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1. INTRODUCTION

Blaschke formulated the question whether the chord length distribution function
characterizes a set [I5]. The answer to this question is negative. Mallows and Clark
presented non-congruent convex polygons with the same chord length distribution
function[IT]. There are many articles ([6],[7],[16]) where for solving this problem
it is considered that a subclass of the class of convex bodies for which the chord
length distribution function is not equal for non-congruent members.

A convex body in R"™ is a compact convex set K with non empty interior. Denote
by L, n-dimensional Lebesgue measure on R". If z € R™, D+x denote the translate
of D by x, i.e.,

D+z={y+x,yeD}

If D C R™ is a convex body, then its covariogram Cp(z) is the function defined for
x € R" by
Cp () = La(D N (D + ).

G. Matheron posed in [12] the following question.

Covariogram Problem. Does the covariogram determine a convex body D in
R™, among all convex bodies, up to translation and reflection?

Reflection in this paper always means reflection at a point. Matheron problem is
true if n=2 and it is false for n > 4, but for n = 3 it is still open. In [I2] Matheron
showed that for every t > 0 and ¢ € S"~* (S"~! is (n-1)-dimensional unit sphere
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centered at the origin)

(1) 000 L (e ot LDy 1) 2 1)

where [4 + y denotes the line parallel to ¢ through the point y, while ¢+ denotes
the hyperplane in R” with normal direction ¢ € ™~ 1.

Let G be the space of all lines in the Euclidean plane R?, g € G and (p, ¢) is
the polar coordinates of the foot of the perpendicular to g from the origin, p > 0,
¢ € S'. For a closed bounded convex domain D C R? we denote by Sp(¢) the
support function in direction ¢ € S defined by

Sp(¢) = max{p >0:g(p,¢) N D # 0}

For a bounded convex domain D C R? we denote by bp(¢) the breadth function in
direction ¢ € S', that is, the distance between two support lines to the boundary

of D that are perpendicular to ¢. We have

bp(¢) = Sp(¢) + Sp(¢ + )

Note that bp(¢) is a periodic function with period = [I5].

For a bounded convex domain D the chord length distribution function in direction
¢, denoted by Fp(z, ¢), is defined to be the probability of having chord x(g) = gND
with length at most x in the bundle of lines parallel to ¢. A random line which is
parallel to ¢ and intersects D has an intersection point (denoted by y) with the
line ¢. The intersection point y is uniformly distributed on the segment [0, bp(¢)].

Thus, we have

Li(y € Mp(9) : x(lp +y) <)

(1.2) Fp(x,¢) =

bp(¢)
It is not difficult to verify that for n = 2 formula (1.1)) is equivalent to
dCp(t
(1.3 900 ()1 ~ Pl )

Denote by T' the space of lines v in R®. Let IIp(w) denote the projection of a
bounded convex body D C R? in direction w € S? and let sp(w) be its area. Every
line which is parallel to w and intersects D has an intersection with IIp(w). Denote
that point by y and that line by [, + y. The intersection point y is uniformly
distributed on Ilp(w). The chord length distribution function of D in direction
w € 8?2 is defined by
Loy : x(lw +y) <}

sp(w)
It is easy to verify that for n = 3 formula is equivalent to
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(1.5 0U9) — (@)1 - Folt,9)

This article aims to calculate covariogram and orientation-dependent chord length
distribution functions (see [11,[2],[5],[8],[9],[13],[14]).

In this paper, we obtain the following results

1)The calculation of the covariogram and Orientation-dependent chord length
distribution function for any trapezoid. This is a generalization of the result of [14].

2)Relationships between the covariogram and the orientation-dependent chord
length distribution function of an oblique prism and those of its base.

3) Explicit forms of the covariogram and the orientation-dependent chord length
distribution function of an oblique prism with cyclic, elliptical, trapezoid and triangular

bases. The second and third results are a generalization of [9].

