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Abstract. An n-correct node set X is called GCn set if the fundamental polynomial of each
node is a product of n linear factors. In 1982 Gasca and Maeztu conjectured that for every GCn

set there is a line passing through n + 1 of its nodes. So far, this conjecture has been confirmed
only for n ≤ 5. The case n = 4, was first proved by J. R. Busch [3]. Several other proofs have been
published since then. For the case n = 5 there is only one proof by H. Hakopian, K. Jetter and G.
Zimmermann (Numer Math 127:685–713, 2014). Here we give a second proof, which largely follows
the first one but is much shorter and simpler.
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1. Introduction

Denote by Πn the space of bivariate polynomials of total degree at most n :

Πn =

 ∑
i+j≤n

aijx
iyj

 , N := dim Πn =

(
n+ 2

2

)
.

Consider a set of distinct nodes Xs = {(x1, y1), (x2, y2), . . . , (xs, ys)}.
The problem of finding a polynomial p ∈ Πn which satisfies the conditions

(1.1) p(xi, yi) = ci, i = 1, 2, . . . s,

is called interpolation problem.

Definition 1.1. A set of nodes Xs is called n-poised if for any data {c1, . . . , cs} there
exists a unique polynomial p ∈ Πn, satisfying the conditions (1.1).

A necessary condition of n-poisedness is: #Xs = s = N. If this latter equality takes

place then the following holds:

Proposition 1.1. A set of nodes XN is n-poised if and only if

p ∈ Πn, p(xi, yi) = 0 i = 1, . . . , N =⇒ p = 0.
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A polynomial p ∈ Πn is called an n-fundamental polynomial for a node A =

(xk, yk) ∈ Xs if

p(xi, yi) = δik, i = 1, . . . , s,

where δ is the Kronecker symbol. We denote the n-fundamental polynomial of A ∈ Xs

by p?A = p?A,X.

Definition 1.2. A set of nodes Xs is called n-independent if each node has n-

fundamental polynomial. Otherwise, Xs is called n-dependent. A set of nodes Xs

is called essentially n-dependent if none of its nodes has n-fundamental polynomial.

Fundamental polynomials are linearly independent. Therefore a necessary condition

of n-indepen-dence is #Xs = s ≤ N.
One can readily verify that a node set Xs is n-independent if and only if the

interpolation problem (1.1) is solvable, meaning that for any data {c1, . . . , cs} there
exists a (not necessarily unique) polynomial p ∈ Πn satisfying the conditions (1.1).

A plane algebraic curve is the zero set of some bivariate polynomial of degree

≥ 1. To simplify notation, we shall use the same letter, say p, to denote the polynomial

p and the curve given by the equation p(x, y) = 0. In particular, by `, we denote a

linear polynomial ` ∈ Π1 and the line defined by the equation `(x, y) = 0.

Definition 1.3. Let X be an n-poised set. We say, that a node A ∈ X uses a line `,

if ` is a factor of the fundamental polynomial p?A, i.e.,

(1.2) p?A = `q,

where q ∈ Πn−1.

Since the fundamental polynomial of a node in an n-poised set is unique we get

Lemma 1.1 ([9], Lemma 2.5). Suppose X is a poised set and a node A ∈ X uses a

line `. Then ` passes through at least two nodes from X, at which q from (1.2) does

not vanish.

Definition 1.4. Let X be a set of nodes. We say, that a line ` is a k-node line if it

passes through exactly k nodes of X : ` ∩ X = k.

The following proposition is well-known (see e.g. [8] Proposition 1.3):

Proposition 1.2. Suppose that a polynomial p ∈ Πn vanishes at n + 1 points of a

line `. Then we have that p = `r, where r ∈ Πn−1.
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From here we readily get that at most n + 1 nodes of an n-poised set XN can be

collinear. In view of this an (n+ 1)-node line ` is called a maximal line [2].

Next, let us bring the Cayley-Bacharach theorem (see e.g. [6], Th. CB4; [8], Prop. 4.1).

