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Abstract. Holomorphic functions on D andC that are universal with respect to both translates and derivatives are constructed. The corresponding universal functions are determined by lacunary power series with gaps of positive lower Poisson density.
§1 . INTRODUCTIONFor a compact set K in the complex plane C we denote by A(K) the set of all complex valued functions, that are continuous on K and holomorphic in its interior 
KQ. Supplied with the uniform norm, A(K) becomes a Banach space. By M. we denote the family of all compact sets which have connected complement.The problem of ’’universal approximation” of functions by so-called universal elements” are classical and there exists an extended literature on the theory of functions which are universal in different respects. The first example (which we cite in a slightly modified form) was given by Fekete in 1914 (see Pal [20]), who proved theooexistence of a universal real power series ^2 clvx1' with the property that for every i/=0interval [a, 6] with 0 [a, 6) and every continuous function f on [a, 6] there exists a
sequence {n*} such that { £ a^} converges uniformly to f(x) on [a,b]. Obviously i/=Othis power series has radius of convergence r = 0.Universal power series (with respect to overconvergence) in the complex plane with positive radii of convergence were constructed by W. Luh in 19/0 [8] and
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52 T. Gharibyan and VV. Luhindependently by Chui and Parues in 1971 [3].Perhaps the best known example of a universal function was obtained by Birkhoff in 1929 [1], who proved the existence of an entire function 0 with universal translates, meaning that for every entire function f there exists a subsequence {n*} of the set of natural numbers IN such that {</>(z 4- n^)} converges to f(z) compactly onC.The approximation theorems of Runge and Mergelian are in general the basic tools for construction of the elements that are universal in a certain specified sense. For details we refer to the article of Grosse-Erdmann [7], where a survey of the various universalities as well as a complete bibliography of relevant contributions updated till 1998 can be found.We mention some further results which are of interest for our investigations.In 1953 MacLane [18] has constructed an entire function </> with universal derivatives, by proving that for every entire function f there exists a subsequence {n*} of IN such that {</>(n*)(z)} converges to f(z) compactly onC.Motivated by Birkhoff’s result in a series of papers (see [9] - [14]) W. Luh has investigated holomorphic functions in more general open sets, universal under certain translations. For instance in [11] was proved that there exists a holomorphic function in the unit disk D := {z : |z| < 1} possessing the property that for every £ € #D, every K € A4 and every f E A(K) there exist sequences {an}, {&n} such that an 0, 
bn —> C and {<f>(anz 4֊ bn)} converges to f(z) uniformly on K.Some recent papers fixed their attentions to functions which together with universali­ties possess additional properties (Schneider [23] and Tenthoff [24]). In several articles (see [15] - [17]), Luh, Martirosian and Müller have dealt with functions which have lacunary power series expansions and are universal with respect to translates.In this note we construct holomorphic functions possessing several different univer­salities. In Theorems 1 and 2 we prove the existence of holomorphic functions on D andC respectively with lacunary power series, that are universal with respect to both translates and derivatives. In addition it is shown that the ’’paths of approximation” can be prescribed in an arbitrary way. Our basic tool is a result from [5] (Lemma 1, stated below) on the approximation by lacunary polynomials with gaps of positive lower Poisson density. Finally we show that the functions which were obtained in Theorems 1 and 2 possess additional universal properties with respect to almost everywhere approximation of Lebesgue measurable functions.
§2 . REMARKS ON DENSITY PROPERTIESFor a subsequence Q = of INo = IN U {0} various notions oi densities havebeen introduced. We denote by n(t) the number of elements of Q in the interval [0, £].



Universal power series with Poisson gaps 53The upper (△«?)) and the lower (△(<?)) densities of Q are given by
△((?) := lim 4(Q) := lim

t

If A(Q) = △(<?), then the common value is called the density of Q. The maximal and minimal densities of Q are defined by
lim △min(^) •— lirn n(t) — n(tr) \(l-r)t )

respectively. These notions were essentially utilized by Polya [21].In this article we deal with two density concepts, which were introduced by Poisson. The expressions

are called the upper and the lower Poisson densities of Q respectively. The following chain of inequalities is well known :
< △(<?) < △₽«?) < △,(<?) < △«?) <For further properties of the various notions of densities and their interdependences we refer to [22] (see also [2]).