2. COMPUTATION OF CHORD LENGTH DISTRIBUTION FUNCTION OF AN OBLIQUE

PRISM

Consider the oblique prism U with base B (not necessarily convex), the length of
prism generator is equal to d and angle between prism generator and base is equal
to (. It is obvious that the domain U N (U + z) is also a prism. If we denote by
t the length of x and by w = (¢, 0), (¢,0) is the cylindrical parametrization of w;
¢ € 81,0 € [-7/2,7/2] the direction of x, then the base of the prism U N (U + x)
will be the domain B N (B + y), where y is a planar vector of length %
and direction ¢, and the height of the new prism will be dsin 8 — ¢sin #(due to the
symmetry we consider only the case 6 € [0,7/2]). We can say that
tsin(5 — 0)

Cy(z) = Cy(aw) = Ly(UN(U+tw)) = LQ(BH(B—i—( S

)(b)(dsin B—tsin)

Implying that

tsi -0

Sltfﬁ)) @)(dsin 8 — tsin )
Differentiating both sides of equation ([2.1) with respect to t, we get
(2.2)

(2.1) Cu(tw) = oB<(

t Si;(nﬂﬁ_a) > ¢)
ot

OCy (t .
% = —s1n003(<

Using equation (|1.3)
603( (t sin(8—0)

28) ——— " ) ba(o) (L) (1 (P20 )

‘ 9C(
tsin(8 — 0) . . (
smﬁ>¢) + (dsin 8 — tsin0)
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If we integrate both parts of equation Ij from 0 to %, we get
(2.4)

en((BE= D)) = -t (Y [ (Y, gy

where ||B|| is the area of B. Using equations (1.5)),(2.3),(2.4) we can transform
equation (2.2)) the following way

su() (1 (1.) = im0 Bl o) (= ) [ - (“HE ) o)+

+(dsin — tsin0)bg (o) (Si“(ﬁ — 9))(1 - FB(<t§m(M> ;)

sin 8 sin 8

We can say that

sin 3

Using above mentioned we can formulate the following theorem

su(w) = ||B||sinf + bB(qﬁ)dsinﬁ(Sin(ﬁ - 9))

Theorem 2.1. For oblique prism U with base B (not necessarily convex), with
prism generator d and angle between prism generator and base [ the orineted-

dependent chord length distribution given by the following formula

(2.5)
0, ift <0
bi () (“‘;Efff’)
X
|| B|| sin 6+b5 (¢)dsin B ”‘fﬁ"))
FU(t7w> = t .
X (t sin @ + sin 6 fo (1— Fp( (W) , @))du+
+(dsin6—tsinH)FB((w>,¢)>, ifOStStmaa:(w)
17 th 2 tmaz(w>

Where 4. (w) is

(2.6)
sin Brmaz () dsin 8 dsin 3
b (@) = 4 smci 110 € [—arctan STRIER e avecos g, S
e ‘lissifeﬁl , otherwise

when dcos 8 < Tymaqs(P) and

(2.7)
51|nsil:v(7§iz€(;lb) , if 6 € [O, arctan 7£maz%;1)j_g sin,B]
tmaz (W) = ‘lissi‘;‘£7 if € [arctan 7367%1%;1)1[151“5 ,arctan g—g" e gf‘;faz(¢)]
sin BTmaz(P) - dsin 8
W’ if 0 S [arctanm],ﬂ/Q] U[*Tl’/z,o]

when dcos 8 > Timaz ().
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3. CHORD LENGTH DISTRIBUTION IN A TRAPEZOID

Let T C R? be a trapezoid with bases a and b and the angle between longer base
and legs are 11, ¥5. Without loss of generality we can assume that 0 < ¢y < 7/2,
1 < o < 7w and b < a. We can translate and rotate trapezoid so that the longer
base be on X-axis.