Theorem 1.1. Assume that two algebraic curves of degree m and n, respectively,

intersect atmn distinct points. Then the set X of these intersection points is essentially

(m+n−3)-dependent.

We are going to consider a special type of n-poised sets defined by Chung and Yao:

Definition 1.5 ([5]). An n-poised set X is called GCn set, if the n-fundamental

polynomial of each node A ∈ X is a product of n linear factors.

Now we are in a position to present the Gasca-Maeztu conjecture.

Conjecture 1.1 ([7]). For any GCn set X there is a maximal line, i.e., a line passing

through its n+ 1 nodes.

Since now the Gasca-Maeztu conjecture was proved to be true only for n ≤ 5. The

case n = 2 is trivial, and the case n = 3 is easy to verify. The case n = 4 first was

proved by J. R. Busch [3]. Several other proofs have been published since then (see

e.g. [4], [9], [1]). For the case n = 5 there is only one proof by H. Hakopian, K. Jetter

and G. Zimmermann [10]. Here we give a second proof, which largely follows the first

one but is much shorter and simpler.

1.1. The m-distribution sequence of a node. In this section we bring a number

of concepts, properties and results from [10].

Suppose that X is a GCn set. Consider a node A ∈ X together with the set of n

used lines denoted by LA. The N − 1 nodes of X \ {A} belong to the lines of LA.

Let us order the lines of LA in the following way:

The line `1 is a line in LA that passes through maximal number of nodes of X,

denoted by k1 : X ∩ `1 = k1.

The line `2 is a line in LA \ {`1} that passes through maximal number of nodes of

X \ `1, denoted by k2 : (X \ `1) ∩ `2 = k2.

In the general case the line `s, s = 1, . . . , n, is a line in LA \ {`1, . . . , `s−1} that

passes through maximal number of nodes of the set X \ ∪s−1i=1 `i, denoted by ks :

(X \ ∪s−1i=1 `i) ∩ `s = ks.
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A correspondingly ordered line sequence

S = (`1, . . . , `n)

is called a maximal line sequence or briefly an m-line sequence if the respective

sequence (k1, . . . , kn) is the maximal in the lexicographic order [10]. Then the latter

sequence is called a maximal distribution sequence or briefly an m-d sequence.

Evidently, for the m-d sequence we have that

(1.3) k1 ≥ k2 ≥ · · · ≥ kn and k1 + · · ·+ kn = N − 1.

Though the m-distribution sequence for a node A is unique, it may correspond to

several m-line sequences.

Note that, an intersection point of several lines of LA is counted for the line

containing it which appears in S first. Each node in X is called a primary node for

the line it is counted for, and a secondary node for the other lines containing it.

According to Lemma 1.1, every used line contains at least two primary nodes, i.e.,

(1.4) ki ≥ 2 for i = 1, . . . , n .

Let S = (`1, . . . , `n) be an m-line sequence with the associated m-d sequence (k1, . . . , kn) .

Lemma 1.2 ([10], Lemma 2.5). Assume that ki = ki+1 =: k for some i. If the

intersection point of lines `i and `i+1 belongs to X, then it is a secondary node for

both `i and `i+1. Moreover, interchanging `i and `i+1 in S still yields an m-line

sequence.

We say that a polynomial has (si, . . . , sj) primary zeroes in the lines (`i, . . . , `j) if

the zeroes are primary nodes in the respective lines. From Proposition 1.2 we get

Corollary 1.1. If a polynomial p ∈ Πm−1 has (m,m−1, . . . ,m−k) primary zeroes in

the lines (`m−k, `m−k+1 . . . , `m) then we have that p = `m`m−1 · · · `m−kr, where r ∈
Πm−k.

In some cases a particular line ˜̀ used by a node is fixed and then the properties

of the other factors of the fundamental polynomial are studied.