§3 . AUXILIARY RESULTSIn this section we state two lemmas from [13] and [5] which will be used in the proofsof our main results. We consider a subsequence Q = {^)i/eiN0 of JN0 and denote bymPq the set of all polynomials of the form p(z) = pyzq՝'. The first lemma describes x/=0the possibilities of approximation of functions by polynomials from Pq, when Q has positive lower Poisson density.
Lemma 1 (see [5]). Consider for r > 0 and s > 0 the disksDr := {z : |z| < r}, Ds(a) := {z : |z - a| < $},
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assume that r + s < |a| and Dr A Ds(a) = 0 and. define K := Dr U Ds(a). Let 
Q = be a subsequence of IN0 with Ap(Q) > ± arcsin and let f G A(K)
be a function which in a neighborhood of the origin has a representation of the formoo
f(z) = 52 /„z^. Then for every e > 0 there exists a polynomial p G Pq satisfying i/=0

max|/(z) - p(z)| < e.
K.The next Lemma is a generalization of MacLane’s result which was mentioned in the introduction.

Lemma 2 (see [13]). Let A = {An}n€iN be a prescribed subsequence of IN0. Then 
there exists an entire function = <px with the following property : for any entire 
function f there exists a subsequence {mkjkeiN of IN, such that the corresponding 
sequence of derivatives {<//XTn^ (z)} converges to f(z) compactly onC.

§4 . UNIVERSAL ENTIRE FUNCTIONSLet Q = {qpJueiNo be a subsequence of INq. We denote by £q the set of all entire00functions with a power series representation f(z) = 52 f»2^- First we prove the v=0existence of an entire function which is universal with respect to both translates and derivatives.
Theorem 1. Let be prescribed :

• a subsequence Q ofTN^ with A.p(Q) > 0,• an unbounded sequence {zn} inC,• a subsequence {An} of IN0.
Then there exists an entire function 0 with the following properties :
For any set K G A4 and any function f G A(K) there exist subsequences {pk} and 
{qk} of TN such that {0(z + zPk)} and {0(A<»*^(z)} converge to f(z) uniformly on K. 
The function (/> has the form 0 = 4/ + 9? where 'P G £q and is an entire function. 
Proof. 1. Let d > 1 satisfy

△P(Q) > 1 . 1— arcsin —.7T 2dWe define (n G IN).



Universal power series with Poisson gaps 55Without loss of generality, we assume that {dn} is strictly increasing and lim dn = oo n—>oc(otherwise we can choose a suitable subsequence of {zn} which has the desired property). By {f^nJneiN we denote an enumeration of all polynomials whose coefficients have rational real and imaginary parts. Let (p be the entire function from Lemma 2 with respect to {An}.2. We construct a sequence of polynomials Pn € Pq and a sequence of numbers 
mn € INo by induction. We take Po(z) = 0, mo = 0 and suppose that for n E IN Po, Pi,..., Pn_i ; mo,mi,..., mn_i have already been determined.According to Lemma 2 we can choose a sufficiently large natural number mn XJn to have mn > mn_; -I- n, mn > det/(Pn_i) and
By Lemma 1 we find a polynomial Pn € Pq satisfying

(3)
By induction we get {Pn(w)} and {mn}. It follows from (2) that

OO
^(w) := ^2{P/(w) ֊ Pu-i(w)} 

p=lis an entire function which belongs to Eq. We show that 0(w) := ^(w) 4- v?(w) has the desired universal properties.3. We obtain for all v > n



56 T. Gharibyan and W. LuhIt follows
max

Together with (1) this yields
(4)

4. From (2) and (3) we get
max |$(w) - Q„(w - z„)| < |w-zn |<dnmax |w-zn|<dn |^(w) ֊ Pn(w)| + max w—zn|<dn |Pn(w) - Qn(w - zn) + <p(w)|

max'p-1 |+d
or equivalently

max |0(z 4- zn) — Qn(z (5)
5. Given a set K € M and a function f € A(K), by Mergelian’s theorem [19] (see, also [4]), there exists a subsequence {nk} of IN with Qnfc(z) =>/(z).There exists a ko such that K C {z : |,z| < |znfc_i|} for all k > &o, and it follows from (4) that

■VOn the other hand there exists a k0 such that K C {z : |z| < dnit} for all k > ko, and it follows from (5) that also </>(* + znJThis completes the proof of Theorem 1.



Universal power series with Poisson gaps 57Remark 1. The proof shows that the function </> = was constructed in such a way that• the function $ € £q has universal translates with respect to the prescribed sequence {zn},• the entire function has universal derivatives with respect to the prescribed sequence {An} and 0 has both universality properties.§5. UNIVERSAL HOLOMORPHIC FUNCTIONS IN THE UNIT DISKLet again Q = be a subsequence of JN0. We now denote by Uq the set of allfunctions / which are holomorphic in the unit disk D with a power series expansion /(2) = 0 ■ For a sequence {wn} of complex numbers we denote by ^({wn})the set of all its accumulation points.
Theorem 2. Let be prescribed :• a subsequence Q oflNg with Ap(Q) > 0,• a sequence {an} inC \ {0} with 0 € V({an}),• a sequence {6n} in D with lz({6n}) = dD,• a subsequence {An} of IN0.
Then there exists a holomorphic function 0 in D with the following properties :
For any set K E Ad, any function f E A(K) and any £ E dD, subsequences {p*} and 
{qk} of IN exist such that

lim aPk = 0,oo lim bqk

aPkz T bqit E D{0(aPtz + 6,J} for all z E

converges to f(z) uniformly on K.
*

K c D then in addition there exists a subsequence {r*} of IN such that

)(z)} converges to f(z) uniformly on K.

