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1. INTRODUCTION

In recent years, the Born-Infeld nonlinear electromagnetism has become more
and more attractive and regained its importance due to its relevance in the theory
of superstring and membranes. Mathematically, some people considered the system
coupled Klein-Gordon equation with Born-Infeld theory through using variational
methods. Furthermore, by variational methods, the existence of solitary wave solution
has been studied in different systems, see References [1} 2, [5] [T5] [17].

The Born-Infeld (BI) electromagnetic theory [I2] was originally proposed as a
nonlinear correction of the Maxwell theory in order to overcome the problem of
infiniteness in the classical electrodynamics of point particles. The Born-Infeld
geometric theory of electromagnetism is a nonlinear generalization of the classical
Maxwell theory. The underlying idea was to simply modify the classical theory not
to have physical quantities of infinities, that is the principle of finiteness. It was
to replace the original Lagrangian density for the Maxwell electrodynamics with
a square root form with a parameter b, by which the finiteness of electric fields is
ensured.

This paper can be deduced by the search for solutions of the following nonlinear

Klein—Gordon equation:
(11) 1/)tt —A?,/}—FdeJ— |1/J|q72’l7[}20
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with Born-Infeld theory [12]

(1.2 S =1 (1 SR |B?>) ,

where ¢ = 1 (x,t) € C,x € R®t € R, m is a real constant, b > 1 is the so-

called Born—Infeld parameter. It is well known that the classical theory has two
difficulties arising from the divergence of energy (see the first section of [IT]).
Born and Infeld suggested a way to overcome such difficulties, thus introduced
the Lagrangian density. Moreover equation can be used to develop the theory
of electrically charged fields [I0]. In addition, E is the the electric field and B is
the magnetic induction field. The electromagnetic field is described by the gauge
potential (¢, A) :
é:R3x R — R, A:R*xR—R3,
from (¢, A), we get the electric field
E=-V¢— A

and the magnetic induction field B =V x A.
Suppose that ¢ is a charged field and let e denote the eletric charge. The
interaction of 1) with the electro-magnetic field is described by the minimal coupling

rule, that is, the formal substitution

0 o . )
a—>§+le¢,V—>V—zeA

into the Lagrangian density relative equation (L.1)) given by
1[,0¢, 2 20,2 1

1.4 o= ||=1" = V¥ - —|]9,

(1) 0= 5 |15 - 90 = mup?] + 21w

where e denotes the electric charge.

Then equation (|1.3) becomes

(1.3)

0
(15) So= g |10 +ieoul - (V0 - ieAv — m2luf] + Zlue

The total action of the system is E = [[ (g7 + Zo) dadt.
In [IT], the authors considered the second order expansion of equation (|1.2) for

1
_ +
ﬂ‘?}ﬂﬁo’
then they got
’ 1 1 ﬂ 2
Yo, =— |=(|E|? = |B|?) + 2 (|JE]? — |BJ?

the total action given by = = [[ (ZIB + Eo) dzdt. Under the electrostatic solitary

wave ansatz

¢(mvt) = u(x)eiwt’ ¢ = ¢($),A =0,
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and e = 1, where v and ¢ are real valued functions defined on R? and w is a positive
frequency parameter, so now
’ 1 1 5 2 1 2 /B 4
Yer=— |=(|E?>=|B*)+=(|E? - |B]*)"| = — S
b1 = 1= |5 (BF = 1BP) + 5 (82 - 1B1)7] = L 1VoP + - vl
therefore the Euler-Lagrange equations associated with the total action Z take the

the following form
(16) — Au + [mQ —(w+ ¢)2} u = |ulP~2u, r € R3,
' Ad + BALp = 47 (w + ) u2, z € R?,

this type of equations has been found via modern variational methods under various
hypotheses on the nonlinear term, see |7} [8] [9] 13| 15]. In [9] the authors found the
existence of infinitely many radially symmetric solutions for this problem when
4 < p<6and |m| > w, in [I3] the range p € (2,4] was also covered provided
(2 —1)|m| > w.
Then Chen and Li [7] got the existence of multiple solutions for problem
— Au+ [m2— (w+¢5)2} u = |uP~u + h(z), r € R3,