In this case in the corresponding m-line sequence, called ˜̀-m-line sequence, one

takes as the first line `1 the line ˜̀, no matter through how many nodes it passes. Then

the second and subsequent lines are chosen, as in the case of the m-line sequence.

Thus the line `2 is a line in LA \ {˜̀1} that passes through maximal number of

nodes of X \ ˜̀1, and so on.
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Correspondingly the ˜̀-m-distribution sequence is defined.

2. The Gasca-Maeztu conjecture for n = 5

Let us formulate the Gasca-Maeztu conjecture for n = 5 as:

Theorem 2.1. For any GC5 set X of 21 nodes there is a maximal line, i.e., a 6-node

line.

To prove the theorem assume by way of contradiction the following.

Assumption 2.1. The set X is a GC5 set with no maximal line.

In view of (1.3) and (1.4) the only possible m-d sequences for any node A ∈ X are

(2.1) (5, 5, 5, 3, 2); (5, 5, 4, 4, 2); (5, 5, 4, 3, 3); (5, 4, 4, 4, 3); (4, 4, 4, 4, 4).

The results from [10] below show how many times a line can be used, depending the

number of nodes it passes through. In each statement it is assumed that X is a GC5

set with no maximal line.

Proposition 2.1 ([10], Prop. 2.11). Suppose that ˜̀ is a 2-node line. Then ˜̀ can be

used by at most one node of X.

Proposition 2.2 ([10], Prop. 2.12). Suppose that ˜̀ is a 3-node line and is used by

two nodes A, B ∈ X. Then there exists a third node C using ˜̀. Furthermore, A, B,

and C share three other lines, each passing through five primary nodes. For each of

the three nodes, the m-d sequence is (5, 5, 5, 3, 2), and the other two nodes are the

primary nodes in the respective fifth line. In particular, ˜̀ is used exactly three times.

Proposition 2.3 ([10], Prop. 2.13). Suppose that a line ˜̀ is used by three nodes A,

B, C ∈ X. Then ˜̀ passes through at least three nodes of X.

If ˜̀ is a 4-node line, then A, B, and C share ˜̀ and three other lines, `2 and `3
passing through five and `4 through four primary nodes. For each of the three nodes,

the ˜̀-m-distribution sequence with respect to ˜̀ is (4, 5, 5, 4, 2). ˜̀ can only be used by

A, B, and C, i.e., it is used exactly three times.

Corollary 2.1 ([10], Cor. 2.14). Suppose that a line ˜̀ is used by four nodes in X.

Then ˜̀ is a 5-node line.
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Proposition 2.4 ([10], Prop. 2.15). Suppose that a line ˜̀ is used by five nodes in X.

Then ˜̀ is a 5-node line, and it is actually used by exactly six nodes in X. These six

nodes form a GC2 set and share two more lines with five primary nodes each, i.e.,

each of these six nodes has the m-d sequence (5, 5, 5, 3, 2).

At the end we bring a (part of a) table from [10] which follows from Propositions 2.1,

2.2, 2.3, 2.4 and Corollary 2.1. It shows under which conditions a k-node line ˜̀, 2 ≤
k ≤ 5, can be used at most how often, provided that the considered GC5 set has no

maximal line.

(2.2)

maximal # of nodes using ˜̀
total # in general no node uses
of nodes (5, 5, 5, 3, 2)

in ˜̀ m-d sequence

5 6 4
4 3 3
3 3 1
2 1 1

2.1. The case (5 , 5 , 5 , 3 , 2). In this and the following sections, we will prove the

following

Proposition 2.5. Assume that X is a GC5 set with no maximal line. Then for no

node in X the m-d sequence is (5, 5, 5, 3, 2).

Assume by way of contradiction the following.

Assumption 2.2. X contains a node for which an m-line sequence (`1, `2, `3, `4, `5)

implies the m-d sequence (5, 5, 5, 3, 2).

Set X = A ∪B (see Fig. 2.1), with

A = X ∩ {`1 ∪ `2 ∪ `3}, #A = 15, and B = X \A, #B = 6.

