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SET-THEORETICAL CANONICAL MODELS

In what follows ZF denotes a first order theory whose only non- 
logical symbol is the elementhood binary predicate £ (x, y) and whose 
axioms are the usual Zermelo-Fraenkel settheoretical axioms (also deno
ted by ZF) of Extensionality (£), Powerset (P), Sumset (5), Infinity 
(/), Choice (C) and the axiom scheme of Replacement (R).

By a model (M, 0 for £ (x, y) we mean a domain M of indivi
duals (“sets“) and an assignment of Truth “1“ or Falsehood “0“ to 
every atomic formula £ (a, b) where a and b are individuals (“sets“) 
of M.

By a dyadic sequence we mean a (finite or transfinite) sequence 
whose terms are 0 or 1. Also, as expected, £ (x, y) is more often de
noted by x£y.

Definition. Let u be an ordinal number. A model (M, 0 is 
called a set-theoretical canonical model of type u provided its domain 
M is a family ((d{)i<u)j<u of type u of dyadic sequences (d{)i<u of ty
pe u and where is defined by:

(dt)i<tt C (di)i<a if and only if d* = 1. (1)

In what follows we refer to “set-theoretical canonical model“ sim
ply as “canonical model“. Moreover, when no confusion is likely to 
arise, we denote (d/)z<u by (d{) and we denote a canonical model 
(M, 0 by M.

Although for every ordinal u, we use u)0 notation in the
cases pertaining primarily to order and we use N« notation in the cases 
pertaining primarily to cardinality. As usual, we denote <o0 by u>. Also, 
in Propositions 5 and 6 we use the Generalized Continuum Hypothesis 
(GCFi), i. e.,

2*“=Hu+i = <o0+i (2)

Based on the above Definition, we prove:
Lemma 1. In every canonical model every two distinct dyadic 

sequences represent distinct sets (individuals).
Proof. Let (di)=f= (d?). Hence, for some ordinal k it must be the 

case that, say, d*=l and d*=0. But then from (1) it follows that 
(d*) £ (d/) whereas (d*)£(d?). Thus, the sets (d{) and (d/)are distinct.

In view of Lemma 1 we have:
Proposition 1. In every canonical model the axiom of Exten

sionality is valid.
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Next, we give a necessary and sufficient condition for the existen
ce of a special kind of canonical models.

Proposition 2. Let u be an ordinal number and v be a cardi
nal number. Then there exists a canonical model M of type u whose 
domain consists of all dyadic sequences of type u each having less 
than v ones, if and only if

u“== (3)

Proof. If M exists then by Definition 1, we have^T=u. On the 
other hand, clearly, M is equal to the cardinality of the set of all fun
ctions from a cardinal c into u such that c<fy. Hence, (3) holds.

Conversely, let (3) hold. Let M be the set of all functions from a 
cardinal c into u such that c v. But then from (3) it follows that 
Af ■= [u. Consequently, in view of Definition 1, it is clear that M can 
serve as a domain for a canonical model of type u.

Proposition 3. Let M be a canonical model of ordinal type u 
whose domain consists of all dyadic sequences of _type u each having 
less than v ones. Then every set of M has less than v elements. Moreover, 
for every collection of less than v sets

(,di)i<u, (d?)z<a, ••• (4)

of M there exists a set (d\)i<u of M whose elements are precisely the 
sets of M which are listed in (4).

Proof. The fact that every element of M has less than "v ele
ments follows directly from (1).

Now, let us consider the dyadic sequence (dl)i<a such that 
dl — 1 if and only if i — a, i = b, i = c,- • • (5)

But then from (5) it follows that (,d{)i<u is a dyadic sequence of 
type u having less than v ones. Hence, (dlh<u is a set of model M.

On the other hand, from (1) and (5) it follows that (d/) £ (d/) if 
and only if d{ = 1, if and only if k = a, k = b, k = c,- • • Thus, by (1), 
the elements of (dz) are precisely the sets of M which are listed in 
(4)։

Below, we give an example of a canonical model in which, except 
for the axiom of Infinity, all other axioms of ZF are valid.

Since Ko= 2 No from (3) it follows that a canonical model such 
/։<«

as described in the following Proposition, exists.
Proposition 4. Every canonical model A of type whose 

domain consists of all, dyadic sequences of type iu each having less 
than No (z. e., no or only finitely many) ones is a model for ZF—I.
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Proof. Clearly, to prove the Proposition, in view of Proposition 
1, it is enough to show that axioms P, S, C and axiom scheme R are 
valid in a canonical model A described in the Proposition and that 
axiom I is not valid in A.