(1.7) .
A¢ + BALp = 41 (w + @) u?, r € R3,

when 4 <p <6 and |m|>wor2<p<4and./(5—1)m|>w.
Later Teng and Zhang [15] got that problem

—Au+ |m? — (w+ ¢)2} u = uP~2u+ |u* "2, z € R?,
A¢+BA4¢:4T((W+¢)U27 x€R37

has at least a nontrivial solution when 4 < p < 6 and m > w under the electrostatic

(1.8)

solitary wave ansatz by using variational methods.
On the other hand, by shrinking the area in problem (|1.6)), Teng [I4] showed some
existence and multiple results for the following nonlinear Klein-Gordon equation

coupled with Born-Infeld theory in a bounded domain with smooth boundary

_Au+[m2—(w+¢)2 u= f(z,u), in Q,
(1.9) Ad+ BALp = 47 (w + ¢) u?, in Q,
u=¢=0, on 0f,

where m? > ﬁwz — A1 and f satisfies the following conditions:

(f1) f€C(Q2xR) and f(x,0) =0,

(f2) There are constants aj,az > 0 such that |f(z,t)] < a1 + ao|t|®, where
1<s<22(n>3),
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fzt) _
(f3) tlg% 0)
(f1) There exists g > 2 and R > 0 such that tf(x,t) > pF(z,t) > 0 for |t| > R
and z € Q,

or m? > 2w — A1 and f satisfies the conditions above and an extra condition:
(f5) f(:v, —u) = —f(z,u) for all w € R and z € Q.

In addition, the authors in [I] proved the existence of nontrivial ground state
solution for the following nonlinear Klein—Gordon equation coupled with Born—Infeld
theory in R? involving unbounded or decaying radial potentials
w10 — Au+t [m? = @+ 6)| V(lehu = K(2)f(w),  inR2
A¢ + BALp = 47 (w + ¢) V(|z|)u?, in R,
where V, K : R?> — R are radial potentials which may be unbounded, singular at
the origin or vanishing at infinity and the nonlinear term f(s) is allowed to enjoy a
critical exponential growth.

Recently, Che and Chen in [6] proved the existence of infinitely many negative-
energy solutions for the following system via the genus properties in critical point
theory
(L11) A¢+ BALp = 47 (w + ¢) u?, z € R3,
where the functions V(z) and f(x,u) satisfy the following hypotheses.

(Vi) V € C(R®) satisfies inf,egs V(z) > a > 0, where a > 0 is a constant.

{—Au+V(:v)u—(2w+¢)¢u=f(x,u), r € R3,

Moreover, for any M > 0,meas{r € R3 : V(z) < M} < oo, where meas denotes
the Lebesgue measure in R3.

(1) fEC(R3xR) and there exists 1 < a3 <@g < - <y <2;meNm >
1,¢i(x) € L= (R3,R*) such that

m
u)| < Zaici(aj) u
i=1

(2) There exists a bounded open set J C R? and three constants a1, as > 0 and
€ (1,2) such that

@i—l Y(z,u) € R® x R.

F(z,u) > azlul*®, V(z,u) € J x [—a1,a1],

where F(z,u) = [ f(z,s)ds.

(3) f(x,u) = —f(x,—u) for all (z,u) € R3 x R.

