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oo
Abstract. Suppose that £ a* is a series with a* > 0. In [3] some asymptotic 

Jk=O 
oo k oo oo

properties were obtained for series of the type 52 52 and 52 52 a^)
Jt=O v=0 k=0 v=k

for a class of functions p. It has been proved by L. Leindler [2] that these asymptotics 
are best possible for the case <p(t) = t~a. In this paper we show that the asymptotics 
obtained in [3] are best possible for more general <p(t).

§1. INTRODUCTION AND STATEMENT OF RESULTS
OO

Throughout this note we consider series 52 a* with dk > 0. As usual 
k=Q

n

Sn •— &k j

k=0

oo
Rn := Qk 

k=n

are the partial sums and the remainders respectively, and suppose that Sn > 0 and *
Rn > 0 for all n € INq.
In our previous paper [3] we investigated convergence - divergence properties of the
series

oo OO

^Tak<p(Sk) and ak^(Rk),
k=0 k=o

under certain assumptions on the functions p and V’- Among others we proved the 
following results.

OO

Theorem A. Let 52 ak be divergent and p 
k=0

on [a0, oo). The following assertions hold :

be a positive and decreasing function
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(1) If f (p(t) dt < oo, 
do

(2) If f <p(t) dt = oo, 
do

then

then

’oo
E 0*v>(Sfc) < oo,

Jk=O
oo
E ak^(Sk-i) = oo. 
k=l

OO

Theorem B. Let E ak he convergent and ip be a positive and decreasing function 
k=o

on (0, jRq]. The following assertions hold :
Ro

(1) If f ip(t) dt < oo, then 
o 
Ro

(2) If f V>(t)dt = oo, then 
o

OO

E (wKRk) < oo, 
fc=O

OO

E ak^(Rk+i) = oo- 
k=0

For <p(t) = t~Q, t € [ao> oo), Theorem A reduces to the well-known Abel-Dini-theorem 
(see for instance [1], p. 299, or [5], Theorem 7.9). A classical result of Dini (see for 
instance [1], p. 301) is obtained for ip(t) = t~a, t G (0,72o], as a special case of
Theorem B. i

For the case (p(t) = t~Q and ip(t) — t~a L. Leindler [2] proved that Theorem A and
Theorem B are in a certain sense best possible.
At the International Conference on Functions, Series, Operators (Alexits Memorial 
Conference, Budapest) the problem was set whether Theorem A and Theorem B are 
also best possible for more general functions <p and ip. Using Leindler technic [2] we 
answer this question and prove the following results.

Theorem 1. Let <p be a positive and decreasing function on [l,oo).
OO

(1) Suppose that f <p(t)dt < oo and let {pk} be a sequence of positive factors with 
i

lim pk = oo. Then there exists a sequence {a* } of positive numbers with a0 = Sq = 1 k-*<x> 
such that

oo
a) E ak = oo,

k=Q
oo

h) E ak<p(Sk) < OO,
k=0
OO

c) E akPk<p(Sk) = 00.
k=0

OO

(2) Suppose that f (p(t)dt = oo and let {e*} be a sequence of positive factors with 
i

lim €k = 0. Then there exists a sequence {a*} of positive numbers with do = So = 1 fc->oo
such that

OO

a) E ak = oo, 
k=o

OO

h) E ak<p(Sk-i) - oo, 
fc=l
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oo
c) Y. OkEkfiSk-l) < CO.

*=1

Theorem 2. Let i/j be a positive and decreasing function on (0,1]. 
i

(1) Suppose that f < oo and let {pk} be a sequence of positive factors with 
o

lim pk = oo. Then there exists a sequence {ak} of positive numbers such that

a) E = = 1,
fc=O

OO
b) E ak^(Rk) < 00,

k=Q 
00

c) E CLkPk^(Rk) = OO.
fc=O 

1
(2) Suppose that f ^(t) dt = oo and let {e*, } be a sequence of positive factors with 

o
liin £k = 0- Then there exists a sequence {a*} of positive numbers such that k—too

a) E a* = Ho = 1,
k=0

OO
b) E ak V>(Hfc+i) = oo,

*=0 
oo

c) E O'ktk'lMRk+l) < 00.
fc=O

§2. PROOF OF THEOREM 1
a) We first prove (1). Since lim pk = oo, there exists a strictly increasing sequence k—>oo
{pm} of natural numbers with pi := 1 and

