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АННОТАЦИЯ. The paper studies the asymptotics of the Brownian integrals with 
paths restricted to a bounded domain of R^ , when the domain is dilated to 
infinity. The framework is that of the Bose-Einstein statist ics with paths observed 
within random time intervals which are integer multiplies of some fixed в > 0. 
The three first terms of the asymptot ics are found explicitly via the functional 
integrals. In the case of a gas of interacting Brownian loops an expression for the 
volume term of the asymptot ics of the log-partition function is found and the 
correction term is proved to by order be the boundary area of the domain. 

1. I N T R O D U C T I O N 

In [l j the large volume asymptot ics of the Brownian integrals with paths observed 
in a fixed time interval в restricted to a bounded domain of R^ was studied. 

In the present paper we consider similar problem for the Brownian integrals with 
random time intervals which are integer multiplies of թ. This problem can be conside-
red as a natural generalization of the famous K a c problem [2] on the asymptot ics of 

the function e - l 3X i as в goes to zero, where Xi are the eigenvalues of the Laplacian 
i = 0 

—Д in a bounded domain Л. 
In the special case where the integrand is one, the Brownian integrals are nothing 

else but the logarithms of the grand canonical partition functions of the ideal quantum 
gases in their functional integral representations [3]. The functional integration met-
hod allows one to replace the quantum mechanical problem by a corresponding 
classical problem for a system of interacting Brownian trajectories. This method with 
application of Feynman-Kac formula was used first by Ginibre in [4]. The systems of 
interacting Brownian trajectories we call Ginibre gases (see [5] and [6]). 

The case considered in [lj corresponds to the Ginibre gas with Maxwell-Boltzmann 
statist ics while the present paper considers the case of Ginibre gas with Bose-Einstein 
statistics. The class of admissible domains Л consists of bounded convex domains with 
convex holes possessing smooth boundaries of the class C 3 . 

We obtain the three first terms of the asymptotics for the case of small activity 
(Theorem 1 and 2). The first two terms are proportional respectively to the volume 

Л 
23 



24 S. FRIGIO AND S. K. POGHOSYAN 

third term is proportional to the Euler-Poineare characteristic of the domain. In this 
part our analysis relies on the modified techniques from [lj and involves some specific 
properties of the Brownian bridge process outlined in the Appendix. 

We consider also the Ginibre gas with repulsive two-body interaction at low activi-
ty. Applying the previous results together with the results on the decay of correlations 
from [6] we find an explicit expression for the pressure in terms of functional integrals 
and prove that the correction term is of order of the area of the boundary of Л 
(Theorem 3). The proof is based on the cluster expansion method. 

Similar result for the case of Maxwell-Boltzmann statistics was obtained in [7]. 

2. G I N I B R E G A S W I T H B O S E - E I N S T E I N S T A T I S T I C S 

For в > 0 fixed and j = 1 , 2 , . . . let Xjp be the space of Brownian loops of time 
interval j[3 in R v , v > 1, defined by 

Xje = {X e C ([0,j0],Rv) I X ( 0 ) = X j e ) } 

In the topology of uniform convergence Xjp is a Polish space with Borel ст-algebra Bjp. 
Let X j ^ be the set of 1 oops X which start and end at է he point u e R v . I n (Xjp, Bje) 

we consider a non-normalized Brownian bridge measure Բ^ : Բսբ (Xjp) = (ոյթ)ս / 2. 
(see the details in [6]) 

The underlying one particle space X is defined as a topological sum of the spaces 
Xjp: 

X = U  X j e • 
j=1 

The natural ст-algebra in X generated by the ст-algebras Bjp we denote by B ( X ) . 
The elements of X we call composite loops and put |X | = j if X e Xjp. 

Let 0 < շ < 1 be a parameter called activity or fugacity. We define a measure PZU 
oo 

on Xu = ( J Xue by the formula 
j = 1 

^ j 

բս = E  z-pu • 
j = 1 J 

Evidently ԲԱ is a finite measure for all z, 0 < z < 1. Using a natural bijection 
т : X 0 x R v ^ X defined by т ( X 0 , u ) = X 0 + u, X 0 e X 0 , u e R v , we define a 
ст-finite measure pz on X by 

pz = e p 0 x А) о т - 1 , 

where A is the Lebesgue measure on R^. The triple (X, B(X),pz) is the one particle 
space of our system. 

