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Abstract. Exponential polynomials, an important subclass of finite order entire functions,
as solutions of differential or difference or differential-difference equations are considered
in [5, 10, 19, 20]. The critical domains of zeros and the quotients of exponential polynomials
are considered in [6]. In this paper, we proceed to consider the exponential polynomials as
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1. Introduction

Assume that the reader is familiar with the standard notation and fundamental

results of Nevanlinna theory [4, 8, 22]. A meromorphic function f(z) means meromorphic

in the complex plane. If a meromorphic function f(z) has at least one pole, then

f(z) is called a properly meromorphic function. Recall the definitions of the order

and the hyper-order for a meromorphic function f(z) as follows

σ(f) = lim sup
r→∞

log T (r, f)

log r
, σ2(f) = lim sup

r→∞

log log T (r, f)

log r
.

Exponential polynomials, an important subclass of finite order entire functions with

the form

(1.1) f(z) = P1(z)eQ1(z) + · · ·+ Pk(z)eQk(z)

where Pj(z) and Qj(z) (j = 1, 2, · · · , k) are polynomials in z. It is easy to find

that σ(f) = max{degQj} in (1.1). Exponential polynomials are the generalizations

of exponential sums which implies that max{degQj} = 1 in (1.1). Recently, the

exponential polynomial solutions of complex differential or difference or differential-

difference equations are considered in [5, 10, 19, 20]. The critical domains of zeros

of exponential polynomials and the quotients of exponential polynomials are also
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considered in [6]. More details on value distribution of exponential sums and exponential

polynomials could be seen in [1], [11]–[15].

Let

q = max{deg(Qj) : Qj(z) 6≡ 0},

and let ω1, · · · , ωm be pairwise different leading coefficients of the polynomialsQj(z)

with the maximum degree q. Thus, (1.1) can be written as

(1.2) f(z) = H0(z) +H1(z)eω1z
q

+ · · ·+Hm(z)eωmz
q

,

whereHj(z) are either exponential polynomials of degree< q or ordinary polynomials

in z. To express the characteristic function of (1.2), we recall the definition of convex

hull below.

We fix the notations W = {ω1, · · · , ωm}, W0 = {0, ω1, · · · , ωm}. The convex

hull of a set W ⊂ C, denoted by co(W ), is the intersection of all convex sets

containing W . If W contains only finitely many elements, then co(W ) is obtained

as an intersection of finitely closed half-planes, and hence co(W ) is either a compact

polygon (with a non-empty interior) or a line segment. We denote the perimeter

of co(W ) by C(co(W )). If co(W ) is a line segment, then C(co(W )) equals to twice

the length of this line segment. The following result for exponential polynomials is

given by Steinmetz [14].

Theorem A. Let f be given by (1.2). Then

(1.3) T (r, f) = C(co(W0))
rq

2π
+ o(rq).

Yang and Laine [21] investigated the existence of finite order entire solutions

f(z) of non-linear differential-difference equations of the form

f(z)n + L(z, f) = h(z),

where L(z, f) is a linear differential-difference polynomial, n > 2 is an integer. In

particular, Yang and Laine [21] showed that the equation

(1.4) f(z)2 + q(z)f(z + 1) = P (z),

has no transcendental entire solutions of finite order, where P (z), q(z) are polynomials.

Thus, there does not exist exponential polynomial solutions on (1.4). However, if

we replace q(z) with q(z)eQ(z) in (1.4), there exist transcendental entire solutions

of finite order. Wen, Heittokangas and Laine [19] studied and classified the finite

order entire solutions f of non-linear difference equation

(1.5) f(z)n + q(z)eQ(z)f(z + c) = P (z).
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For the statement on the properties of transcendental entire solutions below, we

give the following notations. Denote

Γ1 = {eα(z) + d : d ∈ C and α(z) is a non-constant polynomial},

Γ0 = {eα(z): α(z) is a non-constant polynomial},

Γ′1 = {p(z)eα(z)+h(z): p(z) 6≡ 0, h(z) are polynomials and α(z) is a non-constant

polynomial},

Γ′0 = {p(z)eα(z): p(z) is a non-zero polynomial and α(z) is a non-constant

polynomial}.

Theorem B.[19] Let n > 2 be an integer, let c ∈ C\{0} and q(z), Q(z), P (z) be

polynomials such that Q(z) is not a constant and q(z) 6≡ 0. Then the finite order

transcendental entire solution f of (1.5) satisfies the follows:

(a) Every solution f satisfies σ(f) = deg(Q) and is of mean type.

