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J. A. SIDDIQI

ON THE EQUIVALENCE OF CLASSES OF 
INFINITELY DIFFERENTIABLE FUNCTIONS

1. Let 7 be an arbitrary subinterval of R and let M=(Mn) be a 
given sequence of positive numbers. We denote by Cm (J) the class of 
functions f^C (I) such that

vn>0, k = k(f)

and by Cm (7) the class of functions f^C՞“ (7) such that for each x0£I 
there is a compact subinterval Jx, c I with the property that

|/fl)(x)| C Ak' Mn V« > 0, \fx^Jx„ k = k(f, J J,

If / is a compact interval, then clearly Cm (7) = Cm (/)•
The problem of the equivalence of classes Cm (I) for a fixed inter­

val consists in finding necessary and sufficient conditions on sequences 
L and M in order that the classes Cl (I) and C.n(7) (resp. Cz(/) and 
Cm (7)) be identical. A solution of this problem follows immediately from 
the analogous problem for inclusion viz that Cl(J) ^.Cm (r)(resp. Cl (7)C 
£=Cm(7)). This inclusion problem was first posed by T. Carleman [3] 
(p. 76) and conditions which vary according to the nature of interval 7, 
were found successively in cases when I is the whole line (for classes 
Cm(/))» an open or closed finite interval (for classes Cm (/))> a closed 
halfline (for classes Cm (/)) by A. Gorny [6] (cf. also S. Mandelbrojt 
[7], [8]), H. Cartan and S. Mandelbrojt [4] and S. Agmon [1] respecti­
vely. J. Boman and L. Hormander [2] gave simple proof of the theorem 
on equivalence of classes when 7 = R using Baire’s category theorem.

The problem of inclusion for clesses Cm (R-+), C.h (R-i-) and 
Cm (R+), where R+= [0, co[ and R+~]0, °o[, however, remains open. In 
this paper, we settle this by using the Bair’s category theorem. In order 
to give a unified approach to the treatment of the problem by this 
method for classes C.u(7) and C\f(/)> where I is any type of linear 
interval, we also give simple alternative proofs of the results of the 
above authors.

2. In order to formulate the theorems which we prove in the 
sequel, we need a few definitions and results about the regularizations
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of sequences and of classes (cf. S. Mandelbrojt [9]). We recall that a 
sequence \M„\ of positive numbers is called log-convex if the se­
quence {log Af„) is a convex sequence. A sequence is called
a log-convex regularization of M if (logM] is the largest convex mi­
norant of |log Mn], it is defined by the relations

Tm (r)=’U>?K’ M=rsur TTF) ‘
It is easily seen that (cf. S. Mandelbrojt [9]):

We define' the sequence Md by the following relations
Nn = nnMn, Nn — n.n Mdn (n>l).

It follows readily from (1) that

r.Mrf(r) = sup n Mdn = sup-37֊^----- (2)
n>on r.0 nta(r)

Let M be a sequence of positive ‘numbers. We recall that the 
exponential regularization A7° of M is defined by the relations

Sm (r) = max (r > D’ = SUP VTT ‘ IK' r>n Ojjid

It is easily seen that (cf. S. Mandelbrojt [9])

(r) = m ax = sup —r— ■ (3)
!KT Mn r*’nSM»\r)

yfJe define the sequence Mf by the following relations

Nn = (n" Mn)\ /\tf = (n- Mfnÿ. (n > 1).

It follows from (3) that

r2n / r2n£/.„/(r) = max ֊—y . n Mn = sup -——■ (4)
»er n r>n UMf{r)

The sequences M", Md, M°, Mf are called the regularized sequences of 
M and possess the property of being the smallest sequences represen­
ting the classes C.m(R), C.h(Rd), Cm (I) (I a finite or infinite open 
interval), Cm (I) (I a finite closed orj a finite or infinite semi-closed 
interval) respectively. The processus of defining the classes by regula­
rized sequences is called the régularisation of classes and is realized by 
using the Gorny—Cartan inequalities between the-bounds of the modu- 
lii of the successive derivatives of a functions which vary according to 
the type of the interval considered. The following theorems due to the 
above cited authors describe these classes.
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Theorem A. (i) If lim inf M\՞ = Q, Cm (R)=(consfanfs); if 0< 
<lim inf MX“. Cm (R) = C1 (R); if lim Mi'"« co, Cm (R)« CAfC(R).

