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1. INTRODUCTION

Deriving zero bounds for real and complex zeros of polynomials is a classical
problem that has been proven essential in various disciplines such as engineering,
mathematics, and mathematical chemistry. As indicated, there is a large body
of literature dealing with the problem of providing disks in the complex plane
representing so called inclusion radii (bounds) where all zeros of an univariate
complex polynomial are situated. A review on the location of zeros of polynomials,
where the polynomials can be factored over disks in complex plane can be found in
([13],[8],[17],[16]). In accordance with, the following first result which describes the
inclusion radii where all zeros of an univariate complex polynomial are scattered is

due to Cauchy [3]. All the zeros of a polynomial
P(z2) =ap+ a1z +az® 4+ ... + a,2", an #0
lie in the disk

|z| <14+ M,

aj

an |°

where M = max
0<j<n—1

Cauchy type polynomials have been studied extensively in the past more than

one-century. The research associated with this has sprawled into several directions
and generates a plethora of publications for example see ([I0], [12], [18], [I3]).
The research on mathematical objects associated with polynomials and relative
position of their zeros has been active over a period; there are many research papers
published in a variety of journals each year and different approaches have been taken

for different purposes. The present article is concerned with zero free regions and
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particularly the number of zeros of a polynomial in a given disk. The following
result establishes the improvement of above Cauchy bound under the assumption

that the coefficients satisfy monotonicity condition.
n

If P(z) = Zajzj is a polynomial of degree n with real coefficients such that
§=0

Ap > Ap_1 > ... > a1 > ag > 0.

Then P(z) has all its zeros in |z| < 1. This elegant result is known as Enestrom-
Kakeya Theorem, (for reference see section 8.3 of [I8]). In the literature, there exist
various extensions and generalizations of Enestrom-Kakeya Theorem ([2],[5], [6],
[8], [10], [12], [13], [15], [16], [18]). Following analogous result established by Joyal
et al.[10], the foremost and the most cited one after Enestrom-Kakeya Theorem
which acts as a generalization of it.

Let

Gp 2 Gp-1 2 Ap_2... 2> a1 = ag.

Then the polynomial P(2) = a,2" + a,_12" " + ... + a1z + ag of degree n has all

its zeros in

1
2| < —{an —ao +|aol}-
|an|
Several years later Aziz and Zargar [2] relaxed the hypothesis in several ways and
among other things proved the following result.

Let
P(z)=ap+a1z+ ...+ apz"

be a polynomial of degree n with real coefficients such that, for some k£ > 1 and for

some 0 < p <1 we have
kan > an_1 > ... > pag > 0,

then P(z) has all its zeros in

lz+k—1 <k+ %n_p).
These results proved to be, each in its own way, enabling the growth of sophisticated
techniques and critical practices are foundational in the development of the geometry
of the zeros of univariate complex polynomial.

Up till now, we have precisely reviewed the regions containing all the zeros of a
polynomial P(z) under restricted coefficients. Since the motivation of this article is
about the zero free regions and the number of zeros for special family of polynomials

and in view of that it is significant to deal with some preliminary results related to
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zero free regions. The following result is due to Zargar [20].
n
Let P(z) = Zajzj be a polynomial of degree n. If for some real number k > 1
5=0

0<an Sanfl é éal Ska@»

then P(z) does not vanish in the disk |z| < 5.

Generally speaking, the methods and techniques to develop the zero free and zero
containing regions are different and are satisfactory for the readers. The theory on
zero free regions for the univariate complex polynomials has been well established
([201, [9], [d, [4], [11]), while somewhat is known for analytic functions. This article
describes zero free regions for lacunary type polynomials and this approach is new
in comparison with previously published material in the study of zero free regions.

Next we move to the number of zeros of a polynomial in a given disk, the following

result concerning the number of zeros of a polynomial in a closed disk can be found

in Titchmarsh’s classic "The Theory of Functions (see [19],page 171, 2nd edition).