It is obvious that, the height of trapezoid is equal to h = (a — b)<inisints

sin(P1+2)’

1 i — sin . .
the side OA is equal to loa = (a — b)m and the side CB is equal to
lep = (a— b)#ﬁﬁ}w From here we can say that the vertices of trapezoid are

Py sini inty siniy Py sint
0(050)7 A((G, - b)%)<a - b)%),B(a,O),C(bwt(a - b)%a(a -
b)%) If we take the square or rectangle we should know height and side
instead of the above mentioned quantities.
For calculating the orientation-dependent chord length distribution function of

a trapezoid, we firstly need explicit form of breadth function of the trapezoid.

Lemma 3.1. Let T C R? be trapezoid with bases a and b and the angle between
longer base and legs are 11 Pa. We can assume that the longer leg is equal to a and

1 < po. Then the breadth function has the following form

lepsin(¢ + 2) + bsing, if0< ¢ <
(3.1) br(¢) = < asing, if 1 <P <=1y
bsin(¢) + loasin(¢ — 1), ifr—Ya <<

(b)) Ypr <Pp<7m—1o ()m—Y2<dp<m

Puc. 1

Proof. To prove this lemma firstly we should understand which two vertices
have the last intersection with lines in direction ¢. This means that we should find
the Iy +y for every Vertex and take the two vertices for which y has the minimum
and the maximum value.

(Case i) for 0 < ¢ < 91 two vertices are A and B. That means the by (¢) is equal
to the projection of AB diagonal onto ¢+.

br(¢) = Li(llap(9)) = lepsin(é + ¢2) + bsing
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(Case ii) for ¢y < ¢ < m — 19 two vertices are O and B. That means the br(¢)

is equal to the projection of OB base onto ¢=.

br(¢) = Li(Ilop(¢)) = asing

(Case iii) for m — 93 < ¢ < 7 two vertices are C and O. That means the bp(¢) is
equal to the projection of OC diagonal onto ¢*.

br(¢) = L1(Mco(¢)) = bsin(@) + loasin(d — 1). O

We denote the lines z¢(¢) and z1(¢) which has ¢ angle with X-axis, pass through

a vertex of trapezoid and make a chord of positive Lebesgue measure,

zo(¢) = minx(ly +y) and 21(¢) = mazx(ls +y)

Figure [2] shows all cases of above mentioned quantities.

A O c
()
@1(¢)
o/ D,

G

. b) 7k 4 arcsin = < ¢ <
kE<o¢<mk o ( loc =
(a) mk < ¢ < wh+arcsin < 7k + 1

s ot

() Y147k < <m(k4+1)— (d) r(k+1) —vo < 6 < w(k+1)— (€) n(k+ 1) — arcsin <o <
_1/]2 — arcsin l:B < m(k+1)

Puc. 2

Lemma 3.2. 21(¢) = Tymaz () for any angle ¢. If we choose some k € Z we should
have the following cases for xo(¢) and x1(9)
(i) If tk < ¢ < 91 + 7k

(@) %7 if Tk < ¢ < wk + arcsin -
o = ) )
m7 szk+arcsm&§¢><7rk+¢l
() %, ifﬁk§¢<7rk:+arcsin&
x =
mazx m, ifmk + arcsin % < ¢ < k4
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(ii) If 1 + 7k < ¢ < mw(k + 1) — 1y
h

(i) If m(k+1) — e < p<m(k+1), andloasiny; < a

h ) o
zo(p) = \SibT?\’ Zf”(kJFl)*?/Jz<¢<7T(k+1)farcsm@
%7 ZJ'"7T(k-|-1)—a1rcsm <¢<7r(k—|—1)

(6) = |Sm(¢)|, ifr(k+1)—Ys <op<mlk+ )—arcsiné
xmaz
%, sz(kJrl)farcsml <¢p<mk+1)
(iv) Ift(k+1) =2 <p<m(k+1), and loacoss > a
zo(¢) = \hmaﬁl’ Yrk+1) =92 << arcsin&
%, zfarcsml <¢p<mk+1)
if w(k + 1) o < ¢ < arcsinﬁ

\sm (&1’
Timaz (@) = { asin if arcsin - < p<mk+1)

