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1. Introduction

In recent years, the Born-Infeld nonlinear electromagnetism has become more

and more attractive and regained its importance due to its relevance in the theory

of superstring and membranes. Mathematically, some people considered the system

coupled Klein-Gordon equation with Born-Infeld theory through using variational

methods. Furthermore, by variational methods, the existence of solitary wave solution

has been studied in different systems, see References [1, 2, 5, 15, 17].

The Born-Infeld (BI) electromagnetic theory [12] was originally proposed as a

nonlinear correction of the Maxwell theory in order to overcome the problem of

infiniteness in the classical electrodynamics of point particles. The Born–Infeld

geometric theory of electromagnetism is a nonlinear generalization of the classical

Maxwell theory. The underlying idea was to simply modify the classical theory not

to have physical quantities of infinities, that is the principle of finiteness. It was

to replace the original Lagrangian density for the Maxwell electrodynamics with

a square root form with a parameter b, by which the finiteness of electric fields is

ensured.

This paper can be deduced by the search for solutions of the following nonlinear

Klein–Gordon equation:

(1.1) ψtt −∆ψ +m2ψ − |ψ|q−2ψ = 0
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with Born-Infeld theory [12]

(1.2) ΣBI =
b2

4π

(
1−

√
1− 1

b2
(|E|2 − |B|2)

)
,

where ψ = ψ (x, t) ∈ C, x ∈ R3, t ∈ R, m is a real constant, b � 1 is the so-

called Born–Infeld parameter. It is well known that the classical theory has two

difficulties arising from the divergence of energy (see the first section of [11]).

Born and Infeld suggested a way to overcome such difficulties, thus introduced

the Lagrangian density. Moreover equation (1.2) can be used to develop the theory

of electrically charged fields [10]. In addition, E is the the electric field and B is

the magnetic induction field. The electromagnetic field is described by the gauge

potential (φ,A) :

φ : R3 × R→ R, A : R3 × R→ R3,

from (φ,A), we get the electric field

E = −∇φ−At

and the magnetic induction field B = ∇×A.
Suppose that ψ is a charged field and let e denote the eletric charge. The

interaction of ψ with the electro-magnetic field is described by the minimal coupling

rule, that is, the formal substitution

(1.3)
∂

∂t
→ ∂

∂t
+ ieφ,∇ → ∇− ieA

into the Lagrangian density relative equation (1.1) given by

(1.4) Σ0 =
1

2

[
|∂ψ
∂t
|2 − |∇ψ|2 −m2|ψ|2

]
+

1

q
|ψ|q,

where e denotes the electric charge.

Then equation (1.3) becomes

(1.5) Σ0 =
1

2

[
|∂ψ
∂t

+ ieφψ|2 − |∇ψ − ieAψ|2 −m2|ψ|2
]

+
1

q
|ψ|q.

The total action of the system is Ξ =
∫∫

(ΣBI + Σ0) dxdt.

In [11], the authors considered the second order expansion of equation (1.2) for

β =
1

2b2
→ 0+,

then they got

Σ
′

BI =
1

4π

[
1

2

(
|E|2 − |B|2

)
+
β

4

(
|E|2 − |B|2

)2]
,

the total action given by Ξ =
∫∫ (

Σ
′

BI + Σ0

)
dxdt. Under the electrostatic solitary

wave ansatz

ψ(x, t) = u(x)eiωt, φ = φ(x), A = 0,
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and e = 1, where u and φ are real valued functions defined on R3 and ω is a positive

frequency parameter, so now

Σ
′

BI =
1

4π

[
1

2

(
|E|2 − |B|2

)
+
β

4

(
|E|2 − |B|2

)2]
=

1

8π
|∇φ|2 +

β

16π
|∇φ|4 ,

therefore the Euler–Lagrange equations associated with the total action Ξ take the

the following form

(1.6)

−∆u+
[
m2 − (ω + φ)

2
]
u = |u|p−2u, x ∈ R3,

∆φ+ β∆4φ = 4π (ω + φ)u2, x ∈ R3,

this type of equations has been found via modern variational methods under various

hypotheses on the nonlinear term, see [7, 8, 9, 13, 15]. In [9] the authors found the

existence of infinitely many radially symmetric solutions for this problem when

4 < p < 6 and |m| > ω, in [13] the range p ∈ (2, 4] was also covered provided√(
p
2 − 1

)
|m| > ω.

Then Chen and Li [7] got the existence of multiple solutions for problem

(1.7)

−∆u+
[
m2 − (ω + φ)

2
]
u = |u|p−2u+ h(x), x ∈ R3,

∆φ+ β∆4φ = 4π (ω + φ)u2, x ∈ R3,

when 4 < p < 6 and |m| > ω or 2 < p 6 4 and
√(

p
2 − 1

)
|m| > ω.