The configuration space of our system is 

M(X) = {u CXII^I < <x,} 

where | • | s tands for the number of elements in a finite set. 
An element u e M(X) is a finite configuration of composite loops in R v of random 

time intervals multiple to в- We denote by F(X) the canonical ст-algebra in M(X). 
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On M(X) we consider the foil owing ст-finite measure WPz given by the formula 

1 Г 
(2.1) Wpz = 5 3 n l v (Xi >•••> Xn) pz № ) • • • Pz (dXn) 

n=0 ' 

(For the details, see [6]). 

For any domain Л G R^ let X(Л) be the set of all composite loops "living" in Л: 

x ( Л ) = {X G x I X(t) G Л, rn G [0, | X | e ] } • 

In the same way, let 
М(Л) = {и с X ( Л ) I И < ж} 

Л 
measure p z on X(Л) (respectivelу of WP z on М(Л)) we denote by pz^ (respectively 
by Wz^). The triple (М(Л), %(Л), Wz^) WE call the ideal Ginibre gas in Л with 
Bose-Einstein statist ics and activity z. 

Note that for Л bounded both measures pz^ and Wz,л are finite. Moreover 

1 r 
(2.2) WzA(M(^)) = Y j M J pzAdXi) ••• pzA(dXn) = exp { p z A ( X (Л) ) } 

n = 0 Ж и(Л) 

is the grand partition function z) of the ideal Ginibre gas in Л. 
To define the energy of configuration и G M (Л) we consider the space C ([0, в], R^) 

of all continuous trajectories of t ime intervals в in R^ which we call elementary 
trajectories. We will say that an elementary tra jectory x is an elementary constituent 
of a composite loop X G X , and we will write x G X, if for some i, i = 0, ! , • • • , |X | — 1, 
x(t) = X(ie + 1 ) for all t G [0, в]. 

Let 

в 

(2.3) Ф(х) = J&(x(t)) dt, x G C ( [0,в] , R ^ ) , 

0 

where Ф : R^ ^ R is a continuous function (see below for the conditions on Ф). The 

energy U(и) of a configuration и G M(X) is given by 

U(и) = £ U 1 (X) + 1 £ U 2 ( X , Y), 
ХЕш x , Y e w , X = Y 

where 

Ui(X) = \ E Ф(х1 — x 2 ) , 
X l , X 2 e X , X1=X2 

U 2 ( X , Y)= £ Ф(х — y). 
XEX,yEY 

The Boltzmann factor f is defined as 

f (и) = exp {—U(и)} , и GM(X)• 

The triple (М(Л), Wz,Л, Ф) we will call the Ginibre gas in Л with activity z, interaction 
Ф and Bose-Einstein statistics. 
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T h e main ob ject of our interest is the grand part i t ion funct ion ^ ( Л , z) of the 
Ginibre g a s in a bounded Л с R v which is defined by 

(2.4) S^,z) = Wz,A(f )= J exp {—U ( u ) } Wz,A(du), 

М(Л) 

We want to s tudy the a sympto t i c s of l o g S ^ , z) for large bounded Л. As in the 
case of Maxwel l -Bol tzmann s tat i s t ics (see [7j) the Brownian integral of a single 
loop constrained to a bounded domain Л, / pz,A(dX) has its own, non-trivial 

* (Л) 

contribution to the a sympto t i c s of log S ^ , z). Th i s is purely " q u a n t u m " effect which 
is not the case for the classical ana logue of our model . Note t h a t by (2.2), 

J pz,A(dX) = l o g W z , A ( М ( Л ) ) = l o g S i d ( ^ z ) . 

X (Л) 

T h u s we need to s tudy first the a sympto t i c s of log Sid(Л, z) for large Л. 

3. C O N D I T I O N S O N T H E P O T E N T I A L A N D 
T H E C L A S S O F A D M I S S I B L E D O M A I N S 

We suppose t h a t the funct ion Ф which defines the interaction Փ between loops (see 
(2.3)) sat isf ies the following conditions: 

( a ) : Ф is an even function: Ф(— u) = Փ (ս ) , u e R v ; 
( b ) : Փ is repulsive: Փ > 0; 
( c ) : Փ has the following power decay at infinity: 

J I^(u)I (1 + IuI)1 du, l > 0. 