(b) Every solution f satisfies λ(f) = σ(f) if and only if P (z) 6≡ 0.

(c) A solution f belongs to Γ0 if and only if P (z) ≡ 0. In particular, this is the case

if n > 3.

(d) If a solution f belongs to Γ0 and if g is any other finite order entire solution to

(1.5), then f = ηg, where ηn−1 = 1.

(e) If f is an exponential polynomial solution of the form (1.1), then f ∈ Γ1.

Moreover, if f ∈ Γ1\Γ0, then σ(f) = 1.

Results in the spirit of Theorem B have been obtained by Li and Yang [9] for

more generalized complex difference equation of the form

(1.6) f(z)n + an−1f(z)n−1 + · · ·+ a1f(z) + q(z)eQ(z)f(z + c) = P (z),

where q(z), P (z), Q(z) are polynomials, n > 2 is an integer and Q(z) is not a

constant, q(z) 6≡ 0, c ∈ C\{0} and a1, · · · , an−1 ∈ C.
Note that (1.5) and (1.6) are complex non-linear difference equations. Motivated

by (1.5), Liu [10] has classified the finite order entire solutions f of non-linear

differential-difference equations of the form

(1.7) f(z)n + q(z)eQ(z)f (k)(z + c) = P (z),

where q(z), P (z), Q(z) are polynomials. The results in [19] regarding (1.5) concern

the classes Γ0 and Γ1. Meanwhile, the results in [10] regarding (1.7) concern the

classes Γ′0 and Γ′1.

We have two motivations as follows and will present some results and discussions

in the last two sections.
16
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Motivation 1: Can the results regarding the solutions of (1.5), (1.6) and (1.7)

be extended to differential-difference equations, where f(z + c) or f (k)(z + c) is

replaced with a differential-difference polynomial?

Motivation 2: How to classify the properly meromorphic solutions of these

differential-difference equations?

For the discussions of Motivation 1, it should be very difficult for arbitrary

differential-difference polynomials. In this paper, we consider a complex k-homogeneous

differential-difference polynomial

(1.8) L(z, f) =

m∑
i=1

ϕi(z)[f
(νi1)(z + ci1)]ki1 · · · [f (νin)(z + cin)]kin ,

where ki1 + · · · + kin = k, i = 1, · · · ,m and ϕi(z)(i = 1, · · · ,m) are polynomials.

We also say L(z, f) has the same shifts, if ci1 = ci2 = · · · = cin, i = 1, · · · ,m. For
example, f(z + c), f ′(z + c)− f(z + c), f (t)(z + c) are 1-homogeneous differential-

difference polynomials with the same shifts, f(z + c)f ′(z + c) + f ′′(z + c)f ′′′(z + c)

is a 2-homogeneous differential-difference polynomial with the same shifts.

2. Lemmas

Given a meromorphic function f(z), recall that α(z) 6≡ 0,∞ is a small function

with respect to f(z), if T (r, α) = S(r, f), where S(r, f) is used to denote any

quantity satisfying S(r, f) = o(T (r, f)), and r →∞ outside of a possible exceptional

set of finite logarithmic measure. The following lemma can be seen as the differential-

difference analogue of the logarithmic derivative lemma which is a combination [7,

Lemma 2.2] with the lemma on the logarithmic derivative.

Lemma 2.1. Let f be a transcendental meromorphic function with finite order

σ(f), let c, h be two complex numbers, ε > 0. Then

(2.1) m

(
r,
f (k)(z + h)

f(z + c)

)
= O(rσ(f)−1+ε) +O(log r) = S(r, f).

Furthermore, if L(z, f) is a k-homogeneous differential-difference polynomial, then

(2.2) m

(
r,
L(z, f)

f(z)k

)
= O(rσ(f)−1+ε) +O(log r) = S(r, f).

Lemma 2.2. [2, 3] Let f(z) be a transcendental meromorphic function with σ(f) <

∞, and let c be a fixed non-zero constant. Then, for each ε > 0, we have

T (r, f(z + c)) = T (r, f(z)) +O(rσ(f)−1+ε) +O(log r).

N(r, f(z + c)) = N(r, f(z)) +O(rσ(f)−1+ε) +O(log r).

17



L. K. GAO, K. LIU AND X. L. LIU

Recall the following two results on the zeros of the 1-homogeneous differential-

difference polynomials f (k)(z) and f(z + c).

Lemma 2.3. [22, Theorem 1.24] Let f(z) be a transcendental meromorphic function

and k be a positive integer. Then

N

(
r,

1

f (k)

)
6 T (r, f (k))− T (r, f) +N(r,

1

f
) + S(r, f)

and

N

(
r,

1

f (k)

)
6 N(r,

1

f
) + kN(r, f) + S(r, f).

