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G. A. ADOMIAN

OBTAINING FIRST AND SECOND ORDER STATISTICS 
<y> and Rv(tlt t2) IN STOCHASTIC DIFFERENTIAL 

EQUATIONS FOR THE NONLINEAR CASE

Previous papers [1, 2] by the author have recently developed a 
convergent method of successive approximation for determination of the 
first and second order statistics, <Ci£> and Ry(tv t2) for the solution of 
the nonhomogeneous nonlinear stochastic differential equation

Ly+ y> - ) = x(0 (1)
where x (t, cd), t £ T, u> £ (2, J, p), a probability space, is a stochastic 
process; L is a linear stochastic operator [3, 4, 5] given by 

n
L = 2 a.(t, v>)d"ldt', an nth order differential operator with stochastic 

»-o
coefficients a-, (t, <d), t£T,

(2> /> P)> for v = 0,1,- • n— 1 and n (y, y,- • —

|i=-0

representing a nonlinear operator with stochastic coefficients 6p. on 
T’X 2, where yM of course represents the p th derivative. The pro­
cesses may be complex and defined on different probability speces as 
well but this will not be shown here.

We assume that the operator L is separable into a sum of determi­
nistic and random parts, L and R respectively, i. e., L=L+R. Assuming 
a/։^>0 and is deterministic, while a, for v = 0, !,•■•, n — 1 may be 
stochastic, a- = + a, (t, cd) where i-, is a zero-mean random

n /։"’l
process, thus L = 2<.aC> d‘ Idf and R = V a, (t, w) d'ldt՝. We assume

that exists and is continuous on T. The development also assu­
mes that L is invertible, i. e., a Green’s function e(t, exists. Further, 

exists and the random or fluctuating parts of a, and 6,,՛ given 
by a, and P;t> are continuous, a. e. We assume the input x is bounded 
on T and that derivatives of a, and to the necessary order are 
bounded, and finally that the input process and coefficient processes are 
statistically independent, Now we write (1) as

y{t, o>) = L՜՝ x (t, cd) — L 1 Ry (t, “>) — L՜1 n (y,y,---) (2) 
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or in terms of the Green’s function
C n~l ,

, t)X(-, w)</՜— e(f’ ') 2 ’4"» l,։) (rf'j4՜՛ -
J v«e0

e (6 ') f b> «’) (dky (֊., <»)ld-T* d-.. (3)
• :i—(i

For the case of zero initial conditions [1, 3], Adomian s „stochastic 
Green’s theorem“ allows writing the second term in terms of an adjoint 
operator as

t

•=)]</ (^, «>) dz
0 

where
n—1

/?'[e(G *)] = £M*)e(G = ->'”)•

This term has also been given elsewhere in terms of a „stochastic 
resolvent kernel“ by Sibul [6] and by Adomian [3]. Letting

g = 2 (— i)'yi where y0 — F(t) = L 1 x (t) ֊r where (1> 
z=o

satisfies the homogeneous equation Ly = 0, and expanding n in a Taylor 
series, we obtain an iterative solution [1] with each term gi for i > 1 
depending on the previous gi-i. Since we eventually work back to yn՛ 
ensemble averages will separate-because of the statistical independence 
of x from the coefficient processes without closure approximations or 
white noise assumptions.

The objective of this paper is to show further details of the de­
termination of the mean solution <Zy^> and the twopoint correlation 
function Ry(t1։ fj), or the covariance Ary(f1։ Z2), for y (t, •՝>). To obtain 
these statistical measures [3], y must, of course, be averaged over the 
space (If the probability space are different for a,, x, then the 
averaging must be carried out over the appropriate spaces). Similarly 
to obtain Ry(tx, ts), we find < y (fj y (t2) > or (fs) > in the
complex case. To correspond to earlier notation from the linear case, 
assume for the moment that n — 0 and in terms of the stochastic resol­
vent kernel T

t
y (t, U>) — F(t, id) — J K (t, <u) y (֊., <u) dz =

t

— F(t, w)— T> *“) ^C՜» u>)^՜ 
u
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where

TU, -, m)= £(-1)”-'^, - <»), 
m ■»!

t
Km(t, -, <՛։) = j K(t, Tp ®) K,n-i ('j, co) d'i, 

0
= K.

Now including the nonlinear term 
t

<y> = <F(t) > ֊ j<r (t, -.) > < F(T) > d֊— 

(J
t

— < j e (t, -) n (y, y, • • • ) d~ >.
0

Let’s examine the complicating last term for an example, say n = '$y2. 
The term becomes

t
֊ < Je (t, ֊.) & (,)</-.> = -< L֊1 

o
L 1 $y2 adds to the previous linear solution the terms

£՜՝ ₽ (yo 4- yî 4՜ ya 4---------2yoyi 4-2 yoy»• • • — 2yiy3 4֊ 2y։y,• • • )•
Thus the nonlinear term adds to <Zy^> a series 

t
— < j e (t ') (") d~ > 4֊ • • • = 

0

= — Je (*> ■=)<₽(")> J Je(՜, f)e(7, a) < x (•[) x (a) > d^dydt+ • • • 

0 0 0
where the separation of averages takes place as before.