[sin(¢—41)]’
Proof. A chord of maximal length in a convex polygon with direction ¢, also
known as ¢-diameter of the polygon, is not necessarily unique but for any given ¢
exists a ¢-diameter such that at least one endpoint of the chord coincides with a
vertex of the given polygon.
Case (i) sub-case 1 (7k < ¢ < 7k + arcsml ) From Figure [2a] it can be seen
that 29(¢) = CCy and x1(d) = Tmaz(d) = OO;. By Sine Rule

_ bsin(180—1¢)  bsinyy
$0(¢) - Sin('l/)l _ ¢ + 7r]§) o |Sin(1,/)1 - ¢)|
asin gy B asin g

PO = el ) = (180 =y — g+ k) [sin(vz +9)
Case (i) sub-case 2 (7wk + arcsin l < ¢<mk+ 1) From Figure [2b| it shows that
2o(9) = 21(¢P) = Timaz(p) = CCy. By Sine Rule
h

$0(¢) = xl((b) = xmaz(¢) = w

Case (ii) (Y1 + 7k < ¢ < w(k + 1) — ¢2) From Figure [2¢| it can be seen that
20(P) = 21(P) = Timaz(d) = CCy. By Sine Rule
h
20(¢) = 71() = Tmaa () = |sing|
Case (iii) sub-case 1 (m(k+1) —¢2 < ¢ < m(k + 1) — arcsin -~ ) From Figure
it shows that zq(¢) = BBy and x1(¢) = Zmaz(¢) = AA;. By Slne Rule
_lopsin(180 —1)  h
70(0) = G180 — ¢ 5 k) _ [sm )
h ok
sin(180 — ¢ + k) | sing|
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Case (iii) sub-case 2 (m(k 4+ 1) — arcsin ;- < ¢ < w(k + 1)) From Figure [2¢|it can
be seen that z¢(¢) = AA; and x1(¢) = xmaw(q’)) = BB;. By Sine Rule

bsin(180 — 1)2) ~ bsinyy

000 = G060+ vs — 180 + 7k)  [sin(d + 03)
B _ asinyy
P10 = e ) = Tt — )]
The proof of case (iv) has the same steps as case(iii). O

Theorem 3.1. Fr(z,¢) =0 if x < 0 and Fr(z,¢) =1 if £ > Zpmaz(¢). Now we
discuss the non-trivial cases when 0 < & < Tyqy- Because this is m periodic function
we can assume that k is equal to 0.

(i) For 0 < ¢ < 4y

st tneseta o<y <a
Fr(z,¢) = —lew) (bsin ¢ + (z—zo(¢ ));;n(%lﬂz))bm(wﬁ@—k
+:Esm(fi—£%)’ ifro (@) < T < Tmaz(P)

(i1) For b1 < ¢ < m — 1y

xsin ¢ (sin(¢e + ¢) sinhy + sin(¢ — 1) sin )y
Fr(z,¢) = . -
br () sin 1)y sin 1y
(iii) Form —ipy < p <
—x sin ¢(sin 1#;:225(2?;16;1)81?11((;5 1) sin 7,!)2) ’Lf 0<z< xo(qs)
Fr(z,¢) = - ( )(bsm(f )L IO(¢)):1;71(%2:£))SIH(¢ Y1)
+W% fo0(¢) <z < Imaw((b)
Proof
¢ +0C
S fent)
Tmaz(9) N
i D
y % £ 8
(a) 0 < ¢ < arcsin &, (b) 0 < ¢ < arcsin &, (c) arcsin —— z < ¢ <Yy,
0 <z <zo(p) 20(¢) < & < Tmaax(9) 0< @ < Trnas(6)

Puc. 3

Case (i) sub-case 1 let 0 < ¢ < arcsin& and 0 < z < zo(¢). In Figure
IMM| = |NN1| = 2 < z0(¢) = |CC4| < |OO1] = Zimae(®). For this we can say
that Fr(z,¢) = ﬁw)(bAAMM1 (¢)+bapnn, (¢)). Here baanrar, (¢) and basnw, (¢)
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are equal to the height of triangle AM M, (with base M M;) and BN Ny (with base