Later Teng and Zhang [15] got that problem

(1.8)

−∆u+
[
m2 − (ω + φ)

2
]
u = |u|p−2u+ |u|2

∗−2u, x ∈ R3,

∆φ+ β∆4φ = 4π (ω + φ)u2, x ∈ R3,

has at least a nontrivial solution when 4 < p < 6 and m > ω under the electrostatic

solitary wave ansatz by using variational methods.

On the other hand, by shrinking the area in problem (1.6), Teng [14] showed some

existence and multiple results for the following nonlinear Klein-Gordon equation

coupled with Born-Infeld theory in a bounded domain with smooth boundary

(1.9)


−∆u+

[
m2 − (ω + φ)

2
]
u = f(x, u), in Ω,

∆φ+ β∆4φ = 4π (ω + φ)u2, in Ω,

u = φ = 0, on ∂Ω,

where m2 > µ
µ−2ω

2 − λ1 and f satisfies the following conditions:

(f1) f ∈ C
(
Ω× R

)
and f(x, 0) = 0,

(f2) There are constants a1, a2 > 0 such that |f(x, t)| 6 a1 + a2|t|s, where
1 < s < n+2

n−2 (n > 3),
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(f3) lim
t→0

f(x,t)
t = 0,

(f4) There exists µ > 2 and R > 0 such that tf(x, t) > µF (x, t) > 0 for |t| > R
and x ∈ Ω,

or m2 > µ
µ−2ω

2 − λ1 and f satisfies the conditions above and an extra condition:

(f5) f(x,−u) = −f(x, u) for all u ∈ R and x ∈ Ω.

In addition, the authors in [1] proved the existence of nontrivial ground state

solution for the following nonlinear Klein–Gordon equation coupled with Born–Infeld

theory in R2 involving unbounded or decaying radial potentials

(1.10)

−∆u+
[
m2 − (ω + φ)

2
]
V (|x|)u = K(|x|)f(u), in R2,

∆φ+ β∆4φ = 4π (ω + φ)V (|x|)u2, in R2,

where V,K : R2 → R are radial potentials which may be unbounded, singular at

the origin or vanishing at infinity and the nonlinear term f(s) is allowed to enjoy a

critical exponential growth.

Recently, Che and Chen in [6] proved the existence of infinitely many negative-

energy solutions for the following system via the genus properties in critical point

theory

(1.11)

{
−∆u+ V (x)u− (2ω + φ)φu = f (x, u) , x ∈ R3,

∆φ+ β∆4φ = 4π (ω + φ)u2, x ∈ R3,

where the functions V (x) and f(x, u) satisfy the following hypotheses.

(V1) V ∈ C
(
R3
)
satisfies infx∈R3 V (x) > a > 0, where a > 0 is a constant.

Moreover, for any M > 0,meas{x ∈ R3 : V (x) 6 M} < ∞, where meas denotes

the Lebesgue measure in R3.

(1) f ∈ C
(
R3 × R

)
and there exists 1 < α1 < α2 < · · · < αm < 2,m ∈ N,m >

1, ci(x) ∈ L
2

2−αi
(
R3,R+

)
such that

|f(x, u)| 6
m∑
i=1

αici(x)|u|αi−1, ∀(x, u) ∈ R3 × R.

(2) There exists a bounded open set J ⊂ R3 and three constants a1, a2 > 0 and

a3 ∈ (1, 2) such that

F (x, u) > a2|u|a3 , ∀(x, u) ∈ J × [−a1, a1] ,

where F (x, u) =
∫ u

0
f(x, s)ds.

(3) f(x, u) = −f(x,−u) for all (x, u) ∈ R3 × R.
Immediately after the previous equation, Wen, Tang and Chen in [16] proved the

existence of infinitely many solutions and least energy solutions for the nonhomogeneous

Klein-Gordon equation coupled with Born-Infeld theory.
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For general potential a(x) and the nonlinearity f(x, u) = λK(x)|u|q−2u+g(x)|u|p−2u,

Chen and Song in [8] studied this system

(1.12){
−∆u+ a(x)u− (2ω + φ)φu = λK(x)|u|q−2u+ g(x)|u|p−2u, x ∈ R3,

∆φ+ β∆4φ = 4π (ω + φ)u2, x ∈ R3,

and proved the existence of multiple solutions for Klein–Gordon equation with

concave and convex nonlinearities coupled with Born–Infeld theory when a, k, g are

measurable functions satisfying the following conditions:

(a1) a(x) ∈ C(R3) satisfying a0 := inf
x∈R3

a(x) > 0.