Let s be a set in A.
By Proposition 3 we see that in A there exist only finitely many 

subsets Sj,՛՛", sn of s. But then, from Proposition 3 it follows that in 
A there exists a set Pa (s) whose elements are precisely s1։■••»sfl. 
Thus, in A every set s has a powerset Pa (s). Hence, axiom P is va
lid in A.

Similarly, by Proposition 3 we see that in A there exist no or 
only finitely many elements e1։•••, e* of elements of s. But then, from 
Proposition 3 it follows that in A there exists a set Ua s which is the 
emtpy set (the zero sequence of type o>) or whose elements are preci
sely Ci,՛--, e*. Thus, in A every set s has a sumset Ua s. Hence, axiom. 
S is valid in A.

Let P (x, y) be a set-theoretical binary predicate functional in x 
on s in A. By Proposition 3 we see that in A there exist no or only 
finitely many sets c1։ •••, cm such that P (ai, Ci) is true in A for some 
element ai of s. But then, from Proposition 3 it follows that in A there 
exists a set which is the empty set or whose elements are precisely 
Ci, Thus, axiom scheme R is valid in A.

Let d be a disjointed (i. e., whose elements are pairwise disjoint) 
nonempty set in A. By Proposition 3 we see that in A there exist no or 
only finitely many sets , rn which can be unique representatives of 
elements of d. But then from Proposition 3 it follows that in A there exists 
a set which is the empty set or whose elements are precisely rn•••,rn. 
Thus, in A there exists a choice set of d. Hence axiom C is valid in A.

On the other hand, from Proposition 3 it follows that in A there 
exists no set t such that 0£t and if x£t then (x (J (*))(:<, where 0 
is the zero sequence of type Hence, in A axiom / is not valid.

Thus, Proposition 4 is proved.
Below, under the assumption of GCH, we give an example of a 

canonical model in which, except for the axiom of Powerset, all other 
axioms of ZF are valid.

Let us observe that (2) implies Xi = 2 Ni- Therefore, from (3) it
*<M, 

follows that a canonical model such as described in the following Pro
position, exists.

Propo sition 5. Every canonical model B of type u։x whose do
main consists of all dyadic sequences of type each having less than Hi. 
ones, is a model for ZF— P.

Proof. Clearly, to prove the Proposition, in view of Propo
sition 1, it is enough to show that axioms S, C, I and axiom scheme R 
are valid in a canonical model B described in the Proposition and that 
axiom P is not valid in B.
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Let h be a set in B such that h has Xo ones. By Proposition 3, 
in view of (2), we see that in B there exist 2 = Xj subsets of h. How
ever, since every set in B has less than Xi ones, the set h has no 
powerset in B. Hence axiom P is not valid in B.

Let s be a set in B.
Let us recall that the product of two cardinals each less than Xi 

is less than Xi- Thus, by Proposition 3 we see that in B there exist no 
or only less than Si elements el։ of elements of s. But then, from 
Proposition 3 it follows that in B the sumset of s exists. Hence, axiom 
•S is valid in B.

Let P (x, y) be a set-theoretical binary predicate functional in x 
on s in B. By Proposition 3 we see that in B there exist no or only 
less than Xi*sets cv • • • such that P (ai, ci) is true in B for some ele
ment ai of s. But then, from Proposition 3 it follows that axiom 
scheme R is valid In B.

Let us observe that if x is a set in B then in view of Proposition 
3 both [x} and xU|x| is a set in B. But then since Xo<CXi, from Pro
position 3 it follows that in B there exists a set whose elements are 
denumerably many sets 0, {0}» {0, (0}}>-*-, where 0 is the zero 
sequence of type Hence axiom I is valid in B.

Let d be a nonempty disjointed set in B. By Proposition 3 we see 
that in B there exist no or only less than Hi sets rlt-• • which can be 
unique representatives of elements of d. But then fron. Proposition 3 it 
follows that axiom C is valid in B.

Thus, Proposition 5 is proved.
Below, again under the assumption of GCH, we give an example 

of a canonical model in which, except for the axiom of Sumset, all 
other axioms of ZF are valid.

Let us observe that (2) implies X»;+i = £ xf+։. Therefore, from

(3) it follows that a canonical model such as described in the fol
lowing Proposition, exists.

Proposition 6. Every canonical model G of type w«,+։ whose 
domain consists of all dyadic sequences of type uiœ+i each having less 
than Xw ones, is a model for ZF—S.