T h e class of potent ia l s Փ sa t i s fy ing conditions (a)-(c) we denote by P+. 
T h e class of admiss ib le domains Л consists of open bounded convex subse t s of R v 

with n, n > 0, convex closed holes. We a s s u m e t h a t է he b o u n d a r y дЛ of Л consists of 
n + 1 (v — 1)-dimensional closed C3 manifolds . At each point r e дЛ we define local 
coordinates • • •, £,v-1) so t h a t n is a long the inward drawn unit normal n and 
^ ,• • •, £v-1 are a long the directions of principal с urvatures of дЛ a t the p o int r. In 
this local coordinates дЛ ^s given bу a C3 function f r : 

( 3 . i ) n = fr(i1,...,iv-1) = fr(t), II^II < £ 

for some S > 0 smal l enough, t = (^т • • •, £v-1 )• 

4. M A I N R E S U L T S 

Let F ( X ) , X e X be a t rans lat ion invariant function: F(X + u ) = F ( X ) , for all 
X e X and u e R v . Hence we can think of F a s a funct ion on X0 and we a s s u m e 
t h a t F e Li(X0, P0) for some z > 0. Let 

Л Д = R • Л = {R • uIu e Л } • 
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T h e o r e m 1. For any admissible domain к and for all z from the interval 0 < z < z 
the following expansion holds true 

J F(X)PZAR (dX) = RV |A |ao (F ,z ) + RV-1a1(A,F, z) 

X (AR) 

+RV-2a2(A,F,z) + o(RV-2) 

as R ^ ж, where |A| is the volume of A and the coefficient a0,a1 and a2 are 
given explicitly in terms of functional integrals by formulas (5.3), (5.29) and (5.80) 
respectively. 

F 
a 1 a 2 

F 
rotation invariant, then 

J F(X)PZ,AR (dX) = RV | A | a o ( F , z ) + RV-1ldA\a1(F,z) 

X (AR) 

+RV-2 J HA(r)a(dr)a2(F, z) + o(RV-2) 
дЛ 

where a1 and a2 are given by (5.SI) and (5.32), H\(r) is the mean curvature of dA 
at the point r G дA and Ծ is the v — 1-dimensional surface measure. 

R e m a r k 1. In dimension two, v = 2, according to Gauss-Bonnet theorem 

J HA(r)a(dr) = 2nT(A), 

дЛ 

where Y(A) is the Euler-Poincare characteristic of A r ( A ) = 1 — n, if A has n holes. 
Therefore the corresponding term is purely topological. 

R e m a r k 2 . In particular case where F = 1 Theorem, 2 gives an asymptotic expansion 
of the log-partition function log ՝Bid(AR, z) of the ideal Ginibre gas in AR, as R ^ ж. 

The next result gives the main term of the asympotie expansion of the log-partition 
function of the Ginibre gas in AR with interaction Ф. 

T h e o r e m 3 . Let Ф eV+, l > 1 and z be from the interval 

(4.1) 0 < z < exp < — 32 
e 1 - v / 2  

V/2 £ r ( 1 + v / 2 ) ^(u)db 

1 / 2 ՜ 

then for any admissible domain A С RV 

logE(An,z) = RV • р(Ф, z) |A| + O(RV-1) as R ^ ж 

where р(Ф, z) is given by 

p(*,z) = J PS(dX) J Հ Հ Ք ) WPz (dШ), 

X0 M(X) 

П 
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and (3 ^(Ф, z) is called pressure. 

Here and below, without confusing the reader, we write ( X , w) for the configuration 
{ X } U w. T h e Ursell function g is defined below by formula 6.1. 

5. P R O O F O F T H E O R E M 1 

Let 

I (R,z)= f F (X)pzAR (dX). 
JX (AR) 

B y definition of the measure pz,KR 

I(R,z)= f du [ 1 (X + u)F(X)P0(dX) 
J J  X (AR) 

AR X0 

where 1 is the indicator function of a set A. 
A 

We decompose this integral a s follows 

(5.1) I(R,z)= l0(R,z) - I i ( R , z ) , 

where 

I0(R, z) = J du J F(X)PZ0(dX), 

AR X 0 

Ii(R,z) = J duJ ( 1 - 1X(AR)(X + u^j F(X)PZ0(dX). 
AR X0 

This gives the volume term: 