Lemma 2.4. [9, Lemma 2.3] Let f(z) be a transcendental meromorphic function

with σ2(f) < 1, and c ∈ C\{0}. Then

N(r, 1/f(z + c)) = N(r, 1/f) + S(r, f).

Related to the zeros of k-homogeneous differential-difference polynomials, we

obtain the result below.

Lemma 2.5. Let f(z) be a transcendental meromorphic function with finite order

and L(z, f) be a k-homogeneous differential-difference polynomial. Then

N

(
r,

1

L(z, f)

)
6 T (r, L(z, f)− T (r, f) + kN(r,

1

f
) + S(r, f),

and

N

(
r,

1

L(z, f)

)
6 2kN(r,

1

f
) +AN(r, f) + S(r, f),

where A is a constant.

Proof. From Lemma 2.1, then

(2.3) m
(
r,

1

fk

)
6 m

(
r,
L(z, f)

fk

)
+m

(
r,

1

L(z, f)

)
6 m

(
r,

1

L(z, f)

)
+ S(r, f).

Using the first main theorem of Nevanlinna theory, we have

T (r, fk)−N
(
r,

1

fk

)
6 T (r, L(z, f))−N

(
r,

1

L(z, f)

)
+ S(r, f).

Using Lemma 2.2, we obtain
18
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N

(
r,

1

L(z, f)

)
6 T (r, L(z, f))− T (r, fk) +N

(
r,

1

fk

)
+ S(r, f)

= T

(
r,
L(z, f)

fk
fk
)
− T (r, fk) +N

(
r,

1

fk

)
+ S(r, f)

6 T

(
r,
L(z, f)

fk

)
+ kN

(
r,

1

f

)
+ S(r, f)

6 N

(
r,
L(z, f)

fk

)
+ kN

(
r,

1

f

)
+ S(r, f)

6 N(r, L(z, f)) + 2kN

(
r,

1

f

)
+ S(r, f)

6 AN(r, f) + 2kN

(
r,

1

f

)
+ S(r, f).

Remark. (1) If f is a transcendental entire function in Lemma 2.5, then

N

(
r,

1

L(z, f)

)
6 kN(r,

1

f
) + S(r, f),

using the similar reason as the above.

(2) The constant A depends on the expression of L(z, f), which can be obtained

by the second equality of Lemma 2.2 and the trivial inequality N(r, f (k)) 6 (k +

1)N(r, f) + S(r, f). For example, A = 3 for L(z, f) = f ′(z + c)− f(z + c).

Lemma 2.6. [4] Let f be a meromorphic function. Suppose that

Ψ(z) := anf(z)n + · · ·+ a0(z)

has small meromorphic coefficients aj(z), an 6= 0 in the sense of T (r, aj) = S(r, f).

Moreover, assume that

N(r,
1

Ψ
) +N(r, f) = S(r, f).

Then

Ψ = an

(
f +

an−1
nan

)n
.

Lemma 2.7. [19] Let q ∈ N, a0(z), · · · , an(z) be either exponential polynomials

of degree < q or ordinary polynomials in z, and let b1, · · · , bn ∈ C\{0} be distinct

constants. Then
n∑
j=1

aj(z)e
bjz

q

= a0(z)

holds only when a0(z) ≡ a1(z) ≡ · · · ≡ an(z) ≡ 0.
19
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3. The exponential polynomials solutions on a general equation

Remark that the equations (1.5), (1.6) and (1.7), the last term on the left hand

side has only one term f(z+ c) or f (k)(z+ c). It is natural to ask what will happen

f(z+c) or f (k)(z+c) is replaced with differential-difference polynomials. We mainly

consider the non-linear differential-difference equations

(3.1) f(z)n + an−1f(z)n−1 + · · ·+ asf(z)s + q(z)eQ(z)[L(z, f)]t = P (z),

where L(z, f) is a k-homogeneous differential-difference polynomial. We will assume

that q(z), P (z), Q(z) are polynomials, k > 1 is an integer and t is a positive integer,

n > s > tk > 1 and Q(z) is not a constant, q(z) 6≡ 0 and as, · · · , an−1 ∈ C. It is

easy to see that both equations (1.5) and (1.6) have no polynomial solutions, since

Q(z) is not a constant. However, there exist polynomial solutions with degree less

than k in (1.7) and (3.1), resp. For example, f(z) = z is a solution of

f(z)n − q(z)eQ(z)f ′′(z + 1) = zn.