Immediately after the previous equation, Wen, Tang and Chen in [I6] proved the
existence of infinitely many solutions and least energy solutions for the nonhomogeneous
Klein-Gordon equation coupled with Born-Infeld theory.
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For general potential a(x) and the nonlinearity f(x,u) = AK (2)|u|?2u+g(z)|u|P~2u,
Chen and Song in [8] studied this system
(1.12)
— Au+a(z)u — 2w + @) pu = AK (x)|u|"*u + g(z)[u|P>u, =€ R3,
{A¢+5A4¢—4w(w+¢)u2, z € R?,
and proved the existence of multiple solutions for Klein—-Gordon equation with
concave and convex nonlinearities coupled with Born—Infeld theory when a, k, g are
measurable functions satisfying the following conditions:
(a1) a(z) € C(R3) satisfying ag := miélu£3 a(zx) > 0.
(k) k(z) € L0 (R?) k(z) > 0 for a.e. x € R and k(z) # 0.
(9) g(z) € L (R?) , g(x) >0 for a.e. z € R* and g(z) # 0.
The main idea of this paper is to establish the existence of solitary wave solutions
of the following Klein-Gordon equation coupled with Born-Infeld theory:
—Au+n(z)u— 2w+ ¢) pu = pK (2)[ul!"*u + [u* u,
{ A+ BAL) = dr (w + §) u?,

where w and p are positive constants, 3 > 1 is a constant, n(z) € C(R3), K(x) €

(1.13)

L®[R?),4 < qg < 2" = % Since we define in three-dimensional space in this
paper, after that 2* = 6.

In this case, the functional F' corresponding to problem (|1.13)) defined by

Fluo) = [ 51902+ gater? - Jaw + oo
(1.14)

1 2 B 4 M L 6
—§|V¢| —E|V¢| —5K(m)|u\q—g|u| )

which by a standard argument is C' on H(R?) x D(R?), the definitions of H(R?)
and D(R?) will be given later. Here and hereafter, [ - denotes Jgs - da.

Remark 1.1. The functional F' is strongly indefinite, i.e. unbounded from below
and from above on infinite subspaces. In order to avoid this indefiniteness, we can

borrow the reduction methods.

2. MAIN RESULTS

Firstly, assume that the system satisfies the following conditions:
(i) n(x) = 0 is a radial function, that is, n(x) = n(r),r = |z|,
(ii) K : R* — R is a radial function, moreover 0 < K(z) < A and K(x) # 0 for
a.e. ¢ € R3, where A > 0 is a constant.

Next some notations are given. For all 1 < s < +o0, LS(R3) denotes a Lebesgue

space with the norm given by |- |1s.
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Let DY2(R3) be the completion of C§°(R3) endowed with the norm

20z = / Vul?,

The space H'(R?) is endowed with the norm

||u||§{1 :/(|Vu|2+u2).

D(R?) denotes the the completion of C§°(R?) with respect to the norm
3 i
follo = ([ 19u) "+ ([ 19ur)

H={uec H' (R?): / [[Vul® + n(z)u’] < oo}

is a Hilbert space, whose inner product and norm are given, respectively

(u,v) = / (V- Yo+ n(@yuv), |ful? = (u,u).

Obviously, by the Poincaré inequality, the embedding H (R?) < H!(R3) is continuous
and D(RR?) is continuously embedded in D*?(R?). Moreover, from Sobolev’s imbedding
theorem (see [11]), D(R?) is continuously embedded inL>°(R?).

In this paper, we show the following results about the system :

Define

Theorem 2.1. Suppose (i)-(ii) hold, if 4 < q < 6, then for each u > 0 the problem
(1.13) admits a radially symmetric solution.

Theorem 2.2. Suppose (i)-(ii) hold, if g = 4, then for sufficiently large p > 0, the
problem (1.13)) still possesses a radially symmetric solution.

Moreover, we have the following lemma about the second equation of problem
(1.13]).

Lemma 2.1. (a) For any u € H(R?), there exists a unique ®(u) = ¢ € D(R?)
which satisfies A®(u) + fALP(u) = 47 (w + P(u)) u?
(b) If u is radially symmetric, then ®(u) is also radially symmetric,

(¢) For any u € H(R3), it results in ®(u) < 0. Moreover, ®(u)(x) > —w, provided
u(zx) # 0.