(ii) If lim inf n Ma՞ <Z co, C.m(c/R)<= Cn~n (</R); if lim nM\՞ = co , 
Cl((rfR)=CMd (rfR), where dR denotes a half-line.

(iii) = (/), where 1 is a finite orinfiniteopen interval.
(iv) Cjf (!)= Cfff (/), where 1 is a compact interval or a finite 

or infinite semi-closed interval.
3. We begin by showing that a category argument can be used 

to give a short and simple proof of the following basic theorem of S. 
Mandelbrojt (cf. [7], pp. 91—93) which gives a necessary condition for 
the inclusion of classes.

Theorem B. If Cl (1)^. Cm (I)> then (Lc„Yln = 0 [(Mj )’//I] for any 
arbitrary interval 1^ R.

Proof: Since Lcn^Ln for n^-0, it follows that C ^(1)0= Ch (I). 
Let

B = {/€C- yn>0, A = A (/)).

B is a Banach space if we introduce the norm /-»I/Jb=sup
n>0

For j =1, 2,- • •, let

Vj == {/e B-. JAI- </-+։ Mn, vn > 0}.

Since C/f(/)S Cm (I), 2J=U Vj. Since V/s are closed in B, by Baire’s 
f-։

category theorem, there exist a Vj and a 8 >0 such that J/Jb 8 
implies that f^V).

Put
' 8p,xr

Clearly J/Jfl-Co and hence f £ Vj 1. e.

r֊^'(,>0)

and hence, by (1),

8 Lc — 8 sup if—7—. < j"+1 MH n TLC(r)
•or

(£$r = 0[(M)n

Since Me is the largest convex minorant of M, it follows that we also 
have

(Lc)iM = O [(Af‘)*/-J.

This theorem can be extended to classes C^ (I) as follows.
T h e o r e m B'. If C^U^C^ (I), then (£‘)V՝ = O [(M)1"՛] for anU 

arbitrary interval /cR.
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Poof: We proceed as abowe and define the Banach space B. Let 
/= □ Jt։ a countable union of non-overlapping compact intervals. For 

each y=l, 2, and A=l, 2> ••• let
Vj, > = {/£3: \f(K) (x)|</+։ Mn, and Vn>0}.

Since C'Lc (7)S C՝M (/), J£։ Vy. *• The rest of the proof goes

through as above.
4. Using the category argument as in the proof Theorem A, we 

give a simple proof of the following theorem which solves the inclu­
sion problem for different classes:

Theorem C. Let L and M be two sequences of positive numbers.

(i) 1/lim inf 2.^՞ = lim inf C4 (R) •= C,w (R) = (cons/anfs),
if 0<lim inf L'fn<Z 00 and 0<lim inf Mifn< 00, CL (R)=C.q (R)=C1(R)> 

A-*m /I-»-
if lim Llf* = co, then Cl (R)^ Cm (R) if and only if lim M\ln = 00 and

(ii) If lim inf L'n,n^>0 and lim inf M^^O, then Cl (dR)C Cm (dR) if n-m n-* —
and only if (Ldyin= O or (Ldyin=O (MdY/n, where dR repre­
sents any open or closed halfline.

(Hi) c; (/) C C*M (I) if and only if w = 0 (M?) or (L^'- 2 
~0 [W)1/n] for any finite or infinite open interval.

(iv) C; (I) c CJ(2) if and only if (LQi1"1 = 0 (M՝՛“) or = 
= 0 K^)1"1] for any closed finite interval or any semi-closed finite 
or infinite interval.