The function 0 has the form 0 = 4* + where 4* EUq and ip is an entire function. Proof. 1. We consider any sequence {C^}*€։n0 of points € dD with }) = dD. For each k E IN0 we choose a subsequence {z^1 }PeiN of {6n} with the properties l^0,| < l^’l < ••• < l^l for each u E IN and that there exists a sequence {G>}»,€in of disks Gv := {z : |z| < p»,} such that pi < p2 < ... < -> 1and z?1 6Gv+1\Gr fork = 0,1,..., v. .



58 T. Gharibyan and W. Luh% —Next, we choose large enough, to have sv := -> 0 for v ֊> oo, as well asfor k = 0,i/,
{z : \z - 4A)| < s»,} C G\,+i \G„ for k =

g
£.P(Q) > ~ arcsin —֊֊ for k = 1,i/; v = 1,2,.... p 7T •3*4

Let again {Qn}n6iN be an enumeration of all polynomials with coefficients whose real and imaginary parts are rational and let <p be the entire function from Lemma 2 with respect to {An}.2. We construct polynomials Pnp € Pq (jj. = 0, ...,n; n = 1,2,...) and integers mn by induction, where in the n-th step the polynomials Pni, Pn2,..., Pnn and an integer 
mn are defined by an approximation process, using Lemina 1.We start with Pio(z) = Pu(z) = 0 and m\ := 0. Suppose that n > 2 and that the groups of polynomials P„i, P„2,..., Put/ and the numbers E IN have already been determined for all z/ = 1,...,n — 1. Since in any case we put P„+i։o(z) := Pl/l/(z), so at the start the polynomial Pno is known. According to Lemma 2 we can choose 
mn '•= large enough to have mn > mn_i + n, mn > deg(Pno) and

(6)
If now for a /i with 1 < /z < n the polynomial Pn,p-i has already been chosen, thenwe find according to Lemma 1 a polynomial Pn^ € Pq satisfying

max Pn^(^) Pn,fi —i(w) (7)
max 4֊ 9?(w) (8)

By induction we get all polynomials PnM and all numbers mn. It follows easily from (7) that the function
OO |/4>(w) v=l M=1 



Uni versa] power series with Poisson gaps 59belongs to Uq. We will show that the function 0(w) := ’J'(w) 4֊ y>(w) possesses the asserted universal properties.3. For all v > n and p = 1,v we have

Therefore
V

noo oo
nv=n p=l

Together with (6) this yields
n (9)

4. For nelN and p = (7) implies
nmax |$(w) - P,1/4(w)| < V max - P„,„_l(w)|+«=0+1 l+։"oo mV՝ V՝ max |Prn։/(w) “ F>m,i/-l(w)| < m=n+l v=l lwl<l2" l)|+*m
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= {^(w) - PnM(w)} 4- {Pn^w) ֊ fi( w -

and therefore we obtain by (8) for n G IN and p. = l,...,n
max

|w-zJ,M)|<»n
0(w) - fin

,11W — Zn 3
n

or equivalently max |4>(az„z + 4‘‘))-On(z)| < (10)
5. Given a set K e M and a function / € A(K), by Mergelian’s theorem [19] (see also [4]), there exists a subsequence {n^} C IN with finfc(z)a) If K C D then there exists a kQ such that K C Gnit for all k > fco, and (9) implies that {</>(Tnnfc)(z)} converges to /(z) uniformly on K.b) For any K E M there exists a kg such that K C {z : |z| < for all
k > /co- If any £ G 5D is given, then ( is an accumulation point of the set {zn^ : m — 1» -;nk ; k > k0} and there exists jx*, 1 < /i* < njt such that z^/ -4 ( for 
k -> oo. Hence it follows from [11] that {0(a^nfc Hz?/’)} converges to /(z) uniformlyon K. This completes the proof of Theorem 2.Remark 2. The proof shows that the function </>='₽ + </? was constructed in such a way that• the function 'P 6 Uq has universal translates with respect to the prescribed pair of sequences {an}, {&«},• the entire function has universal derivatives with respect to the prescribed sequence {An}and that 0 has both of these universalities simultaneously. In addition, the power series expansion of 0 around the origin