Theorem 1.1. Let F(2) be analytic in |z| < R. Let |F(z)] < M in |z| < R and
suppose F(0) # 0. Then for 0 < § < 1, the number of zeros of F(z) in the disk
|z| < RS does not exceed

1 log M
— log +——.
log s |F(0)]

Regarding the number of zeros of a polynomial in |z| < % and under the same
Enestrom -Kakeya type restrictions on the coefficients. Mohammad [I5] used a

special case of Theorem 1.1 in order to establish the following result.

Theorem 1.2. If P(z) = Zajzj is a polynomial of degree n such that
j=0

Op > Gp-1 2> ... 2> a1 > ag >0,
then the number of zeros of P(z) in |z| < 3 does not exceed

1+

! log 22
log 2 & ap’
This result has been refined and generalized in different ways (see [5], [7], [8],

[16]). Recently Mir et al. [14] imposed certain conditions on the moduli of coefficients

and among other things of the Lacunary type polynomials P(z) = ag+ Zaj 27 and
J=n
proved the following results.
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Theorem 1.3. Let P(z) = ag+ Zajzj, 1< p<mn, ag # 0, where for somet >0

J=n
and some p < k <mn,

t'a,| < ... <t Hago1| < Flag] > M agyr > o > a1 | > 17 ag)

and |arg aj—B| < a < T for p < j < n, for some real o and B. Then for0 < 4§ <1,
the number of zeros of P(z) in |z| < 6t does not exceed

1 M
log ‘—

log $ apl’

where M = 2|aglt + (|au[t"T™ + |a, [t ) (1 — cosa — sina) + 2]ag[tFT! cosa +
n

QZ\aﬂtﬂ'l sin a.
J=n

Theorem 1.4. Let P(z) = ag + Zajzj, 1< pu<mn, ag #0, where Re a; = «;

j=n
and Im a; = B; for p < j < n. Suppose that for some t > 0 and some k with
p<k<n,

troy, < . <t oy <oy > tTlag i > L > " ey > .

Then for 0 < § < 1, the number of zeros of P(z) in |z| < &t does not exceed

1 M
171 logi,
0g 5 |ao|

n
where M = 2(Joo|+|Bol )+ (| — S+ 420t F 4 (o | = )E 142 |85 [
Jj=u

n
Theorem 1.5. Let P(z) = ag + Zajzj, 1 <p<n, ag # 0, where Re a; = o
Jj=p

and Im a; = B; for p < j < n. Suppose that for some t > 0 ,for some k with
uw <k <mn, we have

tra, <. <t oy <tPap >t Tlagy > > a, g > tay,

and for some p <1 <n, we have
B, < St o SR =TI B > L >t B > 7B,

Then for 0 < § < 1, the number of zeros of P(z) in |z| < &t does not exceed
1 M
log ‘—

log% apl’

where
M = 2(lao] + |Bol)t + (Jo| — ap + [Bu] — Bu)tu+1+

F2(>et* T+ Bt + (Jom| — an + [Bu] — Bt
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2. MAIN RESULTS

The purpose of this paper is to obtain zero free regions for the lacunary type
polynomials whose coefficients satisfy certain monotonicity conditions. We shall also
establish the annular region so that number of zeros of P(z) in this region does not
exceed any given real number. Also the parameters can be adapted appropriately

to the intensity required. In fact we prove the following results.
n
Theorem 2.1. Let P(z) = ap+ Zajzj, 1 <pu<mn, ag # 0, where for somet >0
J=H
and some u < k <mn,
t"ay| < . <t Hagog | < tFlag] > T ags| > > a1 | > s

and |arg aj — ] < a < T for p < j < n, for some real o and . Then no zero of
P(z) lies in

t?|ag|

2] < m

laolt + (Jau|t"! + [an[t"+1)(1 — sina — cos a) + 2|ag[th+ cos o + 2 _|a [t/ T sina
J=p

Theorem 2.1 in conjunction with Theorem 1.3, immediately leads to the following

result.

