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Abstract

In graph theory, an edge coloring of a graph is a coloring of the edges, meaning
an assignment of colors to edges. Edge coloring can be described as function f: E(G) —
N, where E(G) is the set of graph edges and N is the set of natural numbers. Graph
coloring has been studied as an algorithmic problem since the early 1970s. The main
objective is to minimize the number of colors while coloring a graph. The smallest number
of colors required to color a graph G with specified conditions is called chromatic number
of that graph and is denoted by x'(G). By a result of Holyer [1], the determination of the
chromatic index is an NP —hard optimization problem. The NP-hardness give rise to the
necessity of using heuristic algorithms. In particular, we are interested in upper bounds for
the chromatic index that can be efficiently realized by a coloring algorithm.

A proper edge coloring of a graph G is a mapping f:E(G) — Z., such that
f(e) # f(e") for every pair of adjacent edges e and e’ in G. A proper edge coloring f of
a graph G is called vertex-distinguishing if for any different vertices u,v € V(G),
S, f)#SW,f), where S(v,f) ={f(e) | e=uv € E(G)}. The minimum number of
colors required for a vertex-distinguishing proper edge coloring of a simple graph G is
denoted by x',4(G). The VDP — coloring has been considered in many papers. It was
introduced and studied by Burris and Schelp in [2] and, independently, as observability of
a graph, by Cerny et al., Horndk and Soték [3]. The VDP — coloring is computed for
some families of graphs such as complete graphs, complete bipartite graphs and cycles. A
graph G is called complete r-partite (r > 2) if it’s vertices can be partitioned into r non-
empty independent sets V;, ..., ;. such that each vertex in V; is adjacent to all the other
vertices in V; for 1 < i <j <r. A complete split graph is a graph consisting of a clique
and an independent set of vertices in which each vertex of the clique is adjacent to each
vertex of the independent set.

In this work we provide lower and upper bounds on x’,;(G) for some complete
multipartite graphs and for complete split graphs.

Keywords and phrases: Edge coloring, Vertex-distinguishing coloring,
Chromatic index, Complete Multipartite graph, Complete split graph.
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Cwdwnnunwghp

Spwdubtipp nbunyeywi db9 Ynnuwyhu ubipynid E Yngynwd Ynntiph ubpynedp,
wyuhupt'  gpwdh jnipwpwugnip Ynnhtu  gnyup hwdwwwunwufuwubgnudp:
Ynnwihu ubipynwip Ywpbih £ ubpluywgub) f:E(G) - N $niuyghwih dhongny,
npwntbin E(G)-ny tpwuwyynwd £ gpwdh Ynnbiph pwqunieniup, N —ny puwlwt
rYbph pwqdniginiup: Spwdbiph ubipldw fuinhpubipp, npubu wignphedhly
fuunhpubip, ulyuty Gu nhunwpyytp 1970-wywuubphg: <hduwlwl wwwwyu k
ujwquagnyuh hwugub oginwgnpdynn gnyubiph pwuwlyp: Snyubiph thnppwgnyu
pwuwyp, npnug dhongny Yupbih £ hpwlwuguty gpudh Ynnught ubipynud,
Yngynwd £ ppndwwnpy hwdwp b vpwuwyynd x'(G): Holyer [1]-h Ynndhg
wwwgnigyti £, np ppndwiinhly puh npngnudp NP-puipn. owjwnhdhquighwih futinhp
£ Wn wwwbwnny EYyppuinpy wignphpdutph Yuppp £ wnwowunwd: <nhuwyp
fuunhpu £ quuby ppndwwhy edh YGpht uwhdwtbp, npntp Yuwpbh E
wpryniuwdbn duny  unwuw] oguwgnpdtiny  hwdwwwuwwuluwu  ubpydwu
wignphredubp:

G gpwdh hwdwp Ghoin Ynnwiht ubpynd £ Yngynwd f:E(G) — Zsg
wpunwwwinlbpnudp, npntin f(e) # f(e) Yuwdwjwlwu Yhg e, e’ € E(G) Ynnbipp
hwdwp: YYhgnip, f-p ¢ gpwbh Ghon ubpynw £, b v e V(G): f ubplydwu
nbwypnud Yuwdwjwlwu v € V(G) quqwpeh hwdwp S(v, f)-n Yuowuwlybup v
quaqwphu Yhg Ynntph gnyubph pwqdnieginiup: £ 6hon ubpynwip Yuwudwubup
quaquwp-tnwnpbpwyny, Get gpwdh Yuwdwjwlwu Gpynt ququeutiph hwdwnp
u,v € V(G), Sw,f) # S(w,f): Lywqugnyu gnyubiph pwuwyp, npnug dhongny
Ywpblh £ unwtw] ququpe-nwppbpwynn  Ynnwiht  ubpynud, Yngynud |
ppndwwhy phy b Upwuwyynd x,4(6): G gpwdp Ywudwubup r —Ynndwuh
gpwd, bGeb upw ququpubtiph pwqdnyenup Ywpbih £ ubpluywgub Vi, ..,V
137


