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A b s t r a c t . A 4-dimensional Walker metric on a semi Riemanian manifold M , for 
the canonical metric with с = 0, have been investigated by M. Chaichi, E. Garc ia-
Rio and Y. Matsushita. The paper generalizes these notions to the case of constant 
с փ 0. Specially the form of defining functions of this metric in locally conformally 
flat 4-dimensional Walker manifolds is found. 

§1. I N T R O D U C T I O N 

A Walker n-manifold, admits a field of parallel null r-planes, with r < 2՝. The 

canonical forms of the metrics have been investigated by Walker [4]. The canonical 

form of this metric contain three functions a(x,y, z,t), b(x,y, z,t) and c(x,y, z,t). 

Our interest is in 4-dimensional Walker manifolds with parallel null 2-planes. In [2], 

Einstein, Osserman and locally conformally flat Walker manifolds were investigated 

in the restricted form of metric when c(x,y, z,t) = 0. Following [2], in this paper we 

focus on the case c(x, y, z,t) = с and investigate locally conformally flat 4-dimensional 

Walker manifolds admitting parallel null 2-plane. 

D e f i n i t i o n 1. A Walker manifold is a triple ( M , g, D) consisting of an n-dimensional 

manifold M, an indefinite metric g and an r-dimensional parallel distribution D. If 

d i m M = 4 and dim_D = 2, g has signature ( Ւ+) and in suitable coordinates, g 

can be given by 

(1.1) 
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for some functions a(x,y,z,t), b(x,y,z,t), c(x,y,z,t) and D = — , (ref. [4], [5]). 

The special case where c(x,y, z,t) = 0 was studied in [2], where the components 

of Levi-Civita connection, and the curvature tensor has been calculated and the 

conditions that creates locally conformally flat are given. We are interested in the 

case of the Walker metric g as in (0.1) with constant c. 

§2. C U R V A T U R E T E N S O R O F 4 - D I M E N S I O N A L N E U T R A L M E T R I C 

A D D M I T T I N G A P A R A L L E L N U L L 2 - P L A N E 

The canonical form of Walker metric has been obtained by A. G. Walker in [4], [5], 

showing existence of suitable coordinates where the metric expresses as (0.1). 

Now the Levi-Civita connection of a Walker metric (0.1) is given by 

\լахдх + ֊ с х д у , = ֊ а х д х + 

Va^A = ^схдх + ^Ьхду, Vdydz = ^аудх + ^суду, 

Vdydt = ^ c y d x + h)ydy, 

՝4dzdz = ^(az + cay + aax)dx + ^(2cz - at + bay + cax)dy - ^axdz - ^aydt, 

= ^(at+ ccy + acx)dx + bcy + bz + ccx)dy - ֊cxdz - ֊cydt, 

Vat3( = ֊(2ct - bz + cby + abx)dx + bt - bby + cbx)dy - ֊bxdz - ֊bydt, 

where ax = -J^a(x,y, z,t) means partial derivative and dk denotes the coordinate x dX 

JL дк vector field к = x,y,z,t. For the special case oi c(x,y, z,t) = с in (1.1), we 

g(x,y,z,t) = 

/ 0 0 1 0 
0 0 0 1 . 
1 0 a(x,y,z,t) с I '  y ' 

\0 1 с b(x,y,z,t). 

Let R denotes the curvature tensor taken with the convention R(X, Y) = V[x,y] — 

[ V j , Vy] , Then, the nonzero components of the curvature tensor are computed as : 

Rdzd„dz — ~{cayx + aaxx) + ~{aybx + 2 bayx + 2 catx — 2atx)dy — -axxdz — -ayxdt, 

Ra.aA = — Ьхау)дх, Rgtdxdx = —bxxdy, 
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RataJy — -jbyxdy, Rdtd^dz — - ( 2 bzx — ахЪх)ду, 