n
Corollary 2.1. Let P(z) = ag + Zajzj, 1 < pu<n, ag # 0, where for some
J=H
t >0 and some u < k <mn,
tMay < oo < T Hagq | < lag] > T agp > > " a1 | > " an)

and larg aj—B| < a < § for p < j <n, for some real o and 3. Then for 0 <06 <1,

2
the number of zeros of P(z) in %‘zfl < |z| < 6t does not exceed

1 M
log ‘—

log % agl’

where .
M = 2|ag|t+(|au |t T 4| an [t (1—cos a—sin o) +2|ak[tF ! cos a+2Z|aj|tj+1 sin «
J=p

n
M = |aglt+(Jay|th T +]a, [t 1) (1—sin a—cos a)+2|ay [t* 1 cos a+22|aj|tj+1 sin av.
J=H

Notice that when ¢ = 1 in Theorem 2.1, it produces the following result.
n
Corollary 2.2. Let P(z) = ag + Zajzj, 1 < pu<n, ag # 0, where for some
J=u

uw<k<n.
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Theorem 2.2. Let P(z —ao+ZaJ 21, 1< pu<n, ag # 0, where Re a; = o

and Im a; = B for p < j < n. Suppose that for some t > 0 and some k with
p<k<n,

tra, < .. <t oy <trap >t Tlag > L >, > Ty,

Then no zero of P(z) lies in
t*(lao| +1Bol)

n .
(ol + 18]}t + (o] — )ttt + 2045+ + (Jan| — ag )ttt 237|817+
J=n

2| <

On combining Theorem 2.2 and Theorem 1.4, we get the following result.

Corollary 2.3. Let P(z —ao—i—Za] 2, 1< u<mn, ag #0, where Re a; = o

and Im a; = B for p < j < n. Suppose that for some t > 0 and some k with
uw <k <mn, we have

troy, < . <t oy <tPag >t lag g > > " e > .

Then for 0 < § < 1, the number of zeros of P(z) in Wﬂ < |z| < 0t does not

exceed

1 M
— log —,
logs  laol
where

M = 2(|ao| + 1B0)t + (o] — ) t# T + 200t™ T + (Jan| — )t 4237187
Jj=p
and

n

M = (lao| + [Bol)t + (Jou] = ap )t + 200* ! + (Jan| — )t 2 | 854771
J=n

Taking ¢t = 1 in Theorem 2.2, we get the following result.
Corollary 2.4. Let P(z) = ag + Za]zj 1< pu<mn, ap # 0, where Re a; = o
and Im a; = B for p <j <n. Suppose that for some p < k < n, we have
0 <o S g1 S Q) 2 Qg 2 2 Qo1 2 Qg
Then P(z) does not vanish in
(laol + 150])

(ool + 180l) + (] — ) + 20 + (lan| — ) + 2> 1851
J=p

2| <
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Finally, we put the monotonicity conditions on the real and imaginary parts of
n
the coefficients of P(z) = ag + Zajzj in order to obtain zero free region and an

J=H
annular region onwards. More precisely, we prove the following results.

Theorem 2.3. Let P(z —a0+ZaJ 2/, 1< p<n, ag # 0, where Re a; = a;j
and Im a; = pj for p < j < n. Suppose that for some t > 0 ,for some k with
p<k<n,

tra, < . <t ooy <trPag > T oy > ¢!

Y

Op—1 Z tnan
and for some p <1 <mn,
B, < St oy SR > T B > L > T B > B

Then P(z) does not vanish in

t*(Jao| + |Bol)
(Jaol +1BoDt + (lau] — ap + 18] — B )ttt 4+ 2(apth+t 4 Gyt +1) 4 ktntt

where k = o | — an + |Bn| — Bn.

2| <

Theorem 2.3 in conjunction with Theorem 1.5 yields the following result.