mailto:tigran.petrosyan@student.rau.am

pwqudnipjniuutph dhwynpdwt inbiupny, npntin Vi-hu ywwnwunn jnipupwtgnip
ququpe dhwgyws £ Vi-hu wwwlwunn pninp ququplbpht (1<i<j<r): G
gpwdp Yngynud £ wpnhdnn phy qpud, beb win gpwdh ququputinh V(6)
pwadnigniup Yupbih £ wpnhb deynwwgywsd ququipltph W phy gpwdh
gquaquwpubph, npwntin dGynuwgywd ququeubiphg jnipupwugnipp dhwgywsd k
Inhy gpwdh pninp quiquiptitinhu:

SYjw| woluwwnwupnid unwgyby Bu npng unnppu W Ybphtu uwhdwuubp'
pwqdwynnd b wpnhynn - qpudubph  ququie-twppbipwlnn - Ynnwjht
utipynwdubiph ppndwwnhy pytiph hwdwn:

Pwuwih pwnbp b pwnwlwwwlygnipyniuubp. tqpbph 6hon gniuw-
ynpnuwd, vertex-discriminating gnwuwynpnuw, qwquwpep wwppbpnn  ppndwwnhly
hunbpu, wdpnnowlwt pwqdwynnd gpwhhy, wdpnnowlwiu wwnwynywsd
apwdhl:
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AHHOTAIUA

B Teopun rpados pébepHoll packpackoii Ha3bIBaeTCs packpacka péoep rpada, To
€CTh IpU packpacke rpaga BceM pEOpaM COOTBETCTBYIOT METKHM WIIM TaK Ha3bIBacMEbIC
ugeta. [y rpada G dyukius f: E(G) = N HassiBaeTcs pEOepHO packpackoii rpada G,
rne E(G)-mHOXecTBO pe€bep rpada, a N-MHOKECTBO HATypalbHBIX 4dnceld. P&GepHyro
packpacky TpadoB cTaiu pacCMaTPUBATh KaK alTOPUTMHYECKYIO MPOOJIeMy HadWHAS C
1970-p1x TomoB. ['maBHOW 3amadeid B TEOpUHM PacKpacoK rpad)oB sBISIETCS HAXOXKICHHE
MUHHMAJIBFHOTO KOJIMYECTBA I[BETOB, MCIOJIB3YEMBIX B packpacke rpada. MuHuMansHOE
KOJIMYECTBO IIBETOB, HEOOXOAMMOE ISl pacKpacku rpada mpu ONpeAeTIEHHBIX yCIOBUIX,
HA3bIBAETCS XPOMATHYECKUM MHIEKC M 06o3Hadaercsa uepes x'(G). Ilo pesymbraTam
uccinenoBanus Holyer-a, HaxokIeHHE XpOMAaTHYECKOro WHIeKca rpada spisetcs NP-
CHIOKHOM 3amauedt omnrumusauun. M3-3a NP-ciooxHOCcTHM MaHHOW 3aJauyd BO3HHUKAET
HCO6XO)II/IMOCTI) HaxXO0XACHUSA OBPUCTUYCCKUX aAJITOPUTMOB. B YaCTHOCTH, aBTOPOB
HHTEpECyeT HAaXOXJEHHE BEPXHHX OLEHOK Ul XPOMAaTHUECKOTO HHIEKCAa PAaCKPacKU
rpa¢oB myTéM 3¢ peKTUBHOI peann3aIiy pacKpacKy.