The results were proved by Lemma 3 in [9], Lemma 5 in [9], Lemma 2.3 in [I3],
respectively. Similar to the Proposition 1.1 in Reference [5], we have the following

lemma.

Lemma 2.2. The map ¢ is C* and Gy = {(u, ¢) € H(R®) x D(R?)|F}, (u, ) = 0}.
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Proof. Since

Fu o) = | B|Vu|2 +gulEe? = 3 (2 + 0(w) B(u? — o |V®(u)|2}

then

/ _ 1 2 ﬁ 4 2 &2 2
(2.1)  Fj(u,®(u) = / [ i |V ®(u)| g VO (u)|” — wd(u)u” — &7 (u)u| .
On the other hand, from the second equation in problem (1.13]), one gets

—/ (|Vc1>(u)|2 +B|V<I>(u)\4) = /47 (w+ O (u)) ®(u)u?,

ie.,
1
(2.2) / [M V<I>(u)|2+£T|V<I>(u)4} - / [ wd(w)u® — 9 (u)u?] .
Therefore, according to equation , F(; (u,¢) = 0. So now we define I(u) =
F(u,¢) in H(R3). O
By Lemma [2.2] we have

I'(u) = F, (u, ®(u)) + F}, (u, ®(u)) ' (u) = F, (u, ®(u)),

and if u,v € H(R?) , one gets

(2.3) I'(u)v = / [Vu - Vo + n(z)uww — (2w + ¢)puv — pK (z)|u|?*uv — |ul*uv] .

Lemma 2.3. The following statements are equivalent:

(a) (u,¢) € H(R3) x D(R?) is a solution of system (1.13)),
(b) w is a critical point for I and ¢ = P(u).

Proof. (b) = (a) Obviously.
a) = (b) Suppose F. (u,¢) and F) (u,d) denote the partial derivatives of F at
(a) = (b) s y
(u,¢) € H(R?) x D(R3). Then for every v € H(R3) and ¢ € D(R?), one gets
(2.4)
Fl (00 o] = [ [Fu- Vot nla)un - (2 + )éuo — u (@)]ul'2uv — [uf*uo].

23 oWl = [ [-5-vevs - 2 [ve v - wwe - 200

By the standard computations, we can prove that F), (u, ¢) and Fé) (u, ¢) are continuous.

From equations and (2.5)), it is easy to obtain that its critical points are

solutions of problem (L.13)), by (a) of Lemma one has ¢ = ®(u). O
Due to the presence of the critical growth, the Sobolev embedding H(R?) <

LP(R?)(2 < p < 6) is not compact and then it is usually difficult to prove that

a Palais—Smale sequence is strongly convergent when we seek solutions of problem
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(1.13)) by variational methods. A standard tool to overcome the problem is to restrict
ourselves to radial functions, namely we look at the functional I on the subspace
H,(R%) = {u € HR?)|u(x) = u(|z|)}, compactly embedded in LE(R?) for 2 < p <
6. Moreover, from [2], for all u € H(R?), for any g € O(3), we have
I(Tyu) = I(u).
By standard arguments, one sees that if a critical point u € H,.(R3) for the
functional (RS is also a critical point of I.
3. THE PROOF oF THEOREM 2.1

Firstly, we prove the functional I possesses the Mountain-Pass geometry. From
the second equation of system (1.13]), one obtains equation (2.2]), combining equation

(1.14) with (2.2)), one gets

1) = (o) = [ |51Vul + Sn(e)ad = 5

5 (20 + <z>)<z>u2]

__i 2 B 4_ K a_ L6
+ [ |5 Vo = 6 1V0l* = ER @l - Gl

1 1 33 1
= [ |51 + Gutat 4 Vol + 5 (e + o]