(5.2) I0(R,z)= Rv - |Л | - a0(F,z) 

with 

(5.3) a 0 ( F , z ) = j F(X)PZ0(dX). 
X 0 

To s tudy I1 f rom (5.1) we put 

= j u e Лв.^(щдЛ) < 5л/Е j 

where d is the Eucl idean dis tance in R v . Then 

(5.4) Ii(R,z) = h(R, z) + I2(R,z), 

where 

I 2 ( R , z ) = J du j ( 1 - 1X(AR)(X + u^ F(X)P0(dX), 
AR,S X0  

I2 (R,z)= j duJ ( 1 - 1X ( A R ) ( X + u^j F (X)P0(dX). 
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Evidently 

% J  d ujWIIW^w^m 
AR\AR։S X 0 

B y Schwarz inequality and L e m m a 1 from [6] 

(5-5) / I (X) F(X^ PZ0(dX) д, 0 { s u p 11 X 11 >6VR} 
г / м 1 / 2 

< \\F||Լշ PZ0 (sup \\X\\ > S^R) < C (v) в - v / 4\\F\\Լշ e x p [ — C ( p , z ) S R ] 

for all z, 0 < z < I , where C(в, z) = (^щг) 
1/2 

and 

\\F\\Լշ = F2(X)P+zZ(dX)j 

1/2 

C 

the dependence on the parameters ) 

(5.6) % ( R , z) < ЩС (v,e,z) HF \ Լ շ e x p [ — C ( e , z ) S R ] . 

Now consider I2(R, z). We have 

(5.7) l2(R,z) = I3(R,z)+13 (R,z), 

where 

o I3(R,z) = du (l — I (X + u n I ( X ) F ( X ) P 0 ( d X ) , 
J J V X ( A R ) V J { s u p 11 x 11 <s^R}y J v 7 Z V ի 

Ar,S X0  

Ճ ( R , z) = f du f (l — I (X + u n I ( X ) F ( X ) P 0 ( d X ) . 
J J V X ( A R ) V 7 { s u p 11 x 11 >s^R}y J v 7 Z V 7 

AR,S X0  

According to (5.5) 

(5.8) % ( R , z) < AC (v,e,z) HF\\Լշ e x p [ — C ( e , z ) S R ] . 

To es t imate I 3 (R, z) we use the local coordinates . Similarly to (3.1) dAR is given 
locally by 

n = fr,n(0, \\£\\ 

We have the following relations between the functions f r , R and f r = f r j 1 : 

( 5 . 9 ) fr,n(0 = Rfr,1(R - 10-

Let ki^R), i = I , . . . ,v — I , be the principal curvatures of d A R a t the point r G dAR. 
From (5.9) it follows tha t 

(5.10) k i ( r R ) = R - 1 կ ( ^ ) , i = I , . . . ,v — I. 
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SVRU-1 

Then (see, for example , [8] 

I s ( R , z ) = J an(dr) J Ц ( 1 - rki(rlR)) dr 
SAR 0  i=1  

• f (1 - 1 ( л (X + r + T X ( X ) F ( X ) P 0 ( d X ) . 
J \ X(AR) ) sup ||X||<5VR 

X 0 

For each X e X0 such t h a t s u p ||X|| < SyR we put 

7 ( X ) = lr,R(X) = inf [Xn(t) - fr,n(XT(t)]. 

Here 

(5.11) Xn(t) = (X(t), n), XT(t) = X(t) - { X ( t ) , n ) n 

where (•, •) s t ands for the scalar pro duct in R v . It is easy to check tha t , for any 
X eX0 with s u p 11X11 < S^R, 1 (X + r + Tn) = O f f T + j ( X ) < 0. Therefore 

X (AR) 

sVR v-i 
Is(R,z)= J aR(dr) J П (1 - Tki(rlR)) dT • 

SAR 0 i=1 

(5.12) • / I ( X ) < 0 ( X ) 1 | | X | | < R ( X ) F ( X ) P 0 ( d X ) -
T+Y(X)<0 sup ||X||<avR 

Using the equality 

1 
sup | X 

we can rewrite (5.12) as 

1 r- =1 r- + 1 ^ 1 r-, sup ||Xn||<^VR sup ||X||<^VR sup ||X||>5VR sup ||Xn||<5VR 

&VR v-1 
Is(R,z)= J aR(dr) J П (1 - Tki(rlR)) dT • 

SAR 0 i=1 

(5-13) • / I ( X ) < 0 ( X ) 1 | | x < R ( x ) F ( x P ( d X ) -

т+Y(X)<0 sup ||Xn||<oVR 

SVR v-1 - f aR(dr) J П (1 - Tki(rlR)) dT • 
SAR 0 i=1 

х»  1T+Y(x)<0(X)1sup | | x | > a V R ( X ) 1 s u p nXnH<s^R^X^F (X՝ ) P z ( dX՝ ) = 

= I A ( R , z) + I A ( R , z). 