Proof: Since the conditions given in (i)—(iv) are clearly suffi­
cient, we need only prove that they are necessary.

(i) If lim 2.^" = co, it follows from Theorem A (i) that Cz.(R) = 
= CLc (R). Applying Theorem B, we get the result.

(ii) By Theorem A (ii), C, (dR)=CLd (dR) and Cm (dR)=CMd (dR). 
Suppose that CLd (dR) C C^d (dR). Without loss of generality, we can 
suppose that dR = R+= [0, co). Put B = |/£ C° (R) : < ALdn ,
Vn>0j and define the norm f -»J/Jfl by setting J/jL=sup 't?/(n)i|x/ L՝\ .

n>0 ՛*
B is a Banach space and for every integer 1, Vt = |/£ B-. . <
<jn+i Md, yn>0] is a closed subspace of B. Since CLd (dR)CC (dR), 

00

B== Vj- By Baire’s category theorem, there exist a o>0 and a Vj 

such that implies that Vj. Consider the function # defined by

g (») = A(,j (x)/2a TLd (r), (r > 1),
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-where A„ is a Laguerre polynomial of degree n defined by setting

A„(x)= V (H>1)
*-o k!

and where a = max [1, Ld, L\ (LJ)՜1]. It is known (cf. [9], p. 208) that 
for all x£R+

i. e. (^)V*=O[(M]։,i].

e-x |A„ (x)| < 1,
|[e՜' A„ (x)]<*J| <2 (4e։ n it’1)4, 0<£<n, 

. |[e֊'A0(x)]<*>|<44, k>n.
It follows that for A^-[r)

o4^ o4^

2a T'Ar) a

Since lim inf Z^n^>0, there exists a positive constant X <^1 such that 
n" /.„ Xn nn. Since I" n" is log-oo.ivex and n" Ldn is the largest log- 
convex minorant of n1* Ln we have nn Ldn nn XB or for all n^-1.
Thus for k > [r]

Ld

since a = max [1, Ld, (Z^)՜1]. For 0<^£<[r],

||g(*JL <3 (4e։)^՜4 r—<5 (4e։)*fc՜* sup ——-----<S (4 e*)‘ Ld
TLd(r) r>0 TLd(r)

by (2). Clearly for k — 0, ^^/aTLd (r) If we set f (t)=g (bf)

where then for all k^-Q -C 3so that B and
4e2

Mb^3. Hence so that

I/« (0)|=|6‘ Sw (0)1= 36*1 [e-' Aw(x)]^|/2a TLd (r)< /4+J Md.

But we know (cf. [9], p. 210) that

Hence for every r >1

so for large k 
rk 2a

Ld = k֊* sup --------- < — (2ai֊1)* /*+* Md
r>։ r r_\ 3
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(III) For any finite or infinite open interval I, we have by Theo­
rem A (iii) C;. (/)= C'L (/) and C'M. (/)= C"M (I). Suppose that C;,(7) S 
c First suppose that / is a finite open interval. Without loss
of generality, we may suppose that /=] — L ![• We can write 
/= u Jlt where h = [—ai, az] and (a/) is an increasing sequence ten- 

Z=1
ding to 1. Let F=\ftC՞ (J): yh, H^z(x)| < A։L°n, yn > 0, 

Ai = At(f)] and let
Pi (/) = sup max )/f,) (x)|/£°.

n>6 jrtft

pi is a semi-norm on F and F with this family of semi-norms is a Frechet 
space. Let ry,z = {/€:^ l/<M)(x) |</'+1 Vn>0, If

(/). Hence for every x0^It, there exists an open interval Jx, c / 
such that

|/(n) (x)| < Ax, X", M°, Jx, and V" >0.
Applying Borel—Lebesgue theorem, we conclude that there exist con­
stants Ai and Xz such that

|/(n) (x)| -C Ai)" Af°, Vx C Zz and Vn ^-0.