1 L 6
— Pr a4 = .
AR
By the Sobolev inequality, one has I(u) > Cil|ul|> — Callul|? — C3||u||®, then there
exists «, p > 0 such that inf I(u) > «. In addition, from equation (|1.14)), there

l[ull=p
exists a function u € H,.(R3) \ {0}, it is easy to obtain

, t? , t2 , t2 5 1 9
tl}lﬁloof(tu)—/ {QVu —l—;n(m)u — — (2w + P (tu)) P (tu)u —87T|V<I>(tu)|]

2

£ £
+ [ |55 w2l = Kl - Gl

t2 2utd—?2 tt }

— [Vu|2 +n(z)u? — 2wd(tu)u® —

N

: K@)ult — = ul°

< _007
which implies that I(u) — —oo, as |ju|] — oo. In particular, there exists u; €
H,.(R?), ||uz|| > p such that I(u;) < 0. Define

(3:2) c= inf max I(y(t),

where I' = { € C ([0,1], H,(R?)) [y(0) = 0,7(1) = uy} is the M P level. Obviously,
¢ 2 a > 0. There exists a (PS), sequence {u,} C E such that

I(uy,) — ¢,
(3.3)
I'(uy,) -0, n— .
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Lemma 3.1. The (PS), sequence {u,} C E given in equation (3.3) is bounded.

Proof. There is a positive constant M such that

M+ o) fun] > T(u) — gu’(un),un)

(34) = (; - ;) / [1Vunl? + ()] +8%/|V‘I’(“n)|2+%/|“’(un)|4

1 1 1 1 2
+(=+- /<I>2 U, Ui+(—>/ un6+f/w<1> Un ).
(3+7) [+ (5 -5) [+ o)
Substituting equation ([2.2) into equation (3.4), we get

M+ o) fun]l > I(un) — %uxun),un)

33 B 4 1 1 6 2
e . - — = > .
o 2qﬂ> /|V<I>(un)| + (q 6) /|un| > Cll|un |

Since 4 < g < 6, as a consequence of the above inequality, {u,} is bounded in

H,.(R3). |
Furthermore, by equation ({2.2)), one gets

(3.5) /(|V¢>(un)|2 +mv<1>(un)|4) = —47r/w¢>(un)u;i —4n/¢>2(un)ui.

Then by Hélder inequality and Sobolev inequality, one obtains

[ (192 + 8190 (w,)I") < Call@tun)lo, lunll,

So {®(uy,)} is bounded (even uniformly). Up to subsequence, we may assume that
there exists u € H,(R3) and ¢ € D,.(R?) such that

(3.6) Up —u  in H.(R?),
(3.7 Up —> U in L$(R3) for 2 < s < 6,
(3.8) D(uy) — ¢ in D,(R?).

Lemma 3.2. ¢ = ®(u) and ®(u,) — ®(u) in D,(R3?).

Proof. First we prove the uniqueness. For every fixed u € H,.(R?), we consider
the following minimizing problem ¢i€n[f) ) E,(¢), where E,, : D, — R defined as energy
functional of the second equation in system .

Bu(0) = [ g V60 + 1= Vol 4 won® + Jo%e |
8 167 2
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In fact, by the proof of Lemma 2.1 in [I7], one can know

®(u,) — ¢, locally uniformly in R?,

/@(un)ui — /<pu2, /@2(un)ui — /902u2.

From the weak lower semicontinuity of the norm in D, and the convergence above,

so we obtain

one has
E.(¢) <liminf B, (P(u,)) < liminf B, (®(u)) = E,(P(u)),
n—00

n—oo
then by (a) of Lemma[2.1] ¢ = ®(u).
Next we prove that {®(u,)} converges strongly in D,.. Since ®(u,,) and ®(u) satisfy
the second equation in problem (1.13)).

