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Abstract. As is known, the Fourier series of differentiable functions for classical orthonormal
systems (trigonometric, Haar, Walsh, ...) are absolutely convergent. However, for general
orthonormal systems (ONS) this fact does not hold. In the present paper, we consider some
specific properties of special series of Fourier coefficients of differentiable functions with respect
to the general ONS. The obtained results demonstrate that the properties of the general ONS
and of the subsequence of this system are essentially different. Here we have shown that the

received results are best possible.
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1. AUXILIARY NOTATIONS AND THEOREMS

Let (¢,) be an ONS on [0; 1]. Suppose that f € Lo, then the Fourier coefficients

of the function f are defined as follows:

1
(1.1) Colf) = | F@hpula)da, n=12....
0
We denote
(1.2) D, (a) = max /0 B, (a,x) dz|,
where

n

B, (a;z) = Zakk"’ /x ok (u) du.

k=1 0
Also,
E.(a,z) = Z arkY or(x)
k=1

and (ay) is some sequence of real numbers.

Assume that (0 <y < 1)

H,(a) = <§:1a§m) %.

The bounded sequence we denote by (ry,), r, = O(1).
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Lemma 1.1. For any (a,) € 2 and for h(z) =1 x € [0, 1] there holds

1
/ E,(a,z)dx
0

where H,(C(h)) = Hy(a) and Cy(h) = fol h(z)pr(x)de = ar (a = (ag) and C =
(Cr(f))-

Proof. According to the Cauchy inequality, we have (see (1.1))

‘/ (a,z)dx| = iakkﬂ /01 h(u)pg(u) du
< (gagm) ’ (;az(h)mf — O(1) Hy(a) H(C(R)
Lemma is proved. O

Lemma 1.2. Let g(z) =z for x € [0,1] and (an) € f2, then

1
‘ / B, (a,z)dx
0

Proof. Integrating by parts we obtain

1 1
/B(aa:dx—/E axdm—Zakk'Y/ xor(x) dx
0 0

k=1

1 n
= / E.(a,z)dx — Z ark?Ci(g)
0 k=1

Hence, using Holder’s inequality, from Lemma [T1.1]it follows

1
/ B, (a,x)dx
0
Lemma is proved. [l

= O(1)Hy(a) (Hn(C(h)) + Hn(C(g)))-

= O()Hy(a)H,(C(h)) + O(1)Hy(a) Hn(C(9g))-

Lemma 1.3. If (ag) € ls, v < 1, then for any i =1,2,...,n

i

/jl | By (a,x)| dz = O(1).

n

Proof. By the Cauchy inequality

‘/ aacdx:’/ Zakkﬂ/ogok u) du |
S (B [ocon))

n

() (L ([ )
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Then, according to the Bessel inequality, we have

([ ) <1

k=1

Since v < 1 and %n"y < 1, we get

‘/n B, (a,x)dx
i—1
Lemma [I.3]is proved. O

1 "N\ 1
< n'y( ai) — =0(1).
v NS n

Theorem 1.1 (see [I]). Let f,F € Ly. Then

(1.3) /1f(x)F(x)dx:n§/i (f(x)—f(ﬁi))dx/o’i Plz)dz
-l—nZ/ /

By V' we denote the class of functions of bounded variation and by V(f) the

(t))dt F(x dm+n/ f(z dx/F

finite variation of function f on [0,1]. Let Cy be a class of functions f for which
fla) =4 fla) e V.
By A we denote the class of absolutely continuous functions. A is a Banach space

with the norm

1
£l = /1l +/O ()] da

2. THE MAIN PROBLEM

Suppose that f € Cy is an arbitrary function and (i,,) is trigonometric [2, Ch.
4], Haar [3, Ch. 1] or Walsh [3, Ch. 1] system, then it is evident that if 0 < v < 1,

i CH kY =0(1) i k2K < +oo.
k=1

k=1
There arises the question: is the series

> CRHK
k=1
convergent for any f € Cy and for arbitrary ONS when 0 < v < 1?7

It is known (see [4]) that if f € Ly is an arbitrary function (f ~ 0) and (ax) € f2

is an arbitrary sequence of numbers, then there exists an ONS (ip,,) such that
Cn(f)=dan, n=1,2,... (d# 0 depends only on f and (ay)).

Assume that g(x) = 1 for z € [0;1] and let
1

Vvnlog(n+1)°
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Then, since (ay,) € {5 as it was noted above, there exists an ONS (¢,,) such that
Cn(g) =dan, n=1,2,....

Hence
o0

- 1
G TILPE) gL S
Pt i klog™(k+1)

though in this case g € Cy.

The similar problems are considered in the papers [5]-[8].