Let us e s t imate the second te rm I A ( R , z). It is clear t h a t for each admiss ib le domain 
Л 

k = m a x sup |k i ( r |1 ) | < то. 
1< i<v - 1reSA 

Assuming S < k 1 , we have t h a t 

1 

П ( 1 - TkMR) 
i=1 

< 2v - 1, 0 < T < SR. 
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Hence using (5.5) we see t h a t 

(5.14) IA(R,z) < | A | C (v,e,z) ЦF\\լ2 exp[—C([3,z)5R]. 

T h e first t e rm IA(R,z) in (5.13) we decompose a s 
oo v — 1 

IA(R, z) = f aR(dr)J П (I — rh^R)) dT • 
dAR 0 i=1 

• ' 1 + w J X ) 1 l l x < R ( X ) F (X)PZ0 (dX) — 

т+7(X)<0 sup ||Xn||<oVR 
oo v—1 (5.15) — / aR(dr) f П (I — Th^R)) dT • 

d ^ R sVR  i=1  

• ' 1 + w J X ) 1 l l x < J X ) F ( X ) P Z 0 ( d X ) = 

T+Y(X)<0 sup ||Xn||<ovR 

= IA(R,z)+ I A ( R , z) 

Let us show t h a t 

(5.16) IA(R,z) < Cexp — (e,z)SvR 
where C = C(v, в, z, A, F, J ) does not depend on R. > F r o m (5.10) it follows t h a t 

v—1 v—1 v—1 
(5.17) П (I — Tki(rR)) = £ T s a s ( r R ) = £ R—sT sas(R—1r^), 

i=1 s=0 s = 0 

where ao^R) = I, 

as(rR) = ( — I) s ]T kh (rR) ••• kis (rR), s = I, ••• ,v — I. 
1<ii<-<is<v—1 

Hence 
v— 1  o  

I A ( R , z ) \ < £ J ^ ( r m a R d ) j T sdT 

" ~ 0 d ^ R sVR 

J \ + 7 ( X ) < 0 ( X ) I s u p ^ տ ^ ™ * ՝ W ^ W . 
X 0 

Now with the help of (5.9) and the condition t h a t f r , R is of c lass C 3 one can easily 
obta in t h a t 

I v — 1 

(5.18) fr,R(0= R — 1 + R—2er,R(i), \\£\\ < Ш 
2 s=0 

where 

(5-19) М О К C(v)C(A)\\£\\3 

uniformly in r G dAR and R > I . T h i s implies t h a t for all Հ, \\£\\ < SR and R large 
enough 

f r A ^ K ks2. 
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Using the fact that sup t | |X(t) | | > T - kS 2 for any loop X s t r i n g at the point r + Tn 
with T > S v R and such that T + Y(X) < 0, we can write: 

/ 1 + (X)<0(X)1 llX „< z ^ F ( X ) P 0 ( d X ) 
J T + Y ( X ) < 0 s u p | |Xn | |<CTvR 

X 0 

< I 1 llX „ _ ( X ) F ( x ) P 0 ( d X ) 
J sup | | X n | | > T — kd 

X 0 

< | | F | | լ շ [ P + ,z ( s u p ы >T - Щ ] 1 / 2  

< C(v)f3—v/4HFHl2 e x p [ C ( в , z)kS2] e x p [ - C ( в , Z)T]. 

v — 1 ՜ ՜ 

ая 

Hence 

TA ^ A (R,z) < C(v,e,z,k,S)HF | | լ շ ^ f a^R^R^r) ( T s exp[-C(в, z)T]d,T 
s=0 J J 

d A R aVR 

(5.20) < C ( v , e , z , Л, S ) | | F Ա շ e x p [ - C ( p , z ) S ^ R ] , 

which proves the formula (5.16). 
Hence combining the formulas (5.1), (5.4), (5.6)-(5.8), (5.13) and (5.16) we find 

that 
oov—1 

I1(R,z)= J aR(dr)J П (1 - Th^R)) dT • 
SAR 0 i = 1 

• f 1 + (X)<0(X)1 llX < R(X)F(X)Pz0(dX) + O(e—C^). 
Д<0 т+Y(X)<0 s u p | | X n | | < o v R 