(k) k(x) ∈ L
12q

(6−q)(1+q)
(
R3
)
, k(x) > 0 for a.e. x ∈ R3 and k(x) 6= 0.

(g) g(x) ∈ L∞
(
R3
)
, g(x) > 0 for a.e. x ∈ R3 and g(x) 6= 0.

The main idea of this paper is to establish the existence of solitary wave solutions

of the following Klein-Gordon equation coupled with Born-Infeld theory:

(1.13)

{
−∆u+ η(x)u− (2ω + φ)φu = µK(x)|u|q−2u+ |u|2

∗−2u,

∆φ+ β∆4φ = 4π (ω + φ)u2,

where ω and µ are positive constants, β � 1 is a constant, η(x) ∈ C(R3),K(x) ∈
L∞(R3), 4 6 q < 2∗ = 2N

N−2 . Since we define in three-dimensional space in this

paper, after that 2∗ = 6.

In this case, the functional F corresponding to problem (1.13) defined by

(1.14)
F (u, φ) =

∫ [
1

2
|∇u|2 +

1

2
η(x)u2 − 1

2
(2ω + φ)φu2

− 1

8π
|∇φ|2 − β

16π
|∇φ|4 − µ

q
K(x)|u|q − 1

6
|u|6
]
,

which by a standard argument is C1 on H(R3) ×D(R3), the definitions of H(R3)

and D(R3) will be given later. Here and hereafter,
∫
· denotes

∫
R3 · dx.

Remark 1.1. The functional F is strongly indefinite, i.e. unbounded from below

and from above on infinite subspaces. In order to avoid this indefiniteness, we can

borrow the reduction methods.

2. Main results

Firstly, assume that the system (1.13) satisfies the following conditions:

(i) η(x) > 0 is a radial function, that is, η(x) = η(r), r = |x|,
(ii) K : R3 → R is a radial function, moreover 0 6 K(x) < Λ and K(x) 6≡ 0 for

a.e. x ∈ R3, where Λ > 0 is a constant.

Next some notations are given. For all 1 6 s 6 +∞, Ls(R3) denotes a Lebesgue

space with the norm given by | · |Ls .
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Let D1,2(R3) be the completion of C∞0 (R3) endowed with the norm

‖u‖2D1,2 =

∫
|∇u|2.

The space H1(R3) is endowed with the norm

‖u‖2H1 =

∫ (
|∇u|2 + u2

)
.

D(R3) denotes the the completion of C∞0 (R3) with respect to the norm

‖u‖D =

(∫
|∇u|2

) 1
2

+

(∫
|∇u|4

) 1
4

.

Define

H = {u ∈ H1(R3) :

∫ [
|∇u|2 + η(x)u2

]
<∞}

is a Hilbert space, whose inner product and norm are given, respectively

(u, v) =

∫
(∇u · ∇v + η(x)uv) , ‖u‖2 = (u, u) .

Obviously, by the Poincaré inequality, the embeddingH(R3) ↪→ H1(R3) is continuous

andD(R3) is continuously embedded inD1,2(R3). Moreover, from Sobolev’s imbedding

theorem (see [11]), D(R3) is continuously embedded inL∞(R3).

In this paper, we show the following results about the system (1.13):

Theorem 2.1. Suppose (i)-(ii) hold, if 4 < q < 6, then for each µ > 0 the problem

(1.13) admits a radially symmetric solution.

Theorem 2.2. Suppose (i)-(ii) hold, if q = 4, then for sufficiently large µ > 0, the

problem (1.13) still possesses a radially symmetric solution.

Moreover, we have the following lemma about the second equation of problem

(1.13).

Lemma 2.1. (a) For any u ∈ H(R3), there exists a unique Φ(u) = φ ∈ D(R3)

which satisfies ∆Φ(u) + β∆4Φ(u) = 4π (ω + Φ(u))u2,

(b) If u is radially symmetric, then Φ(u) is also radially symmetric,

(c) For any u ∈ H(R3), it results in Φ(u) 6 0. Moreover, Φ(u)(x) > −ω, provided
u(x) 6= 0.

The results were proved by Lemma 3 in [9], Lemma 5 in [9], Lemma 2.3 in [13],

respectively. Similar to the Proposition 1.1 in Reference [5], we have the following

lemma.