Rdtdxdt = ֊ ( ֊ 2 b z x + 2cbyx + axbx + 2 abxx)dx + 

bbyx ֊ cbxx)dy - ^bxxdz - ^I 

— � Qxy^xi -^dzdydy — � Cbyy^xi 
1 

1 
Rdzdydz = -(cayy + aayxbx)dx + - ( - 2 aty+ 

~\~&yby 1buyy 1cuxy՝}()y ~axydz ^^yy^ti 

Rdzdydt = - ( 2 aty — byay)dx, Rgtdydx = -^bxydy, 

Rdtdydy = —b y y d y , Rd t d y d z = - ( 2 bzy — aybx)dy, 

Rdtdydt = 2bzy + 2 cbyy + aybx + 2 abxy)dx 

+ \ i b b y y + c b x y ) d y - ^ b x y d z ֊ h ) y y d t , 

Rdtdzdx = ^(2bzay - 2atx)dx + ^(2bxz - axbx)^dy, 

Rdtdydy = -(byfiy — 2 a y t ) d x + - ( 2 ^ — a y b x )dy , 

Rdtdzdz = ^( ֊շշօ^է - 2aaxt + cayby + aaybx)dx + ^ ( 2 6 ^ + 2a ( ( - aybt-

֊ 2aytb ֊ 2caxt - caxby ֊ aaxbx + atby + bzax - azbx)dy + 

+ ^(2axt - aybx)dz + ^(2ayt - ayby)dt, 

Rdtdz dt = ֊(-2bzz + azbx + 2abxz - 2att - bzax + 2cbyz + btay - byat + 

1 
bbydy + cbyax)dx + ֊(2bbyz + 2cbxz - bxbay ֊ cbxax)dy + 

(2.2) 

4 

+ bxax ֊ 2bxz)dz + ~{bxay - 2byz)dt. 

§3. L O C A L L Y C O N F O R M A L L Y F L A T 4 - D I M E N S I O N A L N E U T R A L 

M E T R I C S A D M I T T I N G A P A R A L L E L N U L L 2 - P L A N E F I E L D S 

A semi-Riemannian manifold is locally conformally flat if and only if its Weyl tensor, 

given by 

W(X,Y,Z, V) = R(X,Y,Z, V) 
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Sc 
(g(X, Z)g(Y, V) — g(X, V)g(Y, Z)) 

(n - 1 ) (n - 2) 

1 
(Ric(X, Z)g(Y, V) - Ric(Y, Z)g(X, V) 

( n - 2) 

+Ric(Y, V)g(X, Z)g(X, V)g(Y, Z)) 

vanishes. The nonzero components of Weyl tensor of a special Walker metric (2.1) 

are given by 

W{dx, dy, dz,dt) = - — - --byy, 

W(dx, dz, dx, dt) = ^bxy, 

W(dx, dz,dx, dz) = - ֊ а х х - ^byy, 6 6 

W{dx, <9г, ду, dz) = -

dz,dz,dt) = ^axt - ^bzy - —caxx + ^abxy + ^сб,,,,, 

W(dx, <9Ж, 3() = 

Յյ,, dz) = byy + —axx, 
12 y y ' 12 

i i 
4 

<9г, dt) = - - —bbyy - —baxx, 

W{dx, <9(, Յյ,, 3() = --bxy, 

W(dy, dz, dy, dz) = --ayy, 

W{dy, dz,dy, dt) = ^axy, 

W(dy, dz, dz,dt) = —aaxx + -caxy + \bayy + —ab. y, Vz, Vz, Vt) — y^u-xx т xy т ^""-yy т 

1. 

6 ( 

1. 
T՛ '' ' 4 ՝ ՜ ՝" 1 " ' ' 12 6 ՝ 
1 1 , 1 , 1 , 1 . 

W{dy, dt, dy, dt) = - ֊ a x x - -byy, 

W(dy, dt, dz, dt) = ~^bzy + յaxt - \baxy + —cbyy - -caxx, 

W(dz,dt, dz,dt) = --att ֊ -bzz - -axbz + -aybt + -bxaz ֊ -byat 

1 . 1 , 1 , 1 1 , 
+ тcbyax - -cbxay + -abzx + -caxt + ֊cbzy 

1 .2 , 1 , _ 1 շ _ 1 շ , _ 1 
ayy ՝ 2° ayt gC a x x ^с o y y 

—abbyy - —baaxx - ^cbaxy - ^ a 2 b x x . 