Denote L3 := {`1, `2, `3}. Note that no intersection point of the three lines of L3

belongs to X.

Below we bring a simple proof for

Lemma 2.1 ([10], Lemma 3.2).
(i) The set B is a GC2 set, and each node B ∈ B uses the three lines of L3 and

the two lines it uses within B, i.e.,

(2.3) p?B,X = `1 `2 `3 p
?
B,B .
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Рис. 2.1. The case (5, 5, 5, 3, 2) with X = A ∪B.

(ii) No node in A uses any of the lines of L3.

Proof. (i) Suppose by way of contradiction that the set B is not 2-poised, i.e., it

is a subset of a conic C. Then X is a subset of the zero set of the polynomial `1 `2 `3 C,

which contradicts Proposition 1.1. Then we readily obtain the formula (2.3).

(ii) Without loss of generality assume that A ∈ `1 uses the line `2. Then p?A =

`2 q, where q ∈ Π4. It is easily seen that q has (5,4) primary zeros in the lines

(`3, `1). Therefore, in view of Corollary 1.1, we obtain that p?A = `2 `3 `1 r, which is a

contradiction. �

Evidently, any node in a GC2 set uses a maximal line, i.e., 3-node line. Hence we

conclude readily that any GC2 set, including also B, possesses at least three maximal

lines (see Figure 2.1).

A node A ∈ X is called a 2m-node if it is the intersection point of two maximal

lines. Note that the nodes Bi, i = 1, 2, 3, in Fig. 2.1, are 2m-nodes for B.

Definition 2.1. We say, that a line ` is a kA-node line if it passes through exactly

k nodes of A.

Lemma 2.2. (i) Assume that a line ˜̀ /∈ L3 does not intersect a line ` ∈ L3 at a node

in X. Then the line ˜̀ can be used at most by one node from A. Moreover, this latter

node belongs to ` ∩A.

(ii) If a line ` is 0A or 1A-node line then no node from A uses the line `.

(iii) If a line ` is 2A-node line then ` can be used by at most one node from A.

(iv) Suppose ` is a maximal line in B. Then ` can be used by at most one node

from A.
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Proof. (i) Without loss of generality assume that ` = `1 and A ∈ `2 uses ˜̀ :

p?A = ˜̀q, q ∈ Π4.

It is easily seen that q has (5, 4, 3) primary zeros in the lines (`1, `3, `2). Therefore,

in view of Corollary 1.1, we conclude that p?A = ˜̀`1 `2 `3 r, r ∈ Π1, which is a

contradiction.

Now assume conversely that A,B ∈ `1 ∩ X use the line ˜̀. Choose a point C ∈
`2 \ (˜̀∪ X). Then choose numbers α and β, with |α| + |β| 6= 0, such that p(C) = 0,

where p := αp?A +βp?B . It is easily seen that p = ˜̀q, q ∈ Π4 and the polynomial q has

(5, 4, 3) primary zeros in the lines (`2, `3, `1). Therefore p = ˜̀̀
1 `2 `3 q, where q ∈ Π1.

Thus p(A) = p(B) = 0, implying that α = β = 0, which is a contradiction.

The items (ii) and (iii) readily follow from (i). The item (iv) readily follows from

(iii). �

Denote by `AB the line passing through the points A and B.

Proposition 2.6. Let `B1M1
be 5-node line, which is used by all the six nodes of a

subset A6 ⊂ A. Suppose also that ` is a 4-node line passing through B1. If the line `

is used by three nodes from A then all these three nodes belong to A6.

Proof. The six nodes of A6 use the 5-node line `B1M1
. Therefore, in view of

Proposition 2.4, these six nodes share also two more lines passing through five primary

nodes. It is easily seen that these latter two lines are the lines `B2M2
and `B3M3

.

Assume by way of contradiction that the nodes D1, D2, D3 ∈ A are using the line

` and D1 /∈ A6. According to Proposition 2.3 these three nodes share also two lines

passing through five primary nodes.