Pé6epnas packpacka f rpada G Ha3pBaeTCS MPABWILHOW, €CIM IS JFOOBIX
cMexHbIX pébep e, e’ € E(G), f(e) # f(e'). Eciu f — npaBunbHas packpacka rpada G
u v € V(G), To oboznaunm depe3 S(v, ) MHOXKECTBO IBETOB pEOEp, MHIMICHTHBIX
BepmiH V. [IpaBuibHas packpacka f rpada G Ha3pIBaeTCsl BEPUIMHHO-PA3IMYAIONICH,
eciau ajIs JoObIX pasianubbix BepumH w, v € V(G), S(u, f) # S(v, f). Haumensluee
YHCIIO I[BETOB, HEOOXOMMOE JUTs BEpIIMHHO-pa3nuyaronield pédepHoil packpacku rpada
G Ha3pIBacTCsS BEPIIMHHO-PA3IUYAIONIAM XPOMATUYECKAM HWHICKCOM W 0003HavaeTcs
Xva(G). T'pad G, BepumHBI KOTOPOrO MOXKHO MPEJACTaBHTH B BHAC OOBCIHHCHHS T
HE3aBHUCHMBbIX, HEITYCTBIX MHOXKECTB BepIIUH V7, ..., V., TAKHX, 4TO KaXkaas BeplInHa u3 V;
CMeXHa €O BeceMu BepiunHaMu u3 V; it 1 < i < j < 1, Ha3bIBAeTCsl MOJHBIH 1 — MOJIBbHBIH
rpad. [lomHpM pacmierusieMbiM rpadoM Has3bBaeTcs rpad), B KOTOPOM BEPIIMHBI MOXKHO
pa3duTh Ha KIMKY W HE3aBUCHMOE MHOKECTBO BEPINUH, KaXKJas W3 KOTOPHIX COSAMHCHA
CO BCEMH BEPIIMHAMH KJIHKA.

B npanHOif paboTe HaWOEHH BepXHHWE OLCHKH BEPIIMHHO-Pa3IHYAIONIETO
XPOMAaTHYECKOTO WHIEKCA ISl HEKOTOPBIX MOJHBIX MHOTOONBHBIX TPadoB.

KioueBble ci10Ba U CJI0BOCOYETAHHMS: TpaBWiIbHAs pEOepHas pacKpacka,
BEPILIMHHO-PA3/IMYaloIasl pacKpacka, BEPIIMHHO-PA3INYAIOLIUI XpOMaTHIECKUH HHACKC,
TMTOJTHBIA MHOTOIOJIBHBIH Tpad, MOIHBIA pacersieMbli rpad.
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Introduction

All graphs considered in this paper are finite and simple, and we use West’s book
[6] for terminologies and notations not defined here. Problems in which we are interested
are particular cases of the big variety of ways of labeling a graph. Let G = (V,E) be a
graph of order n with the vertex set V = V(G) and the edge set E = E(G). A k-edge
coloring of a graph G is an assignment of k colors to the edges of G. Let f(e) be the color
of the edge e. Denote by S(v,f) ={f(e) | e=uv € E(G)} the multiset of colors
assigned to the set of edges incident to v. The coloring f is proper if no two adjacent edges
are assigned the same color and vertex-distinguishing proper coloring (abbreviated
VDP — coloring), if it is proper and S(u, f) # S(v, f) for any two distinct vertices u and
V.

The minimum number of colors required to find a VDP — coloring of a graph G
without isolated edges and with at most one isolated vertex is called the vertex —
distinguishing proper edge coloring number (abbreviated VDP — coloring
number) and denoted by y,4'(G).

The VDP — coloring has been considered in many papers. It was introduced and
studied by Burris and Schelp in [2] and, independently, as observability of a graph, by
Cerny et al. [3], Horndk and Soték [4,5]. In [2,4], the VDP — coloring is also computed
for some families of graphs, such as complete graphs K,,, bipartite complete graphs K, ,,,
paths P,, and cycles C,,. The following results has been proved by Burris and Schelp [2].

Theorem 1. Let n be any natural number. Then
Xva (K) ={nif nisodd;n+1if nis even.
Theorem 2. Let m and n be any natural numbers. Then
Xod Kmn) ={n+1if n>m=2,n+2if n=m=2.
The original motivation of study is generalizing results for VDP — coloring of
some special types of complete graphs.

Main results

A complete split graph CS(n,m) is a graph on n vertices consisting of a clique
with n vertices and an independent set of m vertices in which each vertex of the clique is
adjacent to each vertex of the independent set.

Theorem 3. For any complete split graph ¢ = CS,, ,,, we have

Hoa(CSpm) =m+n, if m+nisodd, m+n < x,,(CSpm)
<m+n+1, if m+niseven.
Proof. Note that CS(n,m) can be considered as complete multipartite graph

Kn11,..1 With m 1-vertex partitions and with a m-vertex partition. Let V(CS(n,m)) =
Ve U Vs be the vertex set of split graph, where V. = {v,, vy, ..., v,_1} is the vertex set of
cligue and Vs = {v,, Vyy1) ooor Vman—1} 1S the vertex set of independent set and let
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E(CS(n,m)) = {vivj v,y €V 0<i<j<njuU{vy |y, €EVsv EV;0<i<
n,n < j < m + n} be the edge set of our graph.
For each edge v;v; € E(CS,,), define a color f(v;v;) as follows:
fiv)) = {(i+)j) mod (m+n) if m+nis odd; (i+j)mod (m+n
+1)if m+nis even
By the definition of f,
1. if m+nisodd
S, ={[1L,m+n]\{2imod (m+n)} if v;eV.(0<i
<n) Ujgon-1) (i +j)mod (m+n)} if v, €Vs(n<i<n+m)
2. if m+mniseven
S, H={1,m+n+1]\{2imod (m+n+1}if v,eV.(0<i
<n) Vjgon-1){i+j)mod (m+n+ 1D} if v €Vs(n<i
<n+m)
The visualtisation of coloring for split graph €S, 3 using specified algorithm is
presented in Fig. 1.