(3.1) 
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Now it is possible to obtain the form of a locally conformally flat Walker metric as 

follows : 

T h e o r e m 1. A Walker metric (2-1) is locally conformally flat if and only if the 

functions a(x, y, z, t) and b(x, y, z, t) satisfy 

a(x, y, z, t) = KX2 + xR(z, t) + yS(z, t) + £(z, t), 
(3.2) 

b(X, у, z, է) = -ку2 + yP(z, է) + xQ(z, է) + 7](z, է), 

where the functions R(z,t), S(z,t), P(z,t), Q(z,t), £(z,t), r)(z,t) and с satisfy the 

following relations 

Rt — Pz = 2 ere, 

-2Rtt - 2Q22 + RQZ ֊ 2nr]z + SQt + RZQ ֊ RtP + 2QSt + 2ксР = 0, 

֊ 2 S t t - 2 P z z + 2 S Q Z ֊ RPZ + SPt + QSZ + 2«Հէ + PSt ֊ 2KCR = 0, (3.3) 

- 2 & t ֊ 2%* + 4Qz + 2cRt + 2cPz + 2 5 ( ? 7 ֊ RVz + Sf]t + Q 6 - P£t + cRP - cQS = 0, 

к e m. is any constant. 

Since a four-dimensional manifold is locally conformally flat if and only if the Weyl 

tensor vanishes, we consider (2.1) to be a system of PDE's. We shall prove the 

theorem in four steps. 

F i r s t s t e p : 

W{dx, dz,dx, dt) = -bxy = 0, 

W(dx, dz,dy, dz) = ~^aXy = 0, 

W(dx, dt, dx, dt) = -\bxx = 0, 
I (3-4) 

W{dx, dt, dy, dt) = ֊ ֊ b x y = 0, 
W(dy, dz,dy, dz) = ~ a y y = 0, 

W(dy, dz, dy, dt) = ^axy = 0. 

From the equation (2.2) in the Weyl condition (3.4), we see that a and b become 

a = a(x, y, z, t) = a(x, z, t) + a(y, z, t), 
(3.5) 

b = b(x, y, z, t) = b(x, z, t) + b(y, z, t). 

Then we have ayy{y, z, t) = 0, so ayy(y, z, t) = 0, and a(y, z, t) = yS(z, t) + £(z, t). 

Similarly, bxx(x, z, t) = 0, so bxx(x, z, t) = 0, and b(x, z, t) = xQ{z, t) + r/(z, t). 
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S e c o n d s t e p : Considering the result of step 1, the Weyl equations (3.1) reduce to 

W(dx, dy, dz,dt) = ՜ у^г/г/  = (3-6) 

W(dx,dz, dx, dz) = - ֊ a x x - \byy = 0 g-ЖЖ gWj/t/ 

W(dx, dz,dz, dt) =^axt - ^bzy ֊ —caxx + ^abxy + ^cbyy = 0, 
(3.7) 

w(dx, d t , d y , d z ) = 12ЬууЛ 
1 

• уշ՛»®® ֊ 0, 

w(dx,dt,dz,dt): U y ֊ 4 x y Y 2 Ь Ь У У ՜ 
• —baxx = 0 

w ( d y , d z , d z , d t ) 

1 
G j G J դ՝ •у» 

12 
1 
— c a x y -\ - \ Ь а У У + — a b y y = 0 , 

w(dy, d t , d y , d t ) = 

1 
6 x x " g byy = o, 

W(dy, dt, dz, dt) = -h)zy + ^axt - ^baxy + —cbyy ֊ -caxx = 0, 

W(dz, dt, dz,dt) = ֊ ֊ a t t ֊ -jbzz - -axbz + -aybt + -bxaz ֊ -byat+ 

1 . 1 у 1 , 1 1 , + -cbyax ֊ -cbxay + -abzx + -caxt + ֊cbzy-

• b ®yy ՜է՜ դ b&yt � с c^xx � с byy „ cabxy ~УУ ՝ շ-~У^ g~ g ՝ 

— —obbyy — —baaxx — —cbaxy — —a2bxx = 0. 

Equation (3.6) gives axx = — b y y and thus (3.5) shows that axx(x, z,t) = — b y y ( y , z , t ) 

and moreover we see that the both sides of equation are independent of x and y, and 

in fact they depend only on z and t. Thus, equation (3.6) reduces to the following. 

a x x ( x , z , t ) = n ( z , t ) , b y y ( y , z , t ) = - K ( z , t ) . 

Then a ( r e s p , b ) is a quadratic function of x(resp,y), with z and է parameters. 

Therefore we have 

a = a ( x , y, z, t) = a ( x , z, t) + a ( y , z, y) = X 2 K ( Z , t) + x R ( z , t) + £ ( z , է) + a ( y , z, t ) , 

b = b(x, y, z, t) = b(x, z, t) + b(y, z, y) = b(x, z, t) - у2к(г, է) + yP{z, է) + r](z, է), 

for some function K,(z,t), P(z,t), R(z,t), £(z,t) and r)(z,t). 
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T h i r d s t e p : Considering the result of step one, equations (3.7), we conclude that 

o-xt — bzy — caxx = 0. Now from the above we have axt = bzy + caxx and thus 

2x Kt{z,t) + Rt(z,t) = ֊2 ynz(z,t) + Pz(z,t) + 2 cK(z,t). 