This-shows that for each fixed Z, there exists a /=/(/» Z) such that 
00

։).։• Thus F = U V,i. Clearly Vj.i’s are closed in F. Hence, 
i. t-i

by Baire’s category theorem, there exist a semi-norm pii։ a o^>0 and a 
Vj„ i. such that pz,(/)^8 implies that Vj,_ z„.

Let

where Tn denotes the Cebys^v polynomial of degree n. It is known (cf. 
[9], p. 206) that

e—*
— n* < (0)| < n* (n >1) (4Z)

and
IT?1 WK-k (5)

(1—x )’ '
Put for r > 1,

/ (*) = ֊-֊: Z(ri (*x),
5t<(r)

where 0< b < min (—, — and 
\2az, 4 /

Si-, (r)= max yy (r >0).

For n < [r] and |x|< az,
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l/wWl (MI< sTi7> ■ -

the last inequality being true since 36<^(1—a2 62). Hence for n^r 

max |/(/I) (x)|< sup —^֊=oZ,°.
-re/;, «« 0£»(r)

But for n>[r]» fw = 0. Hence pz, (/X 3 so that VJt, t. i. e.

so that

gAn
-c— <lzi"{ (Ml </o+։-^n> V«>0 and y/x^h, 
5 a. (f)

— - — frl" < ——
Sa. (r) 2 " SL. (r) (0)|<;S+1 W

or

— < 3-> 2" en b~n i"+i M°Sa.(r) 70

Since this holds for r such [r] > n, taking the supremum with respect 
to all r > n, we get

Z°=sup —- ---- -< X" M°,fl r C* f \ nn<r SL. (r)

i. e. (L°)'ln=O im'l"].
00

Next suppose that I— R. We write R= U h, where // = [—I, Z].

We repeat the steps of the above proof and conclude that there exist 
■a semi-norm pt։, a 3^>0 and a Vj„it such that if an f^F is such that
p/,(/)<8, then Z/։, 

Let
/M = l{^)'

Then
max (x)|
•»€//

3rn I'

if n-C[r] and sO otherwise. Hence
max |/tzl’ (x)|

pz, (/)== sup ------ -0-------< 0 sup -y )—-- < o.
n>° L.i \ n<' Ln /5i։ (r)

Hence, for all |'r]^> n and for n >1

(M-D -- (td-n-M) 

or g
------ 2-’ rn e~” l^-T-n < ;«+։ M°.

Thus
L° = sup —<>.«+> 

r>n Si" (r)
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Let us suppose that / is an open half-line. Without loss of ge­
nerality, we suppose that /=] 0, oo[. We write //= |~» j so that 

1= U h. If we repeat the arguments for / = R, we get the result.
(iv) For any closed finite interval or any semi-closed finite or 

infinite interval /, we have by Theorem A (iv), C’L(I) = C*Lf (/) and

Suppose that (/)C C4/(/). First let I be a compact interval 
which we may suppose, without loss of generality, to be [— a, a] with 

a> . In this case we have CLf (J). Set B=\f C“ (I):

■^.AL^yfn^O, J4 = ^4(/)). For every f^B, define J/Jg = sup ,n. 0
B is a Banach space with this norm. Eor every integer />-1, define 
V/ by setting V) = {f^ B: <y'l+J Mfn yn>0}. K/s are closed in

CD

B and B= U Vj. By Baire's theorem, there exist a o^>0 and a j such 

that VJa-<o implies that Vj.
Put

where r^-1. Clearly

max J/« (x)|- for „ < [,]

== 0 for n [rl.
But

C4)fl[r]2fl <|^) (1)|< (6)
Hence 

in 8a~* / e \n r2n

- g
since a>—. But then Vj i. e. for all r^n and for all n ^-1, «6

or for some A

Ti~i~\ < An+1 n" ML ULj{r) *
Thus

r2nn- £/ = sup ֊ < A1" 1 nn Mfr>n u j (r) n
i. e.