NNy)
xsin(y; — ¢) sin ¢

baamn (¢) = P
xsin(ye + @) sin ¢
b —
ABNN; () sinty
Case (i) sub-case 2 let 0 < ¢ < arcsin& and z20(¢) < & < Tmaz(P). In Figure

x0(¢) =CCy <x=MM; = NN < Zymaz(¢). In this case we have F(z,¢) =

pray (Ao, (8) + bapnn, (9)) = 555 (bace, (6) + basnn, (0)) + bucon,) =
bsin qﬁ—l—w—i—b Mccy M, )- We should calculate the height of trapezoid

1
br(¢) (

sinyz
MCClMl
barco ap = sin(¢1 — ¢) ?in(% + ¢)(z —20(9))
o sin(y1 + 12)
Case (i) sub-case 3 let arcsin% < ¢ < and 0 < < Tyaz(@). In Figure

z = |NNi| = |MM| < |CCi| =|001| = 20(¢) = Tmaz(¢). Computations of this
case are identical as in the previous case (1) sub-case 1. Completing the above we

can say that for any ¢ € [0,1] it brings to

ey (S 2 B ), 05w <ao(9)
Fr(z,¢) = ﬁ@(bsm(ﬁ + Smwl_¢s§i?¢'fi£)(””‘z°(¢) n
] i£20(6) < 7 < Tomas(d)

Case (ii) sub-case 1 ¢; < ¢ < 7/2 and 0 < 2 < Tyaz(p). Here Fy(z,vp) =

(b) 7/2< ¢ < — o,

(a) ¢1§¢<7r/270§x<xma1(¢) 0§x<xmaz(¢)

Puc. 4

1 (zsin(gb—d)l)sinqb + z sin(ya+¢) sin¢>)
br (o) sin sino .

Case (ii) Sub-case 2 7/2 < ¢ < m — g and 0 < & < Tyay(¢). In Figure
z =|NN1| = [MM| < |CC| = [AA1| = 20(}) = Tmaa(¢) we have
1

Fr(z,¢) = W(bAOMMl + BaBNN,) =
1 (xsin(¢—w1)sin¢+msin(¢2+¢)sin¢)
N bT(d)) sim,/;l Sinl/Jg
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(b) (c)

wagfarcsin& <<, wagfarcsinﬁ <¢p<m,
0 <z <wo(9) 70(¢) < T < Tmas(P)

(@) m— 42 < ¢ < 7 — w2 —

—arcsin 72—, 0 < z < Tmax(P)

laB’

Puc. 5

Case (iii) sub-case 1 m — 1)2 < ¢ < ™ — 1) — arcsin é In Figure x=|NN| =
|MM,| < |AAi| = |BB1| = 20(¢) = Tmaz(9)

Fy(x,¢) = fiﬁ)(bAOMMl +bacnw,) =

1 (—x sin(ig + @) sin ¢ . xsin(¢ — 1) sinqS)
br(9) sin i)y sin 1
Case (iii) sub-case 2 m — )2 — arcsin ﬁ <¢<mand 0 <z < z9(¢). In Figure

T = |MM1| = |NN1| =< |AA1‘ = 1’0(¢) < |BB1| = xmar(QS)

Fr(2.0) = 55 (bacwm, (6) + baosran (6)) =
1 (—ac sin(iy + @) sin ¢ . xsin(¢p — 1) sin(;S)
 br(9) sin 1o sin i
Case (iii) sub-case 3 m — 1) — arcsin é < ¢ <mand zo(¢) <& < Tinaz (@)
Fr(z,¢) = le((b) (bacnn, +baomar,) = ﬁw)(bac,q,ql +ban, A, N +baomnr,)
1 . (@—mo(¢))sin(y2 + ¢)sin(¢ — 1) | wsingsin(g — 1)
= gy 050 sin(vy + o) M Sin ) O
Object The angles | The basis a, b Article
Y1, Y2 and height h
Square ) = Py = a=b=h [13]
/2
Rectangle P =g = a=b #£ h [14]
/2
Parallelogram | 1 = 7 — 1o a=b [4]
Right o =7/2 a>b [14]
trapezoid