/ [V@(un) Vv + B|VD(u,) [ - w} - / [~ dmwuv — 47 (u, )uv] |
/ (Vo) - o+ 8|V - Vo] = / [ dmou®o — dnd(u)u®s]
then we take the difference for ® to have
(3.9)
/ [V (@(un) = ®(w)) - Vo + 8 (IVO () * VO (un) — [VE(0)* VI(w)) - Vo]
- / o (02 — ) v+ ((un i — Blw)u®) o] v € Dy (RY).
Testing with v = (®(u,,) — ®(u)) the following holds:
Co (190 (un) ~ VO[3 +[VE(un) ~ VE(W)IL, )
< [ [0l =)o + (Blun)i? - 2(u)i?) o]
=~ [ [l = oo+ (B(ua) — Bw)) v+ (12— )B()1]
the above equation holds since we have inequality
[(lz[P~22 — [yPP~*y) (z — )] = Cpla —yl’,  zyeRY p>2

By Holder inequality and Sobolev inequality, one has
IV (u) = VO(u)|75 + [VO(u,) — V(u)[74

<ol [ [l = @) ~ @) + 4 [ [1 = 0] [B(0)] [B(u,) - B(w)]

< e [®(uy) — D ()] 2 — u?

6
Lp

A7 [0(w)] g [B(un) = D) g [ — ] 3 < Crlun — s + Cis un =l

L
Thus ®(u,) — ®(u) strongly in D,.(R?). O
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Lemma 3.3. The weak limit (u, ®(u)) solves problem (1.13)).

Proof.

(I'(un), v) = / [V - Vo + n(@)upv — (2w + S(un)) @(un)unv]
(3.10)
- / (LK () |[un]? unv + [un[*unv] -

All convergences in the sequel must be understood passing to a subsequence if
necessary. Since {u, } is bounded in LS(R3), it follows
lun|fun = Jul*u, in (L(R?))".
Moreover by Lemma (3.2 one gets
/un¢>2(un)v +2w/¢>(un)unv — /uflJQ(u)U —|—2w/<1>(u)uv, v e H.(R?).

In fact one obtains
(3.11)

[B(w)u — D(un Y| o] < [0(1) = D(uwn) o [ul s o]z + (D)l o [0] 2 — uls
and
[ 102 (0) = w2 @)l <~ s 1) 3y o]+
@ (un) — ®(u)| s [P(un) + (u)|Ls|u

The compactness of the embedding H,.(R?) < L4(R3) the lemma follows. (]

Due to the lack of compactness, which prevents us to prove that wu, converges

(3.12)

Ls|ViL2-

strongly in H,.(R3), we do not know yet whether u # 0. In order to overcome this

difficulty, we need let ¢ denote the M P level.

Lemma 3.4. Since functions are defined in dimension N = 3, then we can get
c < %S%, where S corresponds to the best constant for the Sobolev embedding

D12(R3) — L%(R3), precisely,

2
S = inf ILIZ”I
ueD:2(R3)~{0} (f |u|6) 3

Proof. Now given ¢, we consider the Talenti function [3] u. € D%?(R?) defined by

NG

et
(e +laf)?
where C > 0 is a normalized constant. Let ¢ € C5°(R3) such that 0 < ¢ < 1, and

u, = C

3

there exists R > 0 such that <p‘BR = 1, suppp C Bag. Set W, = pu. and define

V.= W‘E}Vﬁ From the estimates obtained in [4] we get, as € — 0,
<lLs

(3.13) X, = [VV.f3, <S5 +0(eh),
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(3.14) V2, =0 (5%) .
Since as t — 400, I(tV.) — —o0, we may assume that sup I(tV;) = I(¢.V:) and

>0
without loss of generality that t. > Cy > 0, for all € > 0 (otherwise we could find

a sequence &, — 0 such that t. V. — 0 contradicting that ¢ > 0). Next for any

€ > 0 small enough, the following estimate holds

(3.15) t. < (XE + / (n(z) + 2w?) 1/52)4 = to.