Corollary 2.5. Let P(z —ao—i—ZaJ 2, 1< p<n, ag # 0, where Re a; = o

and Im a; = B for p < j < n. Suppose that for some t > 0 ,for some k with
pu<k<n,

troy, < .. <t oy <thap > t"lag > > ay o > "y,
and for some u <1 <n,
B, < <t oy SR > ETIBL > L >t T B > 7B

Then for 0 < 6§ < 1, the number of zeros of P(z) in Wﬂ < |z| < dt does not

exceed

1 1 M
—— log —,
log:  Jao|
where
M = 2(|ao| + |Bol)t + (Jau| — v + |8l — Bu)t"
4 Q(Oéktk+1 +ﬁltl+1) + (lan‘ —ay, + |BM| _ Bu>tn+1,

M = (Jao| + [Bol)t + (levu| — v + 18, = ﬁu)tu—H

+ 2(apt*™ 1+ Bt + (Jan| — o + |Ba] — Bu)t™ L.
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Here it is interesting to note that Theorem 2.3 gives us several corollaries under
the monotonicity conditions on real and imaginary parts. Taking t = 1 in Theorem
2.3, we get the following result.

Corollary 2.6. Let P(z) = ag + Zaj 2/, 1< pu<mn, a#0, where Re a; = «;
and Im a; = B; for p < j < n. Suppose that for some k with p < k < n, we have
o < Sap 1 S 2 Q] 2 2 Qo] 2 Qg

and for some u <1 <n,
Bu< .S 1 <3 2> Bir1 2.2 Bu1 = Ba.

Then no zero of P(z) lies in

L (Ja] + 15o])

(o] + [Bol) + (laul =+ 1Bu] = Bu) + 2(ak + B) + (lan| — an + [Bal = n)’
Fix t =1 and k = [ = n in Theorem 2.3, we immediately obtain the following

result.
Corollary 2.7. Let P(z) = ag + Za] 2, 1< p<n, ag# 0, where Re a; = o
and Im a; =B forp <j<n such that

oy < oS apo Sag
and

Bu < oo < Bn—1 < Bn-
Then no zero of P(z) lies in

. (1ol + 160

(|OZ(]| + |BOD + (|OZ“‘ — oy + |5M‘ - ﬁ,u) + (‘an| + an + |ﬁ#| + ﬂ#)

Set t =1 and k =1 = p in Theorem 2.3, we get the following result.

Corollary 2.8. Let P(z) = ag + Zaj 2, 1< p<n, ag # 0, where Re a; = o
and Im a; = B for p <j<n such that
Qy, Z Z Qp_—1 Z Qp

and
ﬂu Z Z ﬂn—l Z ﬁn

Then no zero of P(z) lies in

. (1ol + 160

(laol +1Bol) + (|au‘ +au+ |ﬁu‘ +ﬁu) + (Jan| — an + |ﬁu| _ﬂ#)'
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3. PROOFS OF THEOREMS

For the proofs of our main results, we need the following auxiliary result.

Lemma 3.1. Let P(z) be a polynomial of degree n. If for some real o and (3,
larg aj — ] < a < Z,0< 5 <n and for any t > 0 such that, |a;| > [a;_1],0 < j <

n, then |ta; — a;—1| < (t|a;| — |aj—1|)cosa + (t|a;| + |aj_1]) sina.

The above lemma is due to Govil and Rahman [§].

Proof of Theorem 2.1 Consider the polynomial

F(2) =(t — 2)P(z) = (t — 2) (ao + Xn:ajzﬂ')