Proof. Clearly, to prove the Proposition, in view of Proposition 
1, it is enough to show that axioms P, C, I and axiom scheme R are 
■valid in a canonical model G described in the Proposition and that 
axiom 5 is not valid in G.

Since X( X.» for every i < œ, in view of Proposition 3, we see 
.that each of the following denumerebly many sets

No> Xi»-•X/•• • • with z<^u> (6)

is a set in G. Also since Xo < X<», again by Proposition 3 we see that 
in G there exists a set g whose elements are the sets listed in (6).
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However, since Я-= U Xz and since every set in G has less than X»> /<<U
ones, the set g has no «umset in G. Hence axiom S is not valid in G. 

Let s be a set in G.

Let us observe that in view of (2) we have 2 =Xz i<X > for eve
ry i<^u>. Thus, in G there exist only I less than Я» subsets s1։••• of s. 
But then from Proposition 3 it follows that in G the powerset of s 
exists. Hence axiom P is valid in G.

Let P (x, y) be a set-theoretical binary predicate functional in x 
on s in G. By Proposition 3 we see that in G there exist no or only less 
than Ял sets a, ■ • • such that P (a/, cz ) is true in G for some element 
at of s. But then, from Proposition 3 it follows that axiom scheme R is 
valid in G.

Again, as in the case of the proof of Proposition 5, it can readily 
be verified that axioms / and C are valid in G.

Thus, Proposition 6 is proved.
Based on the assumption of the existence of a strongly inacces

sible cardinal Xs, we give below an example of a canonical model in 
which all axioms of ZF are valid.

Since for a strongly inaccessible cardinal X,- we have Xs= S xf, 

from (3) it follows that a canonical model such as described in the 
following Proposition, exists.

Proposition 7. Let Хл be a strongly inaccessible cardinal. 
Every canonical model H of type Xs whose domain consists of all 
dyadic sequences of type Xs each having less than Xs ones, is a model 
for ZF.

Proof. Since Xs is a strongly cardinal, 2€'“<LXs for every u<^ s. 
But then, as in the proof of Proposition 6, we see that axiom P is 
valid in H.

Again, since Xs is a strongly inaccessible cardinal, U C/<^Xs for 

v<CXs and cz< Xs Tor every z<o. But then, as in the proof of Propo
sition 4, or that of Proposition 5, we see that axiom 5 is valid in H.

As in the case of the proof of Proposition 5, it can readily be 
verified that axioms E, 1, C and axiom scheme R are also valid in H.

Thus, Proposition 7 is proved.
Remark. We observe that the independence of each of the 

axioms I, P, S from the remaining axioms of ZF is easily established 
by means of the canonical models A, B, G. Also (under the assump
tion of the existence of a strongly inaccessible cardinal) the consistency 
of the axioms of ZF is readily established by means of the canonical 
model H.

.Iowa State University Received 10.VI1.1972



404 А. Абиян

Ա. ԱՐՅԱՆ. Րա<լ մությունների տեսության կանոնական տիպարներ (ամփոփում)

Ս ահմ անւէում է կանոնական տիպարի գաղափարը րա զմությոլնների տեսոլթյան աքսիոմա֊ 
տիկ սիստեմների համարլ Ապացուցվում է, որ

1) եթե 8 երմ ելո-Ֆրենկելի տեսության համապատասխանող ենթասիստեմները անհակասելի 
են, ապա կարելի է հիմնավորել անվերջության աքսիոմի անկախությունը, րաղմությունների ղու֊ 
մարի աքսիոմի անկախությունը և ենթարաղմությունների րազմոլթյան աքսիոմի անկախությունը 
Յերմելո-Ֆրենկելի սիստեմի մնացած աքսիոմներից կանոնական տիպարների միջոցով.

2) եթե 8երմելո-Ֆրենկելի սիստեմը անհակասելի կ ու գոյություն ունի ոչ հասանելի կար- 
րլինալ թիվ, ապա գոյություն ունի Տերմելո-Ֆրենկելի սիստեմի կանոնական մի տիպւսրւ

А. АБИЯН. Канонические модели теории множеств (резюме)

Вводится понятие канонической модели для аксиоматических систем теерии 
множеств. Доказывается, что

(1) если соответствующие подсистемы теории Цермело-Френкеля непротяворо- 
чивы,;то при помощи канонических моделей можно установить независимость ахсиомы 
бесконечности, независимость аксиомы суммы множеств и независимость аксиомы 
множества подмножеств от остальных аксиом системы Цермело-Френкеля,

(2) если система Цермело-Френкеля непротиворечива и существует недостижи
мое кардинальное число, то существует каноническая модель сиотемы Цермело- 
Френкеля.