Applying Fubini 's theorem and formula (5.17) to the last integral we have 

v— 1 
h(R,z) = £ f as(rR)aR(dr) f 1 R ( X ) F ( X ) P ^ ( d X ) • 

s = 0 d A R X 0 S U P | | X n | | < ° V R 

—T(X) 
• / T  sdT + O(e—C 

0 

or 
. —1 

(5.21) h(R,z) = Y , Ls(z,R) + O(e—cVR). z, R) + O(e 
0 

with 

(5.22) Ls(z,R) = j+j f as(rR)aR(dr) • 
9AR 

• f 1 R ( X ) F ( X ) ( - 7 ( X ) ) s + 1 P0(dX). 
s u p | |Xn H < 0 ^ / R 

Let e1,..., ev—1 be unit vectors drawn along the directions of the principal curvatures 
of д Л ^ ^^ point r e дЛ^ For each X e X0, with sup ||X|| < SR, we choose 
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tn = tn(X) and tR = tR(X) f rom the interval [0, | X | e ] so t h a t Xn(tn) = inf Xn(t) 

and 

Xn(tR) — fr,R(XT (tR)) = inf(Xn(t) — fr,R(XT (t))). 

B y Propos i t ion 1 f rom A p p e n d i x 1 t n is PZ '-almost surely unique and by Propos i t ion 
2 f rom A p p e n d i x 2 t n ^ t R , as R ^ ж , P^-a lmos t surely for all z, 0 < z < I. 

Let us show t h a t the following representat ion of Y(X) is valid: 

R—1  V—1  

(5.23) —Y(X) = —Xn(tn) + — £ ki(R—lr\I) X ( t n ) , a)2 + R—1lr,R(X), 
i=1 

where 

(5.24) ^ ( X ^ < C (v,p)\^ ] է ( ( X T (tR), ei)2 — {XT (tn), ei)2) + R ^ X f j . 

Note t h a t f rom Propos i t ion 2 and the Lebesgue dominant convergence theorem it 
follows t h a t 

(5.25) J aR(dr) J ir,R(X)PZ0(dX) = o (RV—1), a s R c r A V ^ - y - 1 Z ' 

d A R X 0 

. 

Let us prove (5.23). We have t h a t 

—Y(X) = fr,R(XT (tn)) — X n (tn) + A ( X | r , R), 

where 

0 < A X r , R) = fr,R(XT (tR)) — Xn(tR) — fr,R(XT (tn)) + X n (tn). 

Using 5.18 we find t h a t 

R—1 V — 1  

A ( X | r , R) < fr,r(Xt(tR)) — fr,r(Xt(tn)) = ki ( R ^ r ! • 
2 i=1 

(Xt(tR), ei)2 — (Xt(tn), erf] + R—2 [C^rX(tR)) — CRXt(tn))] . 

Thi s according t o 5.19 and Propos i t ion 2 implies (5.23) and (5.24). 
With the help of (5.23) we can t rea t the t e r m s Ls(z,R) f rom (5.22). Consider 

L0(z, R). We have t h a t 

( - 1 V—1 

L 0 ( z , R ) = Rv—1f a(dr) f F ( X ) —Xn(tn) + V £ H r I • 
д Л X0 \ i=1 

• (Xt(tn), ei)2 + R—%,r(X)) P^(dX) = 

(5.26) = —RV—1 J a(dr) J F(X)inf XnP00(dX) + 
дЛ X 0 

+ J a(dr) J Z ki(r\I)F(X) ( X t ( t n ) , e ) P?(dX) + o(RV—2) 
дЛ X 0 i=1 
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In a similar way, according to (5.17), 

v — 1 
( 5 . 2 7 ) h ( z , R) = - 2 R v — 2 J £ • 

дЛ i = 1 

• f F(X)Xl(tn)P0(dX) + O(Rv—s). 
X 0 

It is easy to check that 
v—1 

(5.28) J2L°(z>R) = O(Rv—s). 
s=2 

Indeed for R large enough | y ( X ) | s < Csup | |X| | s . 
B y L e m m a 1 from [6j it is easy to check that sup | |X| | s e L1 (X0,P°). Therefore 

v — 1 v — 1 _, 
£ Ls^R^ < £ / R—sas(r^)a(dr) • 
s = 2 s = 2 дЛ 

• f F(X) sup | X | s + 1 P z 0 ( d X ) = O(Rv—s). 