Lemma 2.2. The map φ is C1 and Gφ = {(u, φ) ∈ H(R3)×D(R3)
∣∣F ′φ (u, φ) = 0}.
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Proof. Since

F (u,Φ(u)) =

∫ [
1

2
|∇u|2 +

1

2
η(x)u2 − 1

2
(2ω + Φ(u)) Φ(u)u2 − 1

8π
|∇Φ(u)|2

]
+

∫ [
− β

16π
|∇Φ(u)|4 − µ

q
K(x)|u|q − 1

6
|u|6
]
,

then

(2.1) F ′φ (u,Φ(u)) =

∫ [
− 1

4π
|∇Φ(u)|2 − β

4π
|∇Φ(u)|4 − ωΦ(u)u2 − Φ2(u)u2

]
.

On the other hand, from the second equation in problem (1.13), one gets

−
∫ (
|∇Φ(u)|2 + β |∇Φ(u)|4

)
=

∫
4π (ω + Φ(u)) Φ(u)u2,

i.e.,

(2.2)
∫ [

1

4π
|∇Φ(u)|2 +

β

4π
|∇Φ(u)|4

]
=

∫ [
−ωΦ(u)u2 − Φ2(u)u2

]
.

Therefore, according to equation (2.1), F ′φ (u, φ) = 0. So now we define I(u) =

F (u, φ) in H(R3). �

By Lemma 2.2, we have

I ′(u) = F ′u (u,Φ(u)) + F ′φ (u,Φ(u)) Φ′(u) = F ′u (u,Φ(u)) ,

and if u, v ∈ H(R3) , one gets

(2.3) I ′(u)v =

∫ [
∇u · ∇v + η(x)uv − (2ω + φ)φuv − µK(x)|u|q−2uv − |u|4uv

]
.

Lemma 2.3. The following statements are equivalent:

(a) (u, φ) ∈ H(R3)×D(R3) is a solution of system (1.13),

(b) u is a critical point for I and φ = Φ(u).

Proof. (b) =⇒ (a) Obviously.

(a) =⇒ (b) Suppose F ′u (u, φ) and F ′φ (u, φ) denote the partial derivatives of F at

(u, φ) ∈ H(R3)×D(R3). Then for every v ∈ H(R3) and ψ ∈ D(R3), one gets

(2.4)

F ′u (u, φ) [v] =

∫ [
∇u · ∇v + η(x)uv − (2ω + φ)φuv − µK(x)|u|q−2uv − |u|4uv

]
,

(2.5) F ′φ (u, φ) [ψ] =

∫ [
− 1

2π
∇φ∇ψ − β

π
|∇φ|2 φψ − ωψu2 − 2φψu2

]
.

By the standard computations, we can prove that F ′u (u, φ) and F ′φ (u, φ) are continuous.

From equations (2.4) and (2.5), it is easy to obtain that its critical points are

solutions of problem (1.13), by (a) of Lemma 2.1, one has φ = Φ(u). �

Due to the presence of the critical growth, the Sobolev embedding H(R3) ↪→
Lp(R3)(2 6 p 6 6) is not compact and then it is usually difficult to prove that

a Palais–Smale sequence is strongly convergent when we seek solutions of problem
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(1.13) by variational methods. A standard tool to overcome the problem is to restrict

ourselves to radial functions, namely we look at the functional I on the subspace

Hr(R3) = {u ∈ H(R3)
∣∣u(x) = u(|x|)}, compactly embedded in Lpr(R3) for 2 < p <

6. Moreover, from [2], for all u ∈ H(R3), for any g ∈ O(3), we have

I(Tgu) = I(u).

By standard arguments, one sees that if a critical point u ∈ Hr(R3) for the

functional I
∣∣
Hr(R3)

is also a critical point of I.

3. The Proof of Theorem 2.1

Firstly, we prove the functional I possesses the Mountain-Pass geometry. From

the second equation of system (1.13), one obtains equation (2.2), combining equation

(1.14) with (2.2), one gets

(3.1)

I(u) = F (u, φ) =

∫ [
1

2
|∇u|2 +

1

2
η(x)u2 − 1

2
(2ω + φ)φu2

]
+

∫ [
− 1

8π
|∇φ|2 − β

16π
|∇φ|4 − µ

q
K(x)|u|q − 1

6
|u|6
]

=

∫ [
1

2
|∇u|2 +

1

2
η(x)u2 +

1

8π
|∇φ|2 +

3β

16π
|∇φ|4 +

1

2
φ2u2

]
−
∫ [

µ

q
K(x)|u|q +

1

6
|u|6
]
.