(£/)>M = o [(jlf/jVn],
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Let / be a finite semi-closed interval. We can suppose, without 

loss of generality that/ = ]—a, a], where a>Set B={f^Cx (I):

Vn^O, A— A (/)}. For each f^B define ]/Jfl =sup . B

is a Banach space with this norm. We can write /= U //, where It —

= J —a -|—a . For any integer j^>l define Uy, i by setting Vj, i — 

^{f^B-. max I/0” (x)K/"+J (n>0)|. Vj, t's are closed in B and
xe/,

B~=* U Vj,t. By Baire’s category theorem, there exist a 3 > 0, a ,,ju 
J, l-l

and an „1“ such that implies that Kf. i-
Put

f (x) = S7M t?՜1*),
HX) UL/(r)

where r>-l. We have

max I/«») (x)| =---- 77—77»— for n < Hxer ul/ \r>
= 0 for n l>[r]. 

that f^.B and thatBy (6) we conclude

,/lß=77J(7)
o-"IW0)l _ 8 a-r^l eV
------- 74 < 77J(7) STT W

_r^_ 
nn U n

But then Vy, t i. e. for all r^n and for all n ^-1

|2n S0՜՞ 
1

or

nn = sup 
r>n

'՝22n y«^1 n" M'n

or

Thus

r2n
ULf (r)

</.n+l nn Mfn.

(£/)՛/» =0[(M/)՛'-]•
Finally, let / be a semi-closed half-line which we may suppose to be 

00

[0, 00 [. Let 4=[0, Z]. Then I = U Li • Let 
/-1

f = {/eC*(Z):yZ>l, max |/<n> (x)| < A, Un, A: = At(f)} 
t
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and let
pi(f) = sup max |/"' (x)\lUn.

n>0 x(Jl
pi is a semi-norm on F and F with (pz) as a family of semi-norm Is 
a Frechet space. Let

l/('”(*)|</+1 M'(n>0), x$/z|.
If f^F'. Hence, for every xokh, there exists a relatively
open interval Jx,^-1 such that

|/">(x)KAr։X'J,Af/ and Vn>°-
Applying Borel—Lebesgue theorem, we conclude that there exist cons­
tants Ai and Xj such that

(x)|<>4r X"։ M' £ It and V" > °-
This shows that for each fixed I, there exists a j=j (f> I) such that

Vju.t), i. Thus F= U Vj i. Clearly Vj. i’s are closed in F. Hence, 
J. 1-1

by Baire’s՝ category theorem, there is a semi-norm pi,, a 8 ^>0 and a 
i, such that pz,(/)<18 implies that Vj„ i„.
Let

3e֊“"A|r](arx)
/{X)~ 2Ud(r) '

where 0<^a<^4-։ e~2. We have

and
|A«)L <2 Z±!y5 Mn a" <
1/ n J 2£/iZ(r)^

<8^Xr)’ if n<W-
Hence

pit(f)= sup max I/1՞1 (x)|/Z7 < «>o xe/i։
r2"

3 r2n *
= -^77 = °-

Therefore, for every 1,

l/(B) (0)1 .</-+« jjf/
or

8a" r" |[e֊'A(r] (x)]Wo|_L_
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or

5 an rn 1
26/ձ/(ր) > M'n

or

<2/J+I n" Mfn o-։ a~n (2a)"

or

Thus

n" 1Հ =sup 
n<r

/."+* M/.

(£/)>/» =0

5. We make the folllowing concluding remarks:
(i) If I is a finite closed interval then Cu (/)'= C’H (/) = C’M, (J) 

and hence the problem of inclusion of classes is solved for classes C.„ (7).
(ii) If I is a finite 'open or semi-closed interval then Cm (f) = 

= Cm (l)~ Cm/(/) by an obvious extension of the C“-functions belon­
ging to Cm (D- Thus if I=[a, 6[ and Cm (/), f-n} € B V(0, 1 ] for
every n. Hence /(n)(6 — 0) exsist for every n>0 so that we define 
/<") (6) =/<"> (6—0) for each n^-0. A similar extension can be made if 
/=] a, 6[. Thus the problem of inclusion for classes C.u (/), where I is 
a finite open or semi-closed interval is also solved.