We can use theorem [3.I] and obtain the known results of orientation-dependent
chord length distribution function (for square and rectangle instead of two bases
we should know height and one base). In the table above we show how to do that.
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4. COMPUTATION OF COVARIOGRAM AND CHORD LENGTH DISTRIBUTION

FUNCTION OF OBLIQUE PRISM

4.1. The case of a cyclic oblique prism. Let L, be an oblique prism with radius
(of the base) r, side d and sides lean over at the base is 8. The covariogram of a

disc with radius r is

2r2 arccos % — %\/47“2 —t2, f0<t<2r
C’f(t7 ¢) =

0, otherwise

Using equation (2.1) for the covariogram L, we obtain

(dsin 3 — tsin 0)2r? arccos %—

O, (tw) = § —0=D) fyp2  Loin@ D) if 0 <t < Xmaw (W)

0, otherwise

where Xmaz(w) we calculate using (2.6) or (2.7))

For the orientation-dependent chord length distribution function we have

0, ift<o0
Fot,¢) =q1—/1— 2L, if0<t<2r
1 if t > 2r

Using equation (2.5)) and knowing that Y.ma.(¢) = 2r, we obtain
0, ift<0

o sinB=6)

sin 3

7rr sin 0+2d sin(3—0) <dSlHﬁ - (dSiH 57

FL1'(t7¢)_ 3t sin 0) ¢ sin(8—0) 2
—2)< ]‘_(2rsin[5> )+

+7rssiinn(gfig)ﬂ (arcsin(it szififn_ge) ) if 0 <t < Xomaz (W)

]-7 if ¢ Z Xmax (W)

4.2. The case of an elliptic oblique prism. Consider a prism L. with prism
generator d, the angle with prism generator and base is 8 and base as an ellipse
with semi-major axes a and b. The covariogram of an ellipse with semi-major axes
a and b has the form [10]:

2ab(T — —t 1 2 aesin—t ), ifo<t<
CT' (t’ ¢) — a (2 Xmaz (¢) Xwnaz'((b) arcsii X'mam(¢) ! - Xo(d))

0, otherwise

_ 2ab
VaZsin? ¢ + b2 cos? ¢
is the maximum chord in direction ¢.

Xmaa: ((b)
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From (2.1) we get

N —oan( T tsin(8 — 0) 7t281n2(579) 2 B
Cr, () =2 b(2 xm<¢>sinﬂ\/1 omae(@) O

sin(B—6 . .
% <d8111[3—ts1n0

where Xmaz(w) we can calculate using equation (2.6 or (2.7))
For the orientation-dependent chord length distribution function we have [10].

-arcsin

0, ift<O0
Fo(t,$) = 41— /1= =t i 0 <t < Xomaz(9)
1, if ¢t > Xmax (¢)
Using equation (2.5) we get
0, ift<0
be(g) | 2nE52
mabsin 6+b. (¢)d sin(B—06) <d SIHIB - (d Slnﬂ_
FLe (tad)) = 3¢ sin 6) ¢ sin(3—6) 2
- 2 ) 1- Xmaa:(¢) Sinﬂ) ) +
mas sin 6 sin . sin(B8—6 .
+%(arcsm(m)) lf O S t < Xmax (w)
L, ift > Xmaz (W)

and b.(¢) is equal to

be(9) = \/a2 sin? ¢ 4 b2 cos? ¢

4.3. The case of a triangle oblique prism. Let La denote an oblique prism
with triangular base A. We consider the side of A that lies on the X axes. Let a be
the length of that side, and v, and 12 be the corresponding adjacent angles. In [3]

it is shown that the covariogram of A is given by

2
ot 0 <
Calt,¢) = Sa (1 xmaz(qs)) ;0 <t < Xomaz(9)