By the Sobolev inequality, one has I(u) > C1‖u‖2 − C2‖u‖q − C3‖u‖6, then there

exists α, ρ > 0 such that inf
‖u‖=ρ

I(u) > α. In addition, from equation (1.14), there

exists a function u ∈ Hr(R3) r {0}, it is easy to obtain

lim
t→+∞

I(tu) =

∫ [
t2

2
|∇u|2 +

t2

2
η(x)u2 − t2

2
(2ω + Φ(tu))Φ(tu)u2 − 1

8π
|∇Φ(tu)|2

]
+

∫ [
− β

16π
|∇Φ(tu)|4 − µtq

q
K(x)|u|q − t6

6
|u|6
]

6
t2

2

∫ [
|∇u|2 + η(x)u2 − 2ωΦ(tu)u2 − 2µtq−2

q
K(x)|u|q − t4

3
|u|6
]

6 −∞,
which implies that I(u) → −∞, as ‖u‖ → ∞. In particular, there exists u1 ∈
Hr(R3), ‖u1‖ > ρ such that I(u1) < 0. Define

(3.2) c = inf
γ∈Γ

max
06t61

I(γ(t)),

where Γ = {γ ∈ C
(
[0, 1], Hr(R3)

) ∣∣γ(0) = 0, γ(1) = u1} is theMP level. Obviously,

c > α > 0. There exists a (PS)c sequence {un} ⊂ E such that

(3.3)
I(un)→ c,

I ′(un)→ 0, n→∞.
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Lemma 3.1. The (PS)c sequence {un} ⊂ E given in equation (3.3) is bounded.

Proof. There is a positive constant M such that

(3.4)

M + o(1)‖un‖ > I(un)− 1

q
(I ′(un), un)

=

(
1

2
− 1

q

)∫ [
|∇un|2 + η(x)u2

n

]
+

1

8π

∫
|∇Φ(un)|2 +

3β

16π

∫
|∇Φ(un)|4

+

(
1

2
+

1

q

)∫
Φ2(un)u2

n +

(
1

q
− 1

6

)∫
|un|6 +

2

q

∫
ωΦ(un)u2

n.

Substituting equation (2.2) into equation (3.4), we get

M + o(1)‖un‖ > I(un)− 1

q
(I ′(un), un)

=

(
1

2
− 1

q

)∫ [
|∇un|2 + η(x)u2

n

]
+

(
1

8π
− 1

2qπ

)∫
|∇Φ(un)|2

+

(
1

2
− 1

q

)∫
Φ2(un)u2

n

+

(
3β

16π
− β

2qπ

)∫
|∇Φ(un)|4 +

(
1

q
− 1

6

)∫
|un|6 > C4‖un‖2.

Since 4 < q < 6, as a consequence of the above inequality, {un} is bounded in

Hr(R3). �

Furthermore, by equation (2.2), one gets

(3.5)
∫ (
|∇Φ(un)|2 + β |∇Φ(un)|4

)
= −4π

∫
ωΦ(un)u2

n − 4π

∫
Φ2(un)u2

n.

Then by Hölder inequality and Sobolev inequality, one obtains∫ (
|∇Φ(un)|2 + β |∇Φ(un)|4

)
6 C5‖Φ(un)‖Dr‖un‖2Hr .

So {Φ(un)} is bounded (even uniformly). Up to subsequence, we may assume that

there exists u ∈ Hr(R3) and ϕ ∈ Dr(R3) such that

un ⇀ u in Hr(R3),(3.6)

un → u in Lsr(R3) for 2 < s < 6,(3.7)

Φ(un) ⇀ ϕ in Dr(R3).(3.8)

Lemma 3.2. ϕ = Φ(u) and Φ(un)→ Φ(u) in Dr(R3).

Proof. First we prove the uniqueness. For every fixed u ∈ Hr(R3), we consider

the following minimizing problem inf
φ∈Dr

Eu(φ), where Eu : Dr → R defined as energy

functional of the second equation in system (1.13).

Eu(φ) =

∫ [
1

8π
|∇φ|2 +

β

16π
|∇φ|4 + ωφu2 +

1

2
φ2u2

]
.
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In fact, by the proof of Lemma 2.1 in [17], one can know

Φ(un)→ ϕ, locally uniformly in R3,

so we obtain ∫
Φ(un)u2

n →
∫
ϕu2,

∫
Φ2(un)u2

n →
∫
ϕ2u2.

From the weak lower semicontinuity of the norm in Dr and the convergence above,

one has

Eu(ϕ) 6 lim inf
n→∞

Eun(Φ(un)) 6 lim inf
n→∞

Eun(Φ(u)) = Eu(Φ(u)),

then by (a) of Lemma 2.1, ϕ = Φ(u).