Pk > ------ tv for all k > pm; m = 2,3,... .
<p(m 4- 1)

Let the sequence {a*} be defined by ao := 1 and

a>k '■=
1

Prn + 1 ~ Pm
for pm < k < pm+i; m = 1, 2,... .

oo OO
We obviously obtain E ak = 00 and follows from [3] that E < 00• For

k=o *=o
Mrn < k < Mm+1 we have S* < SMm+1-i = m + 1 and therefore <p(Sk) > <?(m + 1).
For N > 2 this implies

MN + 1—1 /V Hm + 1— 1
^2 ak Pk<p(Sk) > 52 52 akPk<p(Sk) >
k=0 m=2 k=nm

N N Pm+1-1
- 52 --TT? 52 akV>(Sk) >52 52 ak= N -2
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Therefore akPkp(Sk) = oo. 
fc=o ' '

b) To prove (2) we choose a strictly increasing sequence {/i,n} of natural numbers
with Hi = 1 and

10 < Ek for all k > m = 2,3,... .

We define the sequence {a<-} putting ao := 1 and

ak := for all k > pm; rn = 1,2,... .

OO oo
We again obtain 52 = oo and it follows now from [3] that 52 cW^Sk-i) — oo.

fc=0 fc=l
For p.m < k < Hm+i we have Sa-֊i > = 771 and therefore (p(Sk-i) <
implying

OO
Therefore 52 akEk<p(Sk-i) < oo. Theorem 1 is proved. 

fc=l
§3. PROOF OF THEOREM 2
a) We first prove (1). Since lim pk = oo, there exists a strictly increasing sequence /r->oo
{^m} of natural numbers with pi := 1 and

^(2“m)
for all k > pm] m = 2,3....

Let the sequence {a^} be defined by oq := ֊ and

OO
A short calculation gives 52 ak = 

fc=0
k > pm we obtain

for Pm < k < Mm+i; rn = 1,2,....

OO
1 and from [3] we get 52 ak4,(^-k) < oo. For 

fc=o

v=k j=m J=m
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and therefore > V>(2 m)- For N > 2 this implies
OO N Mm-f-l—1 /V

^akPkiKRk) >52 52 ^kpk^(Rk) > 52 
k—0 m—2 k=iim rn=2 V>(2-m) a^(Rt) >

OO

Therefore 52 o-kPk^(Rk) = oo.
Jt=O

b) To prove (2) we choose a strictly increasing sequence {/im} of natural numbers 
with pi = 1 and

for all k > pm\ rn = 2,3,....

We define the sequence {a*} putting ao := | and

<£k~ ^(2֊

ак :=
_______ 1_______

2m+l • — pm) for Pm <k < Pm + 1] m = 1,2,....

oo oo
Again we have 52 ak = 1 and from [3] it follows 52 ak^(Rk+i) = oo. For k < pm+i 

k=0 k-0
we get

v=fc+l + i j=m+l и=щ j=m+l

and therefore il)(Rk+\) < V>(2 m implying
OO OO Mm + 1-1

52 ajh6fc^№+i) = 52 52 aktkii>(Rk+\} <
А=Д2 m=2 fc=pm

OO Дт + 1-l OO Дт + 1-1 ОС J

— 52 52 ^^(^+1) — 52 гр(2~т՜1) 52 ak 52 2m+i
m=2 4 V ' к=цт m=2 • к=цт m=2

CXj

Therefore J2 akSkiMRk+i) < oo. Theorem 2 is proved. 
k=o

Резюме. Предположим,
OO

что J2 ak есть ряд с ak > 0. В [3] получены некоторые 
к=0

оо к
асимптотические свойства для рядов типа ^2 ак<р( 52 а</) и 

*=о ^=о

ОО ОО

52 ak<p( 52
к=о v=k

Для некоторого класса ункций ip. Л. Лейндлером [2] было доказано, что
эти асимптотики являются наилучшими возможными для случая ip(t) — t а
В настоящей статье доказано, что асимптотики, полученные в [3] являются 
наилучшими возможными для более общего <p(t).
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