0, otherwise

where Sa is the area of the triangle A, while Y.naz(¢) is defined by the following

formula
a sin g, if0< o<ty
Xmaz($) = { asintysiney, if ¥y < ¢ <7 — 1y
asiny, ifr—<op<m

Taking into account (2.1)), we obtain

2
SA(I - m) <ssm5 tsm9>, if 0 <t < Xman(w)

0, otherwise

CLA (tv ¢) =
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where Xmaz (@) is defined by ([2.6]) or ). Again from [3] we have

0, ift<0
FA(t,(,b): my 1f0§t<Xmam(¢)
1, ift > Xmax(¢)

Using equation ([2.5) we get
0, ift <0

sin(8—8)
bp (o)t (M)

X
(4.1) Fy(t,w)= sAsine+bB(¢)dsing(W>

(2 sinf — 3tsind sin(8—0) + dsin(,@—@))’ if 0 <t< tmaz(w)

2sin BXmaz(P) Xmaz (@)
1, if t Z tmam(w)

If for the three sub-sections above we take § = 7/2 then we have same results as
in [9].

4.4. The case of a trapezoidal oblique prism. Denote by Dr the oblique prism

with tapezoidal base Using Matheron’s formula we can say that

WTT(;’@ = ~br(9)(1 - Fr(t,9))

If we integrate both parts the last equations yields

t
(12) Cr(t,6) = Cr(0,6) ~br(6) [ (1= Fr(u, o))

0
Using equation ({2.1) and Theorem we come to explicit formula for Cr(¢). It is

enough to compute for ¢ € [0, 7] because C(-, ¢) is m-periodic function.

Cr0) =" thr() +000) [ Frtw it ="CD ooy
t? sin ¢ (sin (s Zszﬁlilllézlizlnwl sin(¢+42)) 0 <6<y, 0<t<z0(6)
th tsingb 4+ £ ﬁngﬁfn(i)ﬁ%ﬁ@
rololil e ol o) Sl“é‘iﬁf;j 90 < ¢ <y, 20(6) <t < Tman(6)
A e it < ¢ <=1, 0 <t < brnaa(0)
—t2 sin ¢(sin 52121(n¢$1w52;21 Q;Qm(¢ 1) sin 1/;2) oy << 0<t<ag (d))
thsing — S’"éﬁﬂiiiwg 1) |
lzalOlsiniua o) Sh(omva) | Coing o) 1y < 6 <, 20(6) < T < Tonan(9)

Using equation we can find explicit form of orientation-dependent chord length
distribution function of oblique prism with trapezoid base.
Denote by
mi(6) = sin ¢(sin(¢y — @) sin.wg + s.in 1 sin(¢ + 1/}2))7
by () sinthy sin iy
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_ 1 . wo(@)(sin(y1 — @) sin(Ys + @)
Cl(d)) = bT(¢) (bSlnd) Sin(lbl —‘,—'(/}2) )
1 (sin(¢1 — @) sin(ha + @) = sin(d + v9) sin¢g
m2(¢) o bT(qb)( sin(wl + ’(ﬂg) + sin ¢2 )
(6) — S0 (sin(s £ ¢)sint +sin( — ) sin vy
M) = p(e) sin 4y sin s
ma(6) = — sin ¢(sin ¥y sin(¢ + 99) — sin($ — 1) sin o)
ne br(¢) sin ¢y sin o
- . zo(@)sin(i + ¢)sin(¢p — 1)
62(¢) - bT(¢> (bSlH¢+ Sin(’lﬁl + ’(/}2) )
_ 1 sin(ya+¢)sin(¢ —¢1) | singsin(g — 1)
ms (@) = bT(¢)( sin(11 + 1¥2) N sin 1)y )

Using the notations above we can rewrite Theorem

Theorem [3.1(rewrite) Fr(z,¢) =0ifz <0and Fr(z,¢) = 1if 2 > Zpaa ().
Now we discuss the non-trivial cases when 0 < = < Zyqz(¢). Because this is 7
periodic function we can assume that k is equal to 0.