Let f(t) = I(tV.) and compute

) =I'@tve), ve)

[EIVVE? 4 n(@)tVE — (2w + @(EV2)) @(V)VE — pt T K ()| Vo] — °|V2|°]

[HVVe? + n(@)tV2 = 2wd(tVo)tV2 — | Ve[]

VP + n(a)tV2 + 2020V — £V ]%]

VAN
\\\

:t/ [[VV2 4+ n(z) V2 + 202 V2] = =t —t° <0,  t>t.

Thus equation (3.15) holds true. From the second equation in system (|1.13)), one
gets

1 2 /8 4 1 2
1 — — =—=
(3.16) [ (555 1997+ 13- 1901') == [ @+ 0)0u
Now substituting this equation into the functional I(u), one has
(3.17)

1

) = [ [5v0P + guteet = Juo? - |

In view of equation (3.16]), we have

(3.18) —%/QSQuQ < /w2u2

and the function j(t) = %tQté — %t6 is increasing on [0, ¢y), then by equations (3.13]),

(3:17), (3.18) and (c) of Lemma [2.1] one obtains

: E |
11.V.) = / [2 (VVLP 4+ @)V2) - Ea2vv2 - 1o (Vv

1
2.2 L 2 M q_
190 = g Vol = K@)l

e 16
[ V2—M5K(x)V6|q—E|VE|6]
q

2 2 q 6
< [[Savnr+ oo +2212)] + [ [-Zonrovz - L x-S

1 Do td
<3 (sr0()+ [+ 2n) + % [v2 -2 [
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then using the inequality (a + b)(S =a’+6(a+ b)é_1 b, for all § > 1,a,b > 0, we
get
1
1V < g8t 4o () +aile) [v2 - et [
with constants C;(e) > Cyp > 0(i =1,2). On the other hand, we may get the

conclusion that

1
(3.19) lim —1/ (V2 — p|Vz|?) = —oc0 for e small enough.

e—0 g2

In fact, by the definition of W,, since for ¢ — 0, as in [3]

(3.20) / |WE|6dx:/ |<pu€\6d9::C/ 540z
B2R BZR (1+|x|

It suffices to evaluate (3.19) with W, in place of VL, one has for p > 1,
(3.21)

P
- f e
L7 BR(€+|$|2§

e

)

M"d

&

6—p e

~ds = Ce "3 / —
0 (1+712)%

2 5
( ﬁ )
while
(3.22) / \W.|Pda = O (5%) . e,
Bar~Br
and therefore, one has for 4 < ¢ < 6, as ¢ — 0,
(3.23) W2dz — p Widz < 096% — Clousfs%q,
Bar Bar

where C; > 0(i = 9,10) are independent from €. According to equations (3.20) and
(3-23), we conclude the proof of equation (3.19).

Now we only need prove u # 0. Assume that the lemma holds true, by contradiction,
u = 0, (and hence ®(u) = 0). Since, as n — 0o, (I’ (up), un) — 0,u, — 0 in L3 (R3).

Obviously, [ [u2®?(u,) + 2w®(up)uZ] — 0. Next we may assume
J 19w +n@] -1

/|un|6—>l7 n — oo.

WV

0.

So I(uy) — %l, n — oo. In view of ¢ > 0, then [ > 0, by the definition of S,
f[|Vun\2+77( Juy]

S < X — 1%7
(J Jual®)®
so one has
1 1 1 s
3.24 =|l=-—=]1>=52,
(3:24) ¢ (2 6) 37"
which makes a controdiction with the lemma. O
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4. THE PROOF OF THEOREM

We can observe that as in [3], if ¢ = 4, in the equation (3.23)) one can stress the
parameter choosing = 7%, § > 0, then to get equation (3.19), the rest proof of
Theorem [2.2] is similar to proof of Theorem [2.1
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