(iii) In view of the above remarks, Theorem C gives us the so­
lutions of the problems of inclusion for classes Cm (7) and C*M (7) for 
every type of linear interval.
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Ջ. Ա. ՍԻԴԻՔԻ. Անվերջ դիֆերենցեփ ֆունկցիաների դասերի համարժեքության մասին 
( ամփոփումJ

Դիցուք } ֊ն իրական աո անցքի վրա գտնվող կամայական միջակայք է, իսկ №^={իմո\~Ը 
գրական թվերի հաջորդականություն է։ նշանակենք {/) այն ք £ (/) ֆունկցիաների դա­
սը, որոնց համար

\քո\։)\^1<ո1ձո և=և(ք)։
Հ անդանոր են սահ ֊մանվում է պայմաններին լոկալ բավարարող ֆունկցիաների 0 դասը։

5. Կաոլեմանի [3] կողմից դրվել էր հետևյալ խնդիրը, սևեռած միջակայքի դեպքի գտնել 
անհրաժեշտ և բավարար պայմաններ և ^1/ հաջորդականությունների վյրաէ որոնց դեպքում տեղի 
կունենա Շլ (/) €2 0 Ա (./) (համապատասխանորեն Շլ (,/) (7) ընդգրկումը։ Մի-
ջակայքերի որոշ տարբեր տիպերի համար դրա լուծումը տրվել է Ա, Գորնու [6], Հ, նարտանի 
ու Ս. Մանդելըրոյտի [4] և Ս. Ագմոնի [1] կողմից։ ] = (•—ՕՕ, -|՜ 00) դեպքում Բոմանի և 
է, Հյորմանդերի [2] կողմից տրվել է այս խնդրի պարզ լուծումը' հիմնված կատեգորիաների 
վերաբերյալ Բէրի թեորեմի վրա։

Տվյալ հոդվածը նվիրված է դրված խնդրի լուծմանը մ իջակայքերի կամայական տիպերի 
համար Շ ա(/) & (/) դասերի դեպքերում։ Առաջարկված մեթոդը, որը նույնպես հիմ-
նըված է կա տ ե դո րի աների մասին Ըէրի թեորեմի վրա, թույլ է տալիս բերել ոչ միայն տվյալ 
աշխատանքում ստացված, այլև վերոհիշյալ հեղինակների կողմից ստացված արդյունքների 
պարզ ապացույցներ։
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Дж. А. СИДДИКИ. Об эквивалентности классов бесконечно дифференцируемых 
функций (резюме)

' — произвольный интервал на вещественной осн и М {Мп} 
положительных чисел. Обозначим через класс функций

—последо՛
/t С- (/)

Пусть J 
вательность I
таких, что

|/;я։ (х)| < !<А'М„ > 0, ух € к = к (f).
Аналогично можно ввести классы С/И(У), локально удовлетворяющих поставленным 
условиям.

Т. Карлеманом [3] была поставлена задача: при фиксированном интервале / най­
ти необходимые и достаточные условия на последовательности Ь и М, при которых 
имеет место включение Сд(/)сСи(./) (соотв. Сд (У) С н (/))■ Для различных ти­
пов интервалов ее решение было дано А. Горным [6], А. Картанпом и С. Маидель- 
бройтом [4] и С. Агмоном |1]. В случае / = (- «, + со) простое решение этой за­
дачи, основанное па применении теоремы Бвра о котегориях, было дано Дж. Бома­
ном и Л. Хйрмандером [2].

Данная статья посвящена решению поставленной задачи для произвольных типов 
интервалов /ив обеих случаях классов С.ц (/) и Сд((/). Предложенный при этом 
метод, также основанный на применении теоремы Бэра о категориях, позволяет дать 
простые доказательства не только установленных в данной работе, по и известных ра­
нее результатов вышеназванных авторов.
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