X 0 

Now from (5.21), (5.26)-(5.28) it follows that 

I1(R,z) = Rv—1a1^,F,z) + Rv—2a2^,F,z) + o(Rv—2) 

where 
(5.29) a1 = - J a(dr) J F(X) inf XnP^(dX), 

дЛ X 0 

1 Г r  v—1 г i 
(5.30) a2 = - a(dr) J F ( X ) J ^ Կ(r|1) [{Xt(tn),eH)2 - X2a(tn) P^(dX) 

дЛ X ° ՝' = 1 
2 . 1 

This together with (5.1) completes the proof of Theorem 1. 
F(X) 

integral 

J F(X)inf XnP0(dX) 
X 0 

does not depend on the orientation of the unit normal n in M v , because the measure 

P 0 a1 

a 1 = ^ a ^ z ) 

with 

(5.31) a1(F,z) = - J F(X) i n f { X , d1)P00(dX) 

X 0 

where d 1 is any fixed unit vector in R v . In the same way 

1 f v—1 г г ՜ւ 
a2 = 2 J ^ W W r ) J F ( X ) [ (Xt (t), d ^ 2 - ( X n ( t ) , d ^ J P0(dX), 

дЛ i = 1 X0  
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or 

a-2 = J ЯЛ(r)a(dr)a2(F,z), 

дЛ 
where 

1 v ֊ 1  

ЯЛ(Г) = ki(r\1) 
V — 1 

i = 1 
is the mean curvature of dA a t the point r and 

(5.32) a2(F,z) = ֊ J F (X) (t), ճշ)2 - (X(t), d ^ 2 ] P0(dX). 

ж 0  

H e r e d ^ d 2 i s a n a r b i t r a r y fixed p a i r o f o r t h o g o n a l u n i t v e c t o r s in R v a n d t i s d e f i n e d 

b y ( X n ( t ) , d ^ = inf ( X n ( t ) , d 1 ) . T h e o r e m 2 i s p r o v e d . 

6. P R O O F O F T H E O R E M 3 

g 

(6.1) g(w) = П e - U i ( X ) E П ( e - U 2 ( X ' X ) - l ) , 
хеш YeTCOn(ш) [x,x]eE(~/) 

where 7 G rcon(w) is the set of all connected graphs consructed on w, E ( j ) is the set 
of edges of the graph 7 . 

To develop the large volume asymptot ic s of the log-partition function l o g S ( A R , z) 
of the Ginibre gas with interaction we use the cluster representation l o g S ( A R , z ) in 
terms of the Ursell function: 

l o g E ( A R , z ) = J g(w)Wz^R (dw) (w)WzARy 

M^R) 

(See for detai ls [6]). It follows from Corollary 3 and formulas (12) and (32) in [6] tha t 
the Ursell function g G L1(M(AR), WZ,Л), R > 1, for all z f rom the intervall (4.1). 

An appplicat ion of formula (4) from [6] gives 

l o g E ( A R , z ) = J pz (dX) J g1(X,w)WzAR (dw) 

X^R) M^R) 

where g1(w) = ^ЩЩу, w G M \ { 0 } . Thi s implies 

(6.2) logE(AR,z)= A0(R,z) - A1(R,z), 

w /here 

A0(R,z)= j Gz (X)pz (dX), 

X ^ R ) 

A1 (R,z)= J pz (dX) J g1(X,w)Wp, (dw), 

X ^ R ) M c ^ r ) 

Gz(X) = j g1(X,w)WPz (dw). 

M 
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Note tha t Gz is translat ion invariant function: Gz (X + u) = Gz ( X ) , for an у u G Mv 

and X G M. Th i s follows from the translat ion invariance of the Ursell function and 
the measure Wp^. B y [6], L e m m a 4, Gz G L2(X0, P0) for all z from the intervall (4.1). 
According to Theorem 1 

Ao(R, z) = Rv\A\ao(Gz) + Rv - 1ax(Л, Gz) + Rv - 2a2(A, Gz) + o(Rv - 2). 