Next we prove that {Φ(un)} converges strongly in Dr. Since Φ(un) and Φ(u) satisfy

the second equation in problem (1.13).
∫ [
∇Φ(un) · ∇v + β |∇Φ(un)|3 · ∇v

]
=

∫ [
−4πωu2

nv − 4πΦ(un)u2
nv
]
,∫ [

∇Φ(u) · ∇v + β |∇Φ(u)|3 · ∇v
]

=

∫ [
−4πωu2v − 4πΦ(u)u2v

]
,

then we take the difference for Φ to have

(3.9)∫ [
∇ (Φ(un)− Φ(u)) · ∇v + β

(
|∇Φ(un)|2∇Φ(un)− |∇Φ(u)|2∇Φ(u)

)
· ∇v

]
= −4π

∫ [
ω
(
u2
n − u2

)
v +

(
Φ(un)u2

n − Φ(u)u2
)
v
]
, v ∈ Dr(R3).

Testing with v = (Φ(un)− Φ(u)) the following holds:

C6

(
|∇Φ(un)−∇Φ(u)|2L2

r
+ |∇Φ(un)−∇Φ(u)|4L4

r

)
6 −4π

∫ [
w(u2

n − u2)v +
(
Φ(un)u2

n − Φ(u)u2
)
v
]

= −4π

∫ [
w(u2

n − u2)v + u2
n (Φ(un)− Φ(u)) v + (u2

n − u2)Φ(u)v
]
,

the above equation holds since we have inequality[(
|x|p−2x− |y|p−2y

)
(x− y)

]
> Cp|x− y|p, x, y ∈ RN , p > 2.

By Hölder inequality and Sobolev inequality, one has

|∇Φ(un)−∇Φ(u)|2L2
r

+ |∇Φ(un)−∇Φ(u)|4L4
r

6 |4πω|
∫ [∣∣u2

n − u2
∣∣ |Φ(un)− Φ(u)|

]
+ 4π

∫ [∣∣u2
n − u2

∣∣ |Φ(u)| |Φ(un)− Φ(u)|
]

6 |4πω| |Φ(un)− Φ(u)|L6
r

∣∣u2
n − u2

∣∣
L

6
5
r

+ 4π |Φ(u)|L6
r
|Φ(un)− Φ(u)|L6

r

∣∣u2
n − u2

∣∣
L

3
2
r

6 C7 |un − u|
L

12
5
r

+ C8 |un − u|L3
r
.

Thus Φ(un)→ Φ(u) strongly in Dr(R3). �

27



Lemma 3.3. The weak limit (u,Φ(u)) solves problem (1.13).

Proof.

(3.10)
(I ′(un), v) =

∫
[∇un · ∇v + η(x)unv − (2ω + Φ(un)) Φ(un)unv]

−
∫ [

µK(x)|un|q−2unv + |un|4unv
]
.

All convergences in the sequel must be understood passing to a subsequence if

necessary. Since {un} is bounded in L6
r(R3), it follows

|un|4un ⇀ |u|4u, in (L6
r(R3))∗.

Moreover by Lemma 3.2, one gets∫
unΦ2(un)v + 2ω

∫
Φ(un)unv →

∫
uΦ2(u)v + 2ω

∫
Φ(u)uv, v ∈ Hr(R3).

In fact one obtains

(3.11)∫
|Φ(u)u− Φ(un)un| |v| 6 |Φ(u)− Φ(un)|L6

r
|u|L3

r
|v|L2

r
+ |Φ(un)|L6

r
|v|L2

r
|un − u|L3

r

and

(3.12)

∫
|unΦ2(un)− uΦ2(u)||v| 6 |un − u|L3

r
|Φ(un)|2L6

r
|v|L3

r
+

|Φ(un)− Φ(u)|L6
r
|Φ(un) + Φ(u)|L6

r
|u|L6

r
|v|L2

r
.

The compactness of the embedding Hr(R3) ↪→ Lqr(R3) the lemma follows. �

Due to the lack of compactness, which prevents us to prove that un converges

strongly in Hr(R3), we do not know yet whether u 6= 0. In order to overcome this

difficulty, we need let c denote the MP level.

Lemma 3.4. Since functions are defined in dimension N = 3, then we can get

c < 1
3S

3
2 , where S corresponds to the best constant for the Sobolev embedding

D1,2(R3) ↪→ L6(R3), precisely,

S := inf
u∈D1,2(R3)r{0}

∫
|∇u|2(∫
|u|6
) 1

3

.

Proof. Now given ε, we consider the Talenti function [3] uε ∈ D1,2(R3) defined by

uε = C
ε

1
4

(ε+ |x|2)
1
2

,

where C > 0 is a normalized constant. Let ϕ ∈ C∞0 (R3) such that 0 6 ϕ 6 1, and

there exists R > 0 such that ϕ
∣∣
BR
≡ 1, suppϕ ⊂ B2R. Set Wε = ϕuε and define

Vε := Wε

|Wε|L6
r

. From the estimates obtained in [4] we get, as ε→ 0,

(3.13) Xε := |∇Vε|2L2
r
6 S +O

(
ε

1
2

)
,
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(3.14) |Vε|2L2
r

= O
(
ε

1
2

)
.