3. THE MAIN RESULTS

Theorem 3.1. Let (py) be an ONS on [0;1] such that H,(C(h)) = O(1) and
H,(C(g9)) = O(1) (see Lemmas[I.1] and[I.9). If for arbitrary (a,) € {2 (see (L.2))

(3.1) Dy(a) = O(1)Hn(a),

then for any f € Cy, 0 <y <1, there holds

> CRAK < +o0.

k=1
where E,,(C,z) = E,(a,z) when Cr(f) =ap, k=1,2,....
In we substitute F(z) = B,(C;x) and f(x) = f'(z):

(3.3) / F'(2)Bn(C, z) dxfnZ/n (f’(m)ff’(x+%))d:r/on B,(C,x) dz
+n2/ / f/(#))dt B,(C,z) dz

1,,

By conditions (3.1)) and f € Cy we get (A;, = [i;’ %])

(34) |P|= nO(%) nz:l sup

=1 TEA;,
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According to Lemma [1.3] (0 < v < 1),
(3.5)

n

|P2|=n0(§) max |f(x |/ A (C,)] dz = OV (')

z,teEN;,

Next, Lemma [I.2] and conditions of Theorem [3.] imply

1
/ B, (a,z)dx
0
Taking into account (3.4), (3.5) and (3.6) in (3.3]) we get

(3.7)

\P3| =

z| = O(1)H,(C) + O(1).

Using (3.2) and integration by parts we have
(3.8)

k:1C m—/ fx sczf(l)/OlEn(C,g;)dm_/Olf/(x)B

It can be easily verified that (see (3.8]), (3.7) and Lemma

ch £EY = O(1)H,(C)H,(C(h)) + O(1)H,(C) + O(1)

(NI

=0(1)+0(1) < > c,f(f)m) .
k=1

So

Finally, for any f € Cy,

DGR < 4oo.
k=1
Theorem is proved.

Theorem 3.2. Let (p,) be an ONS on [0;1]. If for some (by) € {2

(3.9) 117rln_>bolip Hl( ) | Dy, (b)] = +o0,

then there exists a function s € Cy such that
o0
Z C%(s)n” = +o0.
n=1

Proof. First, we suppose that

lim H,(C(h)) =400 or lim H,(C(g)) = +oc.

n—oo n—oo
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Since h(x) = 1 and g(x) = x, when z € [0, 1], we conclude that

v v
nlgrgo kZ:l CE}(h)k" = +o0 or nhrr;o Z C¥(g)k" = +o0.
In such a case Theorem [3.2]is proved.

Now we assume that

(3.10) H,(C(h))=0(1) and H,(C(g))=0().
We have
D, ( —max/Bamdx ‘/ n(a, ) dx|, where 1 <i, <n.
1<i<n

Here we must note that if 4,, = n and

1
hTILILbOl(l)pH o /0 B, (a,x)dz| = o0,
then according to Lemma [T.3]
1
‘/ By (a,z)dz| = 0O(1)
1—1

and

1 n
limsup —— B, (a,x)dx
mow | [ Bl

] /01 B, (a,x)dx

We define the sequence of functions (f,,) as follows:

= lim sup
n—oo

— lim sup

1 1
i B, (a,x)d
paies Ham‘[_; ()i

0 when z € [0, =2=2],
(3.11) falz) =<1 when x € [;" 1],

nr—int2  when g € [n=2 in],
In (3.3) we substitute f' = f,, then

(3.12)

i

/fn ba:d:cfnZ/n fulz fn<x+%))dx/0an(b,x)dz
+nz/ / (Fu(@) — Fu(t))dt Bo(b, 2) dz

1
—I—n/ fn(m)dx/ B, (b,x)dx = S1 + S2 + S3.
1-1 0

By (3.11), since |f,(z) — fn(t)| < 1 when z,t € [0,1] and f,(z) — f»(t) = 0 when
z,t€[0,2=2] or z,t € [ﬁ 1], using Lemma we receive

(3.13) 19| < n%/ " Bu(b,2)] dz = O(1).
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Next, taking into account Lemma and (3.10)), we get

/0 By (b, 2) dz| = O(1)Hyy () Hyy (C(R)) + O(1) Hoy (b) Hoo(C(g)) = O(1) Hin(b).
Hence it follows that
(3.14) EX §n/1_7 \fu(2)| do / Bo(b, 2) dz| = O(1) Hy (1),

Taking into consideration we have

in—2

o [ <fn<w>—fn<m+$>>dx=— [y, L

ip—1

0 [ (s )or= g

in in

O[5 (e e [1 M
n 31 1 "

"4 n 4an’

d) / (fn(:z:)—fn(er%))dx:O when i < in—3 or i> i+ L.

n

Therefore, due to a)fd) we get

1 LnnZ
:n—/ n(b, z) dx bxdx—i——/ n(b, x) dz
dn J,
o 1 1 [+
> / B, (b,x) dx —7/ | B, (b, x)|da:—f/ | B, (b, x)| dz.
0 4 /i 2 Jin—1
Since (see Lemma [1.3)
/" 1B, (b,z)|dx = O(1) and / B, (b, z)| dz = O(1),
we have
(3.15) |S1] > D, (b) — O(1).