Now consider Ry(tu t։) = <y (t-,) y (t2) >
i,

(ti, Q = <[^(^> ll)) — Jr (f1։ Tj, <o) F(t1։ <o) dxj — 

0
t,

— J e(f1։ ֊4) n (y (tj, <o) —
o

* f*— Jr (G» "։> “) «») ttTt —

0
4-909
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~ J <? (G> "։) n (y (-«), y • • •) rfx։]*>.
• (I

For the linear case this gave
/1

tt) = RFF(t1, f։)— ^<r(f1։ -1։ w)

0
h

— j < r (t2, -2, 01) RFt (tv '։) ^"s+ 
0

G G
+ J J < r (tv -.v 0>) f (fs, -J, u>) > Rff ("-։> "։) d-^d՜, 

0 0
which, as earlier work has shown [4] reduces to the result for pertur. 
bation theory where perturbation theory is applicable. In the nonlinear 
case, we obtain nine terms, five of which involve n.

G

Ry (tv Q = <F (Q HQ > -J < r (f։, q > < HQ HQ > d-.2 - 
0

G
-• f< r (Q Q ■> <F (Q F(Q > d-, -

0
G G

-J J<r(#x’ "n)ru2, Q><F(QF(Q>d-.1d-.3 - 

0 (

J F(ti) e (ts, Q n (y (-,), • • •) d-։ 
0

Qn(y (-1),- • •)«/-!

G
4՜ j F (f։, F(Q d~i e (Zs, ”2) n (y ("g), • • •) d~3 4՜

0 0
/> t.

t < e (#։, -j) n (y (-։), • • •) d\ | T (t2, -2) F(Q d~2 > +
u 0
h it
p p # #

+ je(/I։ Q-UykQ,- ••) A e(i2, -s)n(y (-„),• ••)</%>.
U
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■ ՛ ՛ =3'

Thus the iterative process will, in the nonlinear case, add the terms 
(before averaging)

!t , #
— J F (fl) e (fs> "2) n (uo ("2)> • • •) d-2 — 

0
«1

— J f:’(f») e (f։, 'J n (tzof-i), • • •) 
0

+ j r (/j, -J F (-j) d-t | e (t„ -s) n (y0(-2) • • 

0 0
/. /1

4՜ j r (t։, ”3) F(tj) d~2 e (tv "-j) n (y0 ("3)>• • •) d~1-\- 

0 u

4֊ j e (tv 'J n (y0 (tJ- ••)</-! e (t>, ֊2) n (y0(-2) • ■ •) d֊2 

<1 0
4՜ higher terms involving yu y2,-՛-.
Suppose as an example again n (y (t)) = 'dy2 (•:) we will obtain (after 
averaging them) the additional terms to Ry (tv it) of

4
— J ^(fi) e (fj, -2) pt/5 ("։)</-2—

— J f'M e (fj, Tj) (-J 
0

0 0
h /1

4֊ j r (f։, t2) F(t2) d-2 J e (fr tj) ₽t/5 (tJ d^+ 

0 0

4֊ J e (f1։ tJ Pzj2 (tj d\ j e (f2, x2) (t3) d't
0 0

and the higher terms of the iteration [1]. We see averages will all sepa­
rate.

In the linear case, <^y^> was a two-fold integral of y (t, w) over 
the measure spaces of the x process and the coefficients a,. In the non­
linear case, we have an additional integration because of the b^lt, <u). 
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However, because of the statistical independence of coefficients and 
input and the iteration back to F(t), the separations will occur as be­
fore the n term gives us an integral over the measure spece of the 
as discussed earlier [1]. A number of special cases have been considered 
and will appear elsewhere; the complete theory with applications will 
appear in a book edited by Richard Bellman.

University of Georgia
Athens, Georgia, U. S. A. Received 8.X.1975

Գ. Ա. ԱԴՈՄՅԱՆ. Ոչ գծային ստոխաստիկ դիֆերենցիալ հավասարումների աոաշին և երկրորդ 
կարգի <^> և Զ^(է1է էշ) ստատիստիկաների ստացումը (ամփոփում)

Հողվածում ինտերացիայի մեթոդով ստացված են երկու կորելացիայի ֆունկցիաներ 
(է1. <։) և միքին լուծումը ընդհանուր ոչ դծային ստոխաստիկ դիֆերենցիալ հավա-

սարման համարւ
Այդ մեթոդը հանդիսանում կ Ադոմյանի (դծային հավասարման համար) մեթոդի ընդհա- 

նուրարումը։

Г. А. АДОМЯН. Получении статистик первого и второго порядка, <ÿ> и 
Ry (fj, f։) для нелинейных стохастических дифференциальных уравнений (резюме)

Для общего нелинейного стохастического дифференциального уравнения сред­
нее решение <у> и две точечные функции корреляции Ry (f։, f։) получены мето­
дом итерации, обобщающего метод Адомяна для линейного стохастического уравне­
ния.
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