Since as t → +∞, I(tVε) → −∞, we may assume that sup
t>0

I(tVε) = I(tεVε) and

without loss of generality that tε > C0 > 0, for all ε > 0 (otherwise we could find

a sequence εn → 0 such that tεnVεn → 0 contradicting that c > 0). Next for any

ε > 0 small enough, the following estimate holds

(3.15) tε 6

(
Xε +

∫ (
η(x) + 2ω2

)
V 2
ε

) 1
4

= t0.

Let f(t) = I(tVε) and compute

f ′(t) = (I ′(tVε), Vε)

=

∫ [
t|∇Vε|2 + η(x)tV 2

ε − (2ω + Φ(tVε)) Φ(tVε)tV
2
ε − µtq−1K(x)|Vε|q − t5|Vε|6

]
6
∫ [

t|∇Vε|2 + η(x)tV 2
ε − 2ωΦ(tVε)tV

2
ε − t5|Vε|6

]
6
∫ [

t|∇Vε|2 + η(x)tV 2
ε + 2ω2tV 2

ε − t5|Vε|6
]

= t

∫ [
|∇Vε|2 + η(x)V 2

ε + 2ω2V 2
ε

]
− t5 = tt40 − t5 6 0, t > t0.

Thus equation (3.15) holds true. From the second equation in system (1.13), one

gets

(3.16)
∫ (

1

16π
|∇φ|2 +

β

16π
|∇φ|4

)
= −1

4

∫
(ω + φ)φu2.

Now substituting this equation into the functional I(u), one has

(3.17)

I(u) =

∫ [
1

2
|∇u|2 +

1

2
η(x)u2 − 3

4
ωφu2 − 1

4
φ2u2 − 1

16π
|∇φ|2 − µ

q
K(x)|u|q − 1

6
|u|6
]
.

In view of equation (3.16), we have

(3.18) −1

4

∫
φ2u2 6

∫
ω2u2

and the function j(t) = 1
2 t

2t40− 1
6 t

6 is increasing on [0, t0), then by equations (3.13),

(3.17), (3.18) and (c) of Lemma 2.1, one obtains

I(tεVε) =

∫ [
t2ε
2

(
|∇Vε|2 + η(x)V 2

ε

)
− t2ε

4
Φ2(tεVε)V

2
ε −

1

16π
|∇Φ(tεVε)|2

]
+

∫ [
−3t2ε

4
ωΦ(tεVε)V

2
ε −

µtqε
q
K(x)|Vε|q −

t6ε
6
|Vε|6

]
6
∫ [

t2ε
2

(
|∇Vε|2 +

(
η(x) + 2ω2

)
V 2
ε

)]
+

∫ [
−3t2ε

4
ωΦ(tεVε)V

2
ε −

µtqε
q
K(x)|Vε|q −

t6ε
6
|Vε|6

]
6

1

3

(
S +O

(
ε

1
2

)
+

∫ (
η(x) + 2ω2

)
V 2
ε

) 3
2

+
3t2ε
4
ω2

∫
V 2
ε −

µtqε
q

∫
K(x)|Vε|q,
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then using the inequality (a+ b)
δ

= aδ + δ (a+ b)
δ−1

b, for all δ > 1, a, b > 0, we

get

I (tεVε) 6
1

3
S

3
2 +O

(
ε

1
2

)
+ C1 (ε)

∫
V 2
ε − µC2(ε)

∫
|Vε|q,

with constants Ci(ε) > C0 > 0 (i = 1, 2) . On the other hand, we may get the

conclusion that

(3.19) lim
ε→0

1

ε
1
2

∫ (
V 2
ε − µ|Vε|q

)
= −∞ for ε small enough.

In fact, by the definition of Wε, since for ε→ 0, as in [3],

(3.20)
∫
B2R

|Wε|6dx =

∫
B2R

|ϕuε|6dx = C

∫
1

(1 + |x|2)
3 +O

(
ε

3
2

)
.

It suffices to evaluate (3.19) with Wε in place of Vε, one has for p > 1,

(3.21)

|uε|pLpr =

∫
BR

ε
p
4

(ε+ |x|2)
p
2

dx = C

∫ R

0

ε−
p
4 s2(

1 +
(
s√
ε

)2
) p

2

ds = Cε
6−p
4

∫ R√
ε

0

r2

(1 + r2)
p
2

dr,

while

(3.22)
∫
B2RrBR

|Wε|pdx = O
(
ε
p
4

)
, ε→ 0,

and therefore, one has for 4 < q < 6, as ε→ 0,

(3.23)
∫
B2R

W 2
ε dx− µ

∫
B2R

W q
ε dx 6 C9ε

1
2 − C10µε

6−q
4 ,

where Ci > 0 (i = 9, 10) are independent from ε. According to equations (3.20) and

(3.23), we conclude the proof of equation (3.19).