Fig. 1 VDP-coloring of split graph €S, 3.

It is easy to see that edges incident to independent set vertices have different
color sets. For edges incident to each clique vertex v; we use all the colors despite for
color 2i mod (m +n) incase m + nisodd and 2i mod (m+n+ 1) incase m +n is
even. The exceptional color is different for each pair of clique vertices because It is taken
by odd modulo in both cases. Thus, we constructed VDP — coloring, using less than
m + n + 1 colors. The minimum number of colors required for VDP-coloring for
complete split graph CS,,,,, ism + n.

Theorem 4. For any different natural numbers n,, n,,...ny.
1. if Y&, miseven
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ng + 1ot g + 1< Xpg (Knyny,ng) < M+ Npten 1y

2. if Yk, misodd.

Proof. Suppose that n; < n, <...< n;. Denote set of n;, — partition vertices by
Wa, = {Wo, wy,...wy,, — 13, set of ny_, — partition vertices by
Wy = Wnp Wt - Wnygm_ -1} - Vertices of ny —partition with colors W, =
W tnp_ oty - Wrpdng_y +odny+m, -1} LU V(G) =W, UW, U...UW, be the
vertex set of graph G and E(G) ={uv | ue W,,v € W, 1<=i<j<= k)} be the
set of graph edges. Denote N = n; + ny+... +ny.

For each edge w;w; € E(Ky, n,,.n,), define a color f(w;w;) as follows.

fwiw;) = {(i+)) mod N if Yk, n;is even; (i +j)mod (N +

1) if Y&, n is odd

By the definition of f we have.

S(i f) = {Vwew,, {(vi t w) mod N} (v; €

W) if Zﬁ;l n; is even; Uw%Wni {(vi +w) mod (N+ 1)} (v; €
W) if T, mn is odd.

Sets of edge colors incident to each partition are sets of sequential numbers taken
by modulo N incase Y%, n; is evenand by modulo N + 1 incase ¥, n; is odd.
In both cases the sequential set of numbers is taken by modulo of odd number, which
means that set of color for each vertex is different. Sets of edge colors for n, — partition
vertices must be different by the definition of VDP — coloring, so we need to use at least
n, + nz+...+n;, + 1 colors.

Preposition 1. For any different natural numbers m and n we have

max(m,n) + m+n+1 < xpg' Kmmnn) < max(m,n) +m+n+ 3.

Proof. Consider the two pairs of m — partition and n — partition as complete
bipartite graphs K, ,,. By Theorem 2. there is a VDP-coloring for K, ,, with max(m, n) +
1 colors. Let’s label our graphs using the same max(m,n) + 1 colors. Now let’s consider
the two constructed bipartite graphs K,,, as complete bipartite graph K, 4nm+n- BY
Theorem 2, there isa VDP — coloring for that graph, using m + n + 2 colors. As a result,
we constructed a VDP — coloring for our graph that is using max(m,n) + m+n+3
colors.On the other hand, for the VDP — coloring of our graph we need to use at least
max(m,n) + m + n + 1 colors, as the sets of colors incident to different vertices must be
different.

The visualisation of specified coloring is presented in Fig. 2.
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Fig 2. Visualisation of VDP-coloring for graph K;;, ;. n

Preposition 2. Let n and k be any natural numbers. Then for any complete 2*-

partite graph K, ,, _,, we have
CF—1Dn+2 < xpa' Kpn.m) < F—Dn+ 2k

Proof. Let’s consider each pair of n-partitions as complete bipartite graphs K, ,
and construct VDP-coloring for each of them by Theorem 2., using the same n + 2 colors.
Then consider each pair of bipartite graphs K, ,, as bipartite complete graphs K;,, ,, and
construct VDP-coloring for them by Theorem 2., using the same 2n + 2 colors. We
continue this process until we have complete bipartite graph K, ;-1 ,,k-1 for which we

have a VDP — coloring that is using exactly 2¥~1n + 2 colors. Thus, we constructed a
VDP — coloring of Ky, , graph, using (1+2+...+2¥ DHn+k = (2K - Dn+ 2k
colors. We need to use at least (2% — 1)n + 2 colors for VDP — coloring of our graph.
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