the coefficients by g 3(z) to

(3.11) c(z) = —

zero at level k =ry = 2. By solving the equations, we obtain:

ag(z): ( )+9]§2 /2( )_12/@%9/(2)9///(2)
99/2(2) .

z C2 z
02(2) - _bjk(i;/f((z)) - 1800(2)}@%9/4(2) (4203(2)9/2(2) — 18]@%062(2)

+g/2(2) + 7200(2)1@%06(2)9/(2)9“(2) _ 630%(2)/{29//2(2)

(3.12) —12¢3(2)kig (2)9"" (2)),

where the function by(z) is arbitrary.
To find the functions az(z), b3(2) and c3(z), we equate the coefficients of g~ 2(z) to

zero at level k = r5 = 3. Solving the equations, we obtain:

T I )+ ik (2)

—14kjci(2)g"%(2) + 6as(2)ci(2)kig'4(2) + 2eo(2)kic(2)
9" (2)cl (2) + 60co(2)kjcl (2)9" (2)9" (2) — 30c3(2)kig™ (2)
e (2)g" (2) = 42e3(2)kich(2)g (2)9" (2) + 9¢5 (2)kig ™ ()

ba(z) =
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—4cj(2)kig"(2)cg'(2) = 3265 ()b (2)9" (2) " 9(2)

+38¢3(2)kig' (2)g" (2)g"" () + 133 (2) kg™ (2)g""(2),

cs(z) = m(%ﬂd%@)g%) +18by(2) 5 (#)ch(2)g ()
=3¢ (2)kig" (2) +4¢5(2)kig" (2) + 82ch(2)kich(2)g" (2)
+36kicg ()9 (2) + 18as(2)e) (2)kig™ (2) + T2e0(2 )k}
+cp(2)g" (2)ch () — 36ba(2)ed(2)9" () — 162¢5(2)kig™ (2)g" (2)
+T2e0(2)kicq (2)9™ (2)g" (2) + 905 (2)kig” (2)cf (2)9" (%)
— 432¢5(2)kich(2)9'(2)9" (2) + 3873 (2)kig" (2)
+12e3(2)ki9" (2)cq (2) + T2e5(2)kico(2)g” ()" (2)

(3.13) — 905 (2)kig(2)9" ()9 (2) — 335 (2)kig" (2)g""(2)),

where the function as(z) is arbitrary.

To find the functions a4(z), bs(2) and c4(2), we equate the coefficients of g~ 1(z) to
zero at level k = rg = 4 and solve the equations.

To find the functions as(z), b5(z) and c5(z), we equate the coefficients of ¢°(2) to
zero at level ¢ = 5 and solve the equations.

To find the functions ag(2), bs(z) and ¢s(z), we equate the coeflicients of g(z) to
zero at level k = r; = 6 and solve the equations.

To find the functions ar(z), br(z) and c7(z), we equate the coefficients of g2(z) to
zero at level k = rg = 7 and solve the equations.

To find the functions ag(z), bs(z) and cg(z), we equate the coefficients of g3(2) to
zero at level k = rg = 4 and solve the equations.

Substitute from equations (3.11)—(3.13) into (3.10), we obtain wy, ws, ws. Consequ-
ently, (2.8) yields u, v, w.

4. SECOND METHOD: SHOOTING METHOD

We try to solve equations (2.9)—(2.11) by using shooting method. The boundary

and matching conditions of the problem can be written as:

1 / 1 / 1
wy=—7, w ==, wr=-—1 wy=1wy; =0 at z= -1,
3 3
1 , 1
(4.1) wi =g, W=, wy=1, w3=1 at z=1.
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K1=1.33 K4=1
== CK1=2K1=15

-1.3

Fig. 1. The relation between z,w; in two cases of constants.

—1=1 33 k=1
w1’ = = = =j1=2kd=15

Fi
w

-0:k

'
=

-0.4

Fig. 2. The relation between z,w) in two cases of constants.

4.1. Numerical Solution. Equations (2.9)—(2.11) represent the governing equations

of the problem under consideration. These equations are nonlinear and therefore,
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must be solved numerically by Runge-Kutta-Merson method within the shooting and

matching technique [11]-[14].

w2
15 -
—| = 33 k4=
14 - - = -k1=2kd=15
i
051 L3
L
1.5 K 0.5 { 0.5 1 1.5
0.5 -
1
1.5 -

Fig. 3. The relation between z,ws in two cases of constants.

—] =133 =1
w2' - = = =k1=2}4=15

0.6 - v

0.4 -

=

-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 4. The relation between z,w) in two cases of constants.
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w3
1.5

k1=1.33,kd=1
= = = =KI=2kd4=1.5

Fig. 5. The relation between z,ws in two cases of constants.

o —K1=1.33 k4=1
- - - -k1=2,k4=1.5

Fig. 6.

-3

-4

-5

-6 -

The relation between z, w4 in two cases of constants.
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The system of nonlinear ordinary differential equations (2.9)—(2.11) can be written

as follows:

(42) wYKZ)gég(—2muKZ)—4w1@)+]8uu&0wﬂ2)—18wﬁ2ﬁ%(d
— 18un(=)uh(2),

(43) e () = glewd(s) = Thun(e) + Gun(e)ui(),

() () = o) + () + dun(2)uh () + ()

We take,

w1 =Y, wy=Ysy, wz=Yy,
and hence equations (4.2)—(4.4) can be written as

Yl/:5/27 5/2/:5/?37

1
Y] = —5(—22Ys — 4Y] + 18Y1Y, — 18Y; Y5 — 18Y, Y3),

T
Y{=Ys, Y{=Y;5,
1 3k
Y= —(2Ys — —Y, + 9V, Y-
6 3]{2(25 T 1+ 9Y1Y5),
YTT/:Y;% Yg:Yb?
.1 3k,
(4.5) Yy = o5 (2Ys + ——Y7 + 9Y Yz + 4Y7),
352 s

subject to the boundary conditions

Vi) =5 V(D=1 V-1 =—1 Ys(-1)=1, ¥i(~1)=0,
Vi =1 H)=5 V=1 Y=l

To apply the shooting method we use the subroutine DO2HAF from the NAG Fortran
library which requires the supply of starting values of the missing initial and terminal
conditions. We take two special cases for kq, kqy:
1) k= %7 k4 = 1. The supplied values are
Y3(—1) =536, Yy(—1)=.786, Yg(—1)=—-4.75, Yy(—1)=4.37,
Y3(1) = —5.3, Y5(1)=0.924, Yg(1)= —0.183,
(4.6) Ye(1) =4.11, Yy(1) =4.58.
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2) ki = 2, ky = 1.5. The supplied values are

Ya(—1)=1.86, Y;(—1)=0.151, VYa(—1)=—2.95 Yo(—1)=3.67,
V(1) = —4.74,  Y5(1) =046, Yg(1)= —1.35,

(A7) Ya(1) =278, Yy(1) =2.92.

The subroutine uses Runge-Kutta-Merson method with variable step size in order to

control the local truncation error, then it applies modified Newton-Raphson technique

to make successive corrections to the estimated boundary values.
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