In view of Lemma 2.2, (iv), these latter two lines cannot be maximal lines in B.

Therefore they belong to the set {`B2M2
, `B3M3

, `M1M2
, `M2M3

, `M1M3
}. One of them

should be `B2M2 or `B3M3 , since any two lines from {`M1M2 , `M2M3 , `M1M3} share a

node. Therefore one of them will be used by seven nodes, namely by D1 and the

nodes of A6. This contradicts Proposition 2.4. �

2.2. The proof of Proposition 2.5. Consider all the lines passing through B :=

B1 and at least one more node of X. Denote the set of these lines by L(B). Let

mk(B), k = 1, 2, 3, be the number of kA-node lines from L(B).

We have that

(2.4) 1m1(B) + 2m2(B) + 3m3(B) = #A = 15.
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Lemma 2.3. Suppose that a line `, passing through B and different from the line

`BM1 , is a 3A-node line. Then ` can be used by at most three nodes from A.

Proof. Note that ` is not a maximal line for B, since otherwise ` will be a maximal

line for X. Therefore ` is a 4-node line and Proposition 2.3 completes the proof. �

Lemma 2.4. We have that m3(B) ≤ 4.

Proof. The equality (2.4) implies thatm3(B) ≤ 5. Assume by way of contradiction

that five lines pass through B and three nodes in A. Therefore these five lines intersect

the three lines `1, `2, `3, at the 15 nodes of A. Then, by Theorem 1.1, these 15 nodes

are 5 + 3− 3 = 5-dependent, which is a contradiction. �

Proof of Proposition 2.5. In view of Proposition 2.4 we divide the proof into

three cases.

Case 1. Suppose that `BM1
is 5-node line used by six nodes from A.

Denote the set of these six nodes by A6 ⊂ A. We have that any node from A uses

at least one line from L(B). Proposition 2.6 implies that all 3A-node lines from L(B),

except `BM1
, can be used by at most two nodes from A \A6.

From Lemma 2.2, we have that

(2.5) 15− 6 ≤ 0m1(B) + 1m2(B) + 2(m3(B)− 1).

In view of (2.4) we get

(2.6) m1(B) + 2m2(B) + 3m3(B)− 6 ≤ 1m2(B) + 2m3(B)− 2.

Therefore we conclude thatm1(B)+m2(B)+m3(B) ≤ 4, or, in other words, 3m1(B)+

3m2(B) + 3m3(B) ≤ 12, which contradicts (2.4).

Case 2. Suppose that `BM1
is 5-node line used by at most four nodes of A.

In this case we have that

15 ≤ 1m2(B) + 3(m3(B)− 1) + 4.

In view of (2.4) we get

(2.7) m1(B) + 2m2(B) + 3m3(B) ≤ 1m2(B) + 3m3(B) + 1.

Hence 2m1(B) + 2m2(B) ≤ 2. Now, by using (2.4) again, we conclude that

(2.8) 3m3(B1) ≥ 13,

which contradicts Lemma 2.4.

Case 3. Suppose that `BM1
is not 5-node line.
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Then, in view of the table (2.2), it can be used by at most three nodes of A. From

Lemmas 2.2 and 2.3, (ii),(iii), we have that

(2.9) 15 ≤ 1m2(B) + 3m3(B).

In view of (2.4) we get

(2.10) m1(B) + 2m2(B) + 3m3(B) ≤ m2(B) + 3m3(B).

Hence m1(B) = m2(B) = 0 and m3(B) ≥ 5, which contradicts Lemma 2.4. �

2.3. The cases (5 , 5 , 4 , 4 , 2) , (5 , 5 , 4 , 3 , 3), and (5 , 4 , 4 , 4 , 3). Let us fix a node

A ∈ X and consider the set of lines L(A). Let nk(A) be the number of (k + 1)-node

lines from LA. In view of Assumption 2.1 we have that

(2.11) 1n1(A) + 2n2(A) + 3n3(A) + 4n4(A) = #
(
X \ {A}

)
= 20.