J=p
This implies,
n n n n+1
F(z) = aot + Ztajzj —apz — Zajsz =ao(t—2z2)+ Ztajzj — Z aj_12
J=n J=n J=p j=p+1

ie., F'(2) = ao(t — 2) +ta,2" + Z (ta; —a;j—1)2" — ap,2"t = agt + R(2), where

Jj=ptl
n

R(2) = —apz + ta, 2" + Z (taj —aj—1)27 — a,z""'. On |2| = t, we have
Jj=p+1

n
|R(Z)| _‘ —apz + ta, 2" + Z (taj —a;—1)2" —ap2"*!
J=p+1

n
<laolt + lay|t" ' + > [ta; — aj_a|t! + |an |t" T

J=p+1
Equivalently,
k n
|R(2)| < tlao| + lau [T + D~ [ta; —aja[t) + Y [tay — aga [t + [ag [t
j=p+1 j=k+1
Using lemma 3.1, we get
k
|R(2)] < tlao| + la|t* ' + Y {(laslt = |a;-1]) cos a + (laj|t + |aj—1]) sin a}t?
J=p+1

n

+ 3 {(lagoil — lagle) cosa+ (Jalt + la_1]) sina}t? + [a, [¢+

j=k+1
k k
= t|ao| + |a,[t"t + Z |a;[t7 ! cos a — Z la;—1|t’ cos
J=p+1 J=p+1
k k n
+ Z la |t Tt sina + Z la;_1|t/ sina + Z laj_1|t/ cosa
J=p1 =t i=ht1
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n n n
- Z la;|t7 T cosa + Z la;_1|t/ sina + Z ;|7 T sina + |a, |t
j=k+1 j=k+1 j=k+1

This gives,

|R(2)| < |aolt + |a,[t" T — |a,|t" T cos a + |ag[t* ! cos a + |a, [t sina
k—1
+ Jag|t* L sina + 2 Z |a; |70 + |ag|t" T cos o — |, [t cos ar + |ag |t sin
Jj=ptl
n—1
+ Ja, |t" T sin o 4 2 Z la; |7 sina + |an [t = Jaolt + (|a|t' T + |an, [t"T)
j=k+1

n
X (1 —sina — cos @) + 2|ag|t* ! cosa + 22|aj|tj+1 sina = Mj.

Jj=p
: Mlz|
Applying Schwarz lemma to R(z), we get |R(z)| < P |z| < t. Hence
M|z
F )] = laot + RE)| = laolt ~ 1R = okt~ 500 por ey <,
M t?
if |ag|t — # > 0. That is, if |z| < /\'/C;O|. This shows that F'(z) and hence P(z)
1
has no zero in |z| < tz/\l/l—afl This completes the proof of Theorem 2.1. O

Proof of Theorem 2.2 We consider
F(z) =(t —2)P(2) = ap(t — 2) + ta,z" + Z (taj —aj_1)z7 — a,z"T.
Jj=p+l
Equivalently,

F(z) = (oo +ifo)(t — 2) + (au +iB,)t2" + Z (ot —aj_1)2?
Jj=p+1

+1i Z (Bjt — Bj—1)2" — (an +iB,)2" T = (ap +iBo)t + R(2).
Jj=p+1

For |z| = ¢, we have

[R(2)| <(lawol + [Bol)t + (| + 1Bu)E* T+ D Jast — o[t

Jj=p+l
+ > 1Bt = Bialt? + (o] + |Ba )"
J=p+1
k: .
= (Jao| + 1Bt + (ol + 1Bt + > (it — aj1)t!
J=p+1
+ ) (= at)? + D (1Bl +18-a))t + (lanl + [Ba)E™ ! =
j=k+1 j=ptl
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n
= (ol + [Bo])t + (Jou] — )t + 200 t* 1 + (o | — )" +2D 71|67 = M.

J=H
Applying Schwarz lemma to the polynomial R(z), we get
|R(z)| < M%M, for |z] < t.
Hence |F(z)| = |aot + R(2)| > |aolt — |R(2)| > |aolt — M%M >0, |z <t if

M2|Z|

t*|ao|
Mo
and the proof of Theorem 2.2 is complete. (I

lag|t — > 0, that is, if |z] < . This shows that F(z) and hence P(z)

t
has no zero in |z| < M

Proof of Theorem 2.3 As in the proof of Theorem 2.2,

F(2) =(a0 +iBo)(t — 2) + (au + i)t + Y (ot — aj1)2’
J=p+1

+1 Z (Bjt — ﬂj_l)zj - (Oén + Zﬁn) ntl — (Oéo + Zﬂo)t + R( )