Then Kt = 0, kz = 0, so n(z,t) = к, Pz = Rt — 2ск. This shows the first equation at 

(3.3) and the metric expression as in (3.2) 

a = a(x, y, z, է) = их2 + xR(z, է) + yS(z, է) + z, է), 

b = b(x, у, z, Է)) = -ку2 + yP(z, Է) + xQ(z, Է) + T)(Z, Է ) . 

F o u r t h s t e p : It follows from the previous steps that the last of equation (3.1) 

reduces to the equation 

W(dz,dt,dz,dt) = ~^ att ֊ l;bzz - ^axbz + ^aybt + ^azbx - ^atby + 

+ ^caxby ֊ ^cbxay + ^bzxa + ^caxt + ^cbzy + ^bayt = 0. 

Then the special Walker metric defined as (3.2) is locally conformally flat if and only 

if the component of the Weyl tensor W(dz, dt, dz, dt) vanishes. Moreover, since 

2att + 2bzz + axbz - aybt ֊ azbx + atby ֊ caxby + 

+ cbxay — 2 bzxa — 2 caxt — 2 cbzy — 2 bayt = 0. 

Then 

W(dz,dt,dz,dt) = ^x(֊2Rtt ֊2Qzz+RQz ֊2Krlz+SQt+RzQ֊RtP+2QSt+2ncP)+ 

+ \ y { ֊ 2 S „ ֊ 2Pzz + 2SQZ ֊ RPZ + SPt + QSZ + 2Վէ + PSt ֊ 2KCR) + 

+ ^xy{-nPz + 2KRt - к2с) + ֊ 2Հս ֊ 2Vzz + 2CQz + 2cRt+ 

+2cPz + 25(?7 - Rr]z + Srit + Q6 ֊ P& + cRP ֊ cQS) = 0, 

and (3.3) follows. 

R e m a r k 1. Putting с = 0 we get Theorem 13 in [2]. 

D e f i n i t i o n 2. Let Ric and Sc denote the Ricci tensor and the scalar curvature of 

(M, g), defined by Ric = trace {Z —У R(X, Z)Y} and Sc = traceRic, respectively. 
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L e m m a 1. The scalar curvature of a Walker metric (2.1) is given by Sc = byy + axx. 

It follows from the equation expressing the components of the curvature tensor that 

the Ricci curvature is 

Ric = 

0 
0 0 
1 1 
О О'ХХ 

Հհ \ 2  иху 2 byy 

О ^ X X 

hxy T h 
xy 
՝yy 

г {o.tx — aybx ե. y z J М з з 
\{atx ֊ aybx + byz) \Ai_ 

where A33 = 2caxy+aaxx + bayy+ayby ֊2ayt, ճ 4 4 = -2bzx+axbx + 2cbxy+abxx+bbyy 

and the Ricci operator ( R i c ( X ) , Y } = Ric(X,Y) satisfies 

I-B13 h( atx — (iybx + byz — cbyy — abxy) 

Ric = 

where В13 = car 

{ 1 ® Х Х 

2 Ьху 2 Ь У У 

0 0 
Vo 0 

2 j(abx 

2 bxy 

-b 2  uyy 

"b cbyx + axbx — 2 bz X ) 

>13 = caxy -r bayy + ayby ֊ 2ayt and B23 = atx - aybx + byz - ca. 

Now, the result follows by a straightforward calculation. 

R e m a r k 2. Considering (2.14) in Lemma 1 and (2.3) we see that any locally 

conformally flat Walker metric (2.2) has vanishing scaler curvature, hence they 

necessarily are semi-Riemannian manifolds with harmonic curvature (ref. [7]). 

xx baxy. 

~ a XX 
շ Uxy 

Р е з ю м е . 4-мерная метрика Уолкера на полу-римановом многообразии М , для 
канонической метрики с с = 0, было исследовано М. Чаичи, Э. Гарсия-Рио и И. 
Мацушита . В настоящей статье эти понятия обобщаются на случай постоянного 
с փ 0. В частности, найден вид определяющих функций этой метрики в локально-
конформно плоских 4-мерных многообразиях Уолкера. 
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