Next we bring a result from [10]. We present also the proof for the convenience.

Lemma 2.5 ([10], Lemma 3.13). Assume that X is a GC5 set with no maximal

line. By Proposition 2.5, for no node of X the m-d sequence is (5, 5, 5, 3, 2). Then the

following hold.

(i) There is no 3-node line and m-node line is used exactly m− 1 times, where

m = 2, 4, 5.

(ii) No two lines used by the same node intersect at a node in X.

Proof. (i) Consider all the lines in L(A). From the third column of the table

in (2.2), it follows that for the total number M(A) of uses of these lines, we have that

(2.12) M(A) ≤ 1n1(A) + 1n2(A) + 3n3(A) + 4n4(A) .

Since each node in X\{A} uses at least one line through A, we must haveM(A) ≥ 20.

In view of the equality (2.11) we conclude that M(A) = 20 and n2(A) = 0.

Moreover, we deduce that any line containing m nodes including A has to be used

exactly m−1 times, where m = 2, 4, 5. Since the node A is arbitrary, this is true for

all lines containing at least two nodes of X.

(ii) Assume conversely that two lines `1, `2, used by a node A ∈ X intersect at a

node B ∈ X. Then each of the nodes in X \ {A,B} uses at least one line through

B, while the node A uses at least two lines. Thus we have M(A) ≥ 21, which is a

contradiction. �

Corollary 2.2. For no node in X the m-d sequence is (5, 5, 4, 3, 3) or (5, 4, 4, 4, 3).
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Proof. Suppose, that for a node A ∈ X, the m-d sequence is (5, 5, 4, 3, 3) or

(5, 4, 4, 4, 3). In view of Lemma 2.5, (ii), there are no secondary nodes in the used

lines. Thus the presence of 3 the m-d sequence implies presence of a 3-node line in

an m-line sequence, which contradicts Lemma 2.5, (i). �

Proposition 2.7. For no node in X the m-d sequence is (5, 5, 4, 4, 2).

Proof. Assume that for a node A ∈ X some m-line sequence (`1, `2, `3, `4, `5)

implies the m-d sequence (5, 5, 4, 4, 2). In view of Lemma 2.5, (ii), the lines `1, ..., `5,

contain exactly 5, 5, 4, 4, 2, nodes, respectively. Denote by B and C the two nodes in

the line `5. Then we have

p?B = `1 `2 `3 `4 `AC and p?C = `1 `2 `3 `4 `AB .

In view of Lemma 2.5 the line `1 is used by exactly four nodes of X. Therefore, there

exists a node D ∈ X \ {A,B,C}, which is using the line `1.

In view of (2.1), Proposition 2.5, and Corollary 2.2, for the node D ∈ X some

m-line sequence (`1, `
′
2, `
′
3, `
′
4, `
′
5) yields the m-d sequence (5, 5, 4, 4, 2).

Now, as above, we have that the two nodes in the line `′5 use the line `1. In view

of Proposition 2.1, the line `′5, used by the node D, cannot coincide with the lines

`AB , `AC or `BC . Therefore `′5 contains a node different from A,B,C,D. Hence, the

line `1 is used at least five times, which is a contradiction. �

2.4. Proof of theorem 2.1. What is left to complete the proof of Theorem 2.1 is

the following

Proposition 2.8. For no node in X the m-d sequence is (4, 4, 4, 4, 4).

Proof. Let us fix a node A ∈ X. In view of (2.1), Propositions 2.5, 2.7 and Corollary

2.2, for the node A, m-d sequence is (4, 4, 4, 4, 4). Thus, in view of Lemma 2.5, (ii),

all used lines are 4-node lines. Therefore, in view of Lemma 2.5, (i), we conclude that

n1(A) = n2(A) = n4(A) = 0. Now, the equality (2.11) implies that 3n3(A) = 20,

which is not possible. �
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