OO 0(z) := 4>vzvi/=0



Universal power series with Poisson gaps 61has quasi-gaps” according to the sequence Q (with positive lower Poisson density) in the sense that we have Jim = o.**€<?
§6. UNIVERSAL APPROXIMATION OF MEASURABLE FUNCTIONS We now show that the functions which were constructed in Theorem 1 and Theorem 2 possess some universal properties with respect to almost everywhere approximation of Lebesgue measurable functions.For a Lebesgue measurable set S C C we denote by p(S) its (two dimensional) Lebesgue measure.
Theorem 3. Let the sequences Q, {zn} and {An} and the entire function </> be the 
same as in Theorem 1. Then </> has the property that for any measurable set S cC and any measurable function g on S there exist subsequences {r*} and {s*} of IN 
such that + zrfc)} and )(z)} converge to g(z) almost everywhere on S. The proof follows immediately from the following more general lemma, which might be of independent interest.
Lemma 3. Suppose that {/n} is a sequence of entire functions with the following 
properties :
For any set K £ M with K° = 0 and any continuous function on K there exists a 
subsequence {n*} of IN such that {fnk(z)} converges to <p(z) uniformly on K.
Then the sequence (fn) has also the following property :
For any measurable set S C C and any measurable function g on S there exists a 
subsequence of IN such that {fmk(z)} converges to g(z) almost everywhere on 
S.
Proof. 1. Given a measurable set S C C and a measurable function g on S, the

g(z) if z € S 0 if z & Sis measurable on C and it suffices to approximate gs almost everywhere on C. For n E IN we consider the sets Bn := {z : |z| < n} and the functions
function

9s(z) :=

if if 9s(z) eC 
gs(z) = oo.

Since gn is measurable on Bn, Lusin’s theorem implies the existence of a measurable set L* c Bn with p(Bn\L„) < and a continuous function ipn on L* such that i
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<pn(z) = gn(z) for all z E £‘. The set Ln := £* \ {Q + tQ} (Q is the set of all rational numbers) satisfies L„ = 0 and /z(£n) = Since Ln is measurable, we can find a compact set Mn C Ln satisfying p\Ln \ Mn) <The complement of Mn has the representation M„ = |J Gn'1 where Jn is at most JGJncountable set and the components Gn are pairwise disjoint. We choose any point
Z^ = > 0, ©<*> € IR

and consider the sector

The set Kn := BnQ { |J (Gn1 U satisfies Kn E M. and Kn C Mrl C Ln. 
jEJnHence K® = 0. We obtain

n(Mn\Kn)<n( U H™)<
jejn

and hence /i(Bn \ Kn) < [i(Bn \ L'n) + ;z(£n \ Mn) 4- /x(Mn \ Kn) <oo ooThe measurable set E := |J Q Kv satisfies n=lv=n
OG OO -/4(Bn \ E] < U (B„ \ Kj) < 52 - = u=n t/=n

Therefore p(C \ E) = lim n(Bn \ E) = 0.
n—>OG2. The properties of {fn} imply that for every n E IN there exists an index mn E IN satisfying

՝nax\fm„(z) - ¥Jn(z)| < n 1n
For any point z0 € E, there exists an No such that zQ E Kn for all n > Nq.



Universal power series with Poisson gaps 63If <?s(zo) € C then for all n > Nq we get
l/m.(zo) - 3s(zo)l < max|/mn(z) - <pn(z)| 

A„

If 3s(zo) = 00 we get |/m„(z0)| > n - max|/m„(z) - ^n(z)| > n — i. Therefore — n{/mn(^)} converges to gs(z) for all z e E. Lemma 3 is proved.
Theorem 4. Let the sequences Q, {an}, {6n}, {An } and the holomorphic function 0 
on D be the same as in Theorem 2. Then 0 has also the following properties : 
For any measurable set S C C, any measurable function g on S and any Q G 5D there 
exist subsequences {r* }, {s* } of IN such that

lim аГк = 0, It—>oo lim b

аГк z + bSk G D for almost all z G 5, 
{ф(аГкг 4֊ bSk )} converges to g(z) almost everywhere on S.

If S C D, then there exists in addition a subsequence {t^} of IN such that 
{(^Xtk\z)} converges to g(z) almost everywhere on S.The proof follows by the application of a lemma which is analogous to Lemma 3 and which is proved in a similar way.

Резюме. Построены голоморфные функции на О и С, универсальные отно­сительно как сдвигов так и производных. Соответствующие универсальные функции определяются лакунарными степенными рядами с пробелами положи­тельной нижней пуассоновской плотностью.
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