Hence from (3.12), because of (3.13), (3.14) and (3.15)), it follows

/ fu(x)Bp(b,x) dz| > D, (b) — O(1).
From here and (3.9)),
(3.16) lim SUp 2 (b, z) dx| = +o0.
n— o0
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It can be easily verified that

Ay( w(b,x)dr, n=1,2,.

is a sequence of linear and bounded functionals on A.
On the other hand,

1
(3.17) fulla = [1fulle + / 1 (2)] da < 2.

Since ((3.16))
limsup |A,(fr)] = +00

n—oo

and (3.17), by virtue of Banach—Steinhaus Theorem there exists a function u € A
such that

= 4-00.

(3.18) limsup ’/ n (b, x) dx
n—oo

We assume that

It can be easily verified (see (3.8])) that
n 1
S Culs) bk :/ Zbkmpk / s(2) En (b, ) d
k=1

/ By (b, 2) d:c—/ (2) B (b, ) da.

From here, since s'(x) = u(z), by virtue of Lemma [1.1] and (3.10) (see (3.18))), we

get

3.19) limsup —— Cr(s)bik7| > limsup —— / w(x)By (b, x) dx
319) tmow g S Cuton| 2 o i [ ute) e
(1)
— limsu = +-o00.
MopH (b)

Now using the Cauchy inequality,

<(Sme) (Sctew) = mn( X cien)
k=1 k=1 -
Finally, due to we get
. 2 ~ 2 T
nh_)n;@ (’; Ci;(s)k ) = lim sup .0

k:“*Ck (8)

n—0o0

Z bkaCk(s) =
k=1

Since s’ € A, Theorem is proved. [
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Theorem 3.3. From any ONS one can insolate a subsequence (pn, ) such that for

any function f € Cy,
Z Cr (HEY < 400,

where C,, (f fo ), () dr and 0 < v < 1.

Proof. Let the ONS (¢,,) be a complete system on [0, 1]. Then, by the Parceval
equality, for any z € [0, 1] we have

i(/OIWL(U)du) =z and Z(/ xn(u du>2:;

n=1
According to the Dini Theorem there exists a sequence of natural numbers (ng)
such that

fj (/xgos(u)du>2 < % and i (/legps(u)du>2 < %

S=nyg S=nNyp

2

uniformly with respect to z € [0, 1]. From here, uniformly with respect to = € [0, 1],

we obtain

(3.20) ‘ /Ow ©n, (u) du

In our case let

1
<-, k=1,2,....
k_?

1 1
< — and ’/ Ton, (u) du
k 0

m

Zakkv/ ©on, (t)dt and Hp, Zakk"’ 5.

Next, for arbitrary (a,) € ¢2 and 0 < v < 1 we get (see (3.2) and (3.20))

_ (/01 Bfn(a;x) dm)z
(ZW) (o ([ enwrn))

O(1)H (a).

-

" B,,(a,z)dx

(NI

Il
&
7N
x>
ANk
—_
o
2
~
\_/

Thus
(3.21) Dy, (a) =O(1)H,,(a).

In addition (see (3.20))),

Hy(C(h)) = (iCﬁk(h)W)é _ (im(/()lwnk(x)dx)?)g

k=1
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and

2

H,.(Clg)) = (g}c’%"(g)m); _ (ém(/glwnk(w)dmf)
- (im”); =0(1).

k=1

According to (3.21) and Theorem for any f € Cy the series Y ;o | CZ(f)k7 is

convergent. O

4. PROBLEMS OF EFFICIENCY
Theorem 4.1. Let (¢,) be an ONS and

1
n

/ ") du = O(1)

uniformly with respect to x € [0,1]. Then for arbitrary (a,) € £2,
(4.1) D, (a) = O(1)H,(a).

Proof. In our case

Dy,(a) = max / B, (a,z)dx
<i<n| Jo

= max
1<i<n

kz:akm/oi /Ox o (1) du da
— o(1) 2": %mkw _ 0(1)<i azm) : (Z /f—2+7>é — O(1)H,(a).
k=1 k=1

k=1

So, the trigonometric (v/2 cos 2mna, v/2 sin 2rna) and Walsh systems satisfy condition

E1). O

Theorem 4.2. If (X,,) is the Haar system, then for an arbitrary (a,) € fs,

Proof. The definition of the Haar system implies (see [3, Ch. 1])

2m+1

‘/j > ark? Xy (u) du

k=2m41

<27 % |y )|k (M),

where 2™ < k(m) < 2m+L,

Without loss of generality, we suppose

B, (a;z) = Zakk'y/ i (u) du.
k=2 0
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From here, if n = 27, for an arbitrary (a,) € 2 (0 <y < 1) we have

D, (a) = max

/n B, (a,z)dx
0

1<i<n
=1 . 2mtt T
= 2
max 3 /0 Z /0 Xi(u) du k7 ay, dx
m=0 k=2m41
qg—1
= O(l) 2_7k7(m)|ak(m)\

aik‘")é (ni)z—mzvm); = O0(1)H,(a).

It is easy to prove that when n =29+, 1 <[ < 29, the condition D, (a) = Hy(a)
is valid. g

(1]
(2]
(3]

(4]
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(8]
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