(i) For 0 < ¢ < 4

FT(x7¢) = {

(11) For v < ¢ < — 1o

xmy (), if0 <z <o)
JL‘TTLQ((]ﬁ) +ca (d))a if $0(¢) <z < xmaﬂc(d))

Fr(z,¢) = zms(9)
(iii)For m — 4o < ¢ <7
Fr(z, ) = {xm4(¢)a if 0 <z <wo(0)

xms (@) + ca(9), if 20(¢) <o < Tinax(9)

Lemma 4.1. For oblique prism with trapezoid base we have chord length distribution
sin(Bfa))

function as (for shortness denote by ¢ = Snp

(i) If mk < ¢ < 1 + 7k and ap(¢) > Lmec(SME0]

sin

Fp,(t,w) = [|B]| sin Hbf (bq;)(cqb)d sin B¢
<2t sin 0 + (dsin 8 — tsin 0)tcmy (¢) — W)
(il) I m(k +1) —1p2 < ¢ < m(k + 1) and () < LmexlsnB0
For this case we have 2 sub-cases for calculating Fr(uc, @)
uma(@)c, ifu< lwslgfz)ﬁi”éﬁ

Fr(uc,¢) = {

uma(g)e + cr(g), if FEPES < < Yonan (@)

Therefore we get

B bp(9)c
Fo (t:9) = 1550 + by (¢)dsin fe
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zg(¢)sin B

(2t sin@ + (dsin 8 — tsin 0)(tema(d) — c1(@)) — sin 6 / e umq (¢)cdu+
0

: ! B bp(o)c
I g O = O GG G e
. . 2
<2t sind + (dsin 8 — tsin0)(tcma(¢p) — c1(9)) — SI;H <|Z(1)1§?; 511196”) mi(¢)c—
sinf, [ zo(¢)sinB \> xo(¢)sin 8
(G ) e+ a@RET -0
Case (iii) If 1 + 7k < ¢ < m(k+1) — 13 and 0 < t < tpgq(w)
_ bp(p)c
Fult:w) = mpma g+ bp (@)dsim e
<2t sin @ + (dsin 8 — tsin0)tems (o) — W)
Case (iv) If w(k +1) — o < ¢ < w(k + 1) and ¢ < {502
_ bs(¢)c
Fp,(t,w) = || B||sin 6 + bp(¢)dsin e
<2t siné + (dsin S — tsin0)temqy(¢p) — W)

(V) If mh < ¢ < 1 + 7k and 2@LB < < ¢ (W)

[ sin(8—06)]|
For this case we have 2 sub-cases for calculating Fr(uc, @)
. zo(¢) sin 8
Fr(uc, ¢) = uma(@)e, I“i Z))lssiil?éﬁ—en
um5(¢)c + 02(¢)7 if \soin(f379)| <u< Xma:r(w)

Therefore we get

_ bg(¢)c
Fp, (t,w) = ||B|[sin 6 + bp(¢)dsin Be

zg(¢) sin B

(Zt sinf + (dsin 8 — tsin 0)(tems (@) — ca(P)) — sind / e umy(¢)edu+
0

. K - bp(¢)c
IO fag ) = O TG b G e
. . . sinf [ zo(¢)sinf \’
<2t sin@ + (dsin 3 — tsin 0)(tems () — c2(9)) — 5 <|sin(6 — 9)|> ma(P)c—
sind [ xo(¢)sinB > 5 2o(¢) sin 8
) ((|sin(ﬁ—9)|) —t )Cm5(¢)+02(¢)(m*0

where Xmaz () is defined by (2.6) or (2.7).
If we take 8 = 7/2 then we have same results as in [14].
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