Now we only need prove u 6= 0.Assume that the lemma holds true, by contradiction,

u = 0, (and hence Φ(u) = 0). Since, as n→∞, (I ′(un), un)→ 0, un → 0 in Lsr(R3).

Obviously,
∫ [
u2
nΦ2(un) + 2ωΦ(un)u2

n

]
→ 0. Next we may assume∫ [

|∇un|2 + η(x)u2
n

]
→ l, l > 0.∫

|un|6 → l, n→∞.

So I(un)→ 1
3 l, n→∞. In view of c > 0, then l > 0, by the definition of S,

S 6

∫ [
|∇un|2 + η(x)u2

n

](∫
|un|6

) 1
3

→ l
2
3 ,

so one has

(3.24) c =

(
1

2
− 1

6

)
l >

1

3
S

3
2 ,

which makes a controdiction with the lemma. �
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4. The Proof of Theorem 2.2

We can observe that as in [3], if q = 4, in the equation (3.23) one can stress the
parameter choosing µ = ε−δ, δ > 0, then to get equation (3.19), the rest proof of
Theorem 2.2 is similar to proof of Theorem 2.1.
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[3] H. Brézis and L. Nirenberg, “Positive solutions of nonlinear elliptic equations involving critical
Sobolev exponents”, Comm. Pure Appl. Math., 36(4), 437 – 477 (1983).

[4] P. C. Carrião, P. L. Cunha and O. H. Miyagaki, “Existence results for the Klein-Gordon-
Maxwell equations in higher dimensions with critical exponents”, Commun. Pure Appl. Anal.,
10(2), 709 – 718 (2011).

[5] D. Cassani, “Existence and non-existence of solitary waves for the critical Klein-Gordon
equation coupled with Maxwell’s equations”, Nonlinear Anal., 58 (7-8), 733 – 747 (2004).

[6] G. Che and H. Chen, “Infinitely many solutions for the Klein-Gordon equation with sublinear
nonlinearity coupled with Born-Infeld theory”, Bull. Iranian Math. Soc., 46(4), 1083 – 1100
(2020).

[7] S.-J. Chen and L. Li, “Multiple solutions for the nonhomogeneous Klein-Gordon equation
coupled with Born-Infeld theory on R3”, J. Math. Anal. Appl., 400 (2), 517 – 524 (2013).

[8] S.-J. Chen and S.-Z. Song, “The existence of multiple solutions for the Klein-Gordon equation
with concave and convex nonlinearities coupled with Born-Infeld theory on R3”, Nonlinear
Anal. Real World Appl., 38, 78 – 95 (2017).

[9] P. d’Avenia and L. Pisani, “Nonlinear Klein-Gordon equations coupled with Born-Infeld type
equations”, Electron. J. Differential Equations, 26, 13 (2002).

[10] B. r. Felsager, Geometry, Particles, and Fields, Graduate Texts in Contemporary Physics,
Springer-Verlag, New York (1998). Corrected reprint of the 1981 edition.

[11] D. Fortunato, L. Orsina, and L. Pisani, “Born-Infeld type equations for electrostatic fields”,
J. Math. Phys., 43(11), 5698 – 5706 (2002).

[12] M. Born, L. Infeld, “Foundations of the new Field theory”, Proc. R. Soc. Lond., A 144, 425
-– 451 (1934).

[13] D. Mugnai, “Coupled Klein-Gordon and Born-Infeld-type equations: looking for solitary
waves”, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 460 (2045), 1519 – 1527 (2004).

[14] K. Teng, “Existence and multiplicity of solutions for the nonlinear Klein-Gordon equation
coupled with Born-Infeld theory on bounded domain”, Differ. Equ. Appl., 4 (3), 445 – 457
(2012).

[15] K. Teng and K. Zhang, “Existence of solitary wave solutions for the nonlinear Klein-Gordon
equation coupled with Born-Infeld theory with critical Sobolev exponent, Nonlinear Anal.,
74(12), 4241 – 4251 (2011).

[16] L. Wen, X. Tang, and S. Chen, “Infinitely many solutions and least energy solutions for Klein-
Gordon equation coupled with Born-Infeld theory”, Complex Var. Elliptic Equ., 64 (12), 2077
– 2090 (2019).

[17] Y. Yu, “Solitary waves for nonlinear Klein-Gordon equations coupled with Born-Infeld theory”,
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