J=p+1
where

R(z) = — (ap +i00)z + (o + 1B )t2" + Z (ot — aj,l)zj
J=ptl

+i Z 6] /Bj 1 (an+i6n)zn+l'

Jj=p+1

For |z| = t, we have

[R(2)| < (lawo| + (B0t + (] + Bt + D oyt — aya [

J=p+1

+ > 1Bt = Bi-alt? + (o] + [Bal)t™ ' = (Jao] + Bol)t + (lovu] + 1B+

j—u+1

k

+ Z (ot —aj—1) tj+ Z aj_1 — ajt) tj Z (Bjt = Bj—1)t!

Jj= /H-l j=k+1 j=p+1
+ Z (Bj—1 = Bit)t + (Jam| + 1Bt = (Jao| + [Bo])t

J=k+1

+ (Jap] — o+ [Bul — 6u)tﬂ+1 + Q(thlHl + 5ltl+1)
+ (|O‘n‘ —ag + |5n| - ﬁn)tn+1 = M3~

Applying Schwarz lemma to the polynomial R(z), we get
Mos)z|
t k)
58
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Hence
[F(2)] =[(a0 +iBo)t + R(z)| = (|| + [Bo])t — [R(2)]
Maslz
> (|| + |Bol)t — Z" S 0, 12| < t,
if
M3z
(|a()\+|50|)t— :' | > 0.
That is, if
(lowo] +1Bo])t
< —.
o] < ol
This shows that F(z) and hence P(z) has no zero in |z| < W This
completes the proof of Theorem 2.3. O

4. EXAMPLES

Since the present article is concerned with newly developed approach to obtain
the zero free regions and the number of zeros for the lacunary type polynomials in
a given disk. From this point of view, the comparison of the bounds obtained with
the previous bounds appropriately have no scope within this type of study. Instead
of comparing the bounds, we point out few examples which may be helpful to be

examined.

Example 4.1. Let P(2) = 22° +2.52% + 423 4 322 + 22 + 1. Clearly, here p = 1
and n = 5. We take k = 3, a = 7/2 and ¢t = 1. In view of Theorem 2.1 and due to
this type of intensity of parameters the radius of given disk comes out to be 0.0357.
Since the appropriate zeros of P(z) are —0.358+0.91544, —0.358 —0.91544, 0.0756+
0.86574, 0.0756 — 0.8657:, —0.6853. Then one can see that P(z) does not vanish in
|z| < 0.0357.

Since corollary 2.1.1 is the union of Theorem 2.1 and Theorem 1.3. Under the
same example it is clear that all the zeros of P(z) = 22° +2.52% +423 +322+22+1
lie in |z| > 0.0357. If we set § = 0.7, the upper bound of the annular region
in corollary 2.1.1 comes out to be 0.7 as ¢ = 1. In this case, we found that the
number of zeros of underlying polynomial P(z) in 0.0357 < |z| < 0.7 does not
exceed ﬁ log(29) =~ 9.4524. Hence we conclude that P(z) has at most one zero
in 0.0357 < |z| < 0.7 and of course, P(z) has exactly one zero in 0.0357 < |z| < 0.7.
All above discussion demonstrates one thing, which is beauty to say, that the bound

in Theorem 2.1 becomes the lower bound of the annular region in corollary 2.1.1.

Example 4.2. Let P(2) = 22° +32% +42% + 222 + 1.52 + 1. Clearly, here u = 1 and

n = 5. Setting k = 3 and ¢t = 1. In view of Theorem 2.2 the radius comes out to be
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0.1111. Numerically the appropriate zeros of P(z) are —0.6193+1.03434, —0.6193 —
1.03434, 0.2089 + 0.68047, 0.2089 — 0.6804¢, 0.6792. It is clear from these zeros that
P(z) does not vanish in |z| < 0.1111.
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