Now consider A1(R, z). We will show below tha t A1(R,z ) = O(Rv - 1). Similarly to 
A 1 

(6.3) A 1 (R,z) = A2(R,z) + A2 (R,z), 

where 

A 2 ( R , z ) = J d u j 1*(AR)(X)PzUd(X) J g1(X,u)Wp,(du), 

AR,J X " M c (AR) 

A2(R,z)= J d u j 1X (AR)(X)PzUd(X) J g1(X,u)Wpz (du). 

AR\AR։S X" MC(AR) 

Applying Corollary 1 from [6] we find tha t 

\ A 2 ( R , z ) \ < J du J PUd(X) J \g1 (X,u)\ W p , ( d u ) < 
AR\AR։6 X" M c(B"(SR) 

(6.4) < C (1 + SR) -' RV\Л\ = O(Rv - 1), 

where C = C (Ф, z,l) > 0 and Bu (R) is a ball in Mv of radius R centered at 
u G M v . 

A2 (R, z) 

SRv-1 
(6.5) A2(R,z)= J aR(dr) f П (1 ֊ th(r\R)) dt • 

dAR 0 i = 1 

• J 1 ( ) ( X 0 + r + tn)P0(dXo) J g1 (X0 + r + tn,u)Wp, (du). 
X 0 X ( A R ) M ° ( A R ) 

Again applying Corollary 1 f rom [6] we have tha t 

JR 
(6.6) \A2(R, z)\ < 2V-1 J aR(dr) J dt $ P0(dX0) • 

dAR 0 X0  

• J | g 1 ( X ° + r + tn,u)\Wpz (du) < 
M c ( B r + t n ( t ) ) 

oo 
< C (<^,p,v,z,l) f a R ( d r ) J ( 1 + 1 ) - 1 dt = O(Rv - 1). 

dAR 0 

This completes the proof of Theorem 3. 
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7. A P P E N D I X 

P r o p o s i t i o n 1 . The time t at which one dimensional composite Brownian loop 
attains its infimum is P0 -almost surely unique for all z : 0 < z < 1. 

P r o o f : Let X0 be the space of all one dimensional composi te Brownian loops. Let 

T(X) = \t G [0, \ X \ e ] \ X ( t ) = i n f X ( s ) J . 

We need to show tha t 

P0{X G X\cardT(X) > 1} = 0. 

Let h(X) = sup T(X) a i d h(X) = inf T ( X ) , X G X F o r each X GX0 let X G X 0 

be defined by X(t) = X ( j p -1) if X G X°e. Evidently • : X 0 ^ X 0 is one to one 

mapp ing which preserves the measure P0^ j = 1,2,..от each Xj^. Therefore X 

preserves the measure P0. Taking into account tha t h(X) = h(X) we have tha t 

J h(X)P0(dX) = J h(X)P0(dX) = J h(X)P0(dX) 

X 0 X 0 X 0 

T h u s h - h > 0 with 

J ( h ( X ) - h(X))P0(dX) = 0 

X0 

which implies tha t P0{X G X 0 \ c a r d T ( X ) > 1} = 0. 

P r o p o s i t i o n 2. For each X G X0, and all z, 0 < z < 1 tR(X) ^ t n ( X ) , as R ^ ж, 
P 0 

P r o o f : It is sufficient to show tha t 

(7.1) \Xn(tR) - Xn(tn)\ ^ 0, as R ^ ж, 

for each X G X^^^ed, if T(X) ^s a ^^^^^^^g point for the set { t R ( X ) , R > 1 } 
then (7.1) implies tha t (X • п)(т) = (X • n)(tn) = inf (X • n) and by Proposi t ion 1 
т(X) = tn(X) P0-a lmost surely. 

Let us prove (7.1). B y definitions of tR and tn 

innf(X(tn) - fr,R(XT(t))) - innf Xa(t) < X a ( t a ) - fr,R(XT(ta)) - Xn(tn) 

which implies 

Xn(tR) - fr,R(XT(IR)) - X a ( t a ) < -U,R(XT(tn)), 

which together with the bound 

\fr,R(0\< CR^MW2, 

(see (5.18)) gives 

0 < Xn(tR) - Xn(tn) < 2CR-1\\X\\2. 

Formula (7.1) is proved. 
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