Recent results on complex differential-difference equations also can be found in

[16, 17, 18]. In this paper, we mainly consider the transcendental solutions in (3.1)

and obtain the following result.

Theorem 3.1. The finite order transcendental entire solution f of (3.1) should

satisfy the following conclusions:

(a) Every solution f satisfies σ(f) = deg(Q) and is of mean type.

(b) If λ(f) < σ(f), then an−1 = · · · = as = 0 and P (z) ≡ 0.

(c) If P (z) ≡ 0, then zn−s+an−1z
n−s−1+· · ·+as = (z+ an−1

n )n−s. Furthermore,

if there exists i0 ∈ {s, . . . , n− 1} such that ai0 = 0, then all the aj(j = s, . . . , n− 1)

must be zeros as well and λ(f) < σ(f); otherwise λ(f) = σ(f).

Furthermore, the following conclusions are true for a k-homogeneous differential-

difference polynomial L(z, f) with the same shifts.

(d) f ∈ Γ′0 if and only if P (z) ≡ 0 and there exists i0 ∈ {s, . . . , n− 1} such that

ai0 = 0.

(e) If the solution f belongs to Γ0, then σ(f) = 1. What’s more, if g ∈ Γ0, then

f = ηg, where ηn−kt = 1.

(f) If there exists i0 ∈ {s, . . . , n− 1} such that ai0 = 0. Then

f ∈ Γ′0 and P (z) ≡ 0 = as = · · · = an−1

provided that one of the following holds:

1) s > k + 2;

2) s = k + 1 and zn−s + · · ·+ as = 0 has at least one zero with multiplicity 2;
20
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3) s < k+1 and either zn−s+ · · ·+as = 0 has at least two zeros with multiplicity

2 or at least one zero with multiplicity 3.

Remark 3.1. (1) Transcendental entire solutions with finite order of (3.1) exist.

For example, the function f(z) = ez + α solves

f(z)2 − 2αf(z)− 2ezf ′(z − log 2) = −α2.

(2) From Theorem B (e), we can not get σ(f) = 1 when f belongs to Γ0. For

example, the functionf(z) = ez
2

solves

f(z)2 − ez
2−2z−1f(z + 1) = 0.

However, from Theorem 3.1 (e), if f belongs to Γ0, the solutions of the equation

f(z)n + an−1f(z)n−1 + · · ·+ asf(z)s + q(z)eQ(z)[L(z, f)]t = 0,

must satisfy σ(f) = 1. Such solutions exist, for example, the function f(z) = ez

solves f(z)2 − ez−1f ′(z + 1) = 0.

Proof of Theorem 3.1 (a). Assume that f(z) is a finite order transcendental entire

solution of (3.1). From Valiron-Mohon’ko theorem and Lemma 2.1, we obtain

nT (r, f) = T (r, fn + · · ·+ asf
s) + S(r, f) = T (r, P (z)− q(z)eQ(z)[L(z, f)]t) + S(r, f)

= m(r, P (z)− q(z)eQ(z)[L(z, f)]t) + S(r, f)

6 m(r, P (z)) +m(r, q(z)) +m(r, eQ(z)) +m(r, [L(z, f)]t) + S(r, f)

6 m(r, eQ(z)) +m

(
r,

(
L(z, f)

f(z)k

)t
f(z)tk

)
+ S(r, f)

6 m(r, eQ(z)) + tkT (r, f(z)) + S(r, f).

Since n > tk, then

(n− tk)T (r, f) 6 m(r, eQ(z)) + S(r, f),

which implies that σ(f) 6 deg(Q(z)). If σ(f) < deg(Q(z)), then σ(L(z, f)) <

deg(Q(z)), which is impossible for (3.1). Hence, σ(f) = deg(Q(z)). From the

definition of type, we get

τ(f) = lim sup
r→∞

T (r, f)

rdeg(Q(z))
∈ (0,+∞),

which implies that f(z) is of mean type.

Proof of Theorem 3.1 (b). If λ(f) < σ(f), that is the value 0 is a Borel exceptional

value of f(z), then f is of regular growth (or normal growth) [22, Theorem 2.11].

Thus, N(r, 1f ) = S(r, f) follows by [22, Theorem 1.18]. Let

(3.2) G(z) := f(z)n + an−1f(z)n−1 + · · ·+ asf(z)s−P (z) = −q(z)eQ(z)[L(z, f)]t.

From the Remark after Lemma 2.5 and f is an entire function, we have
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N

(
r,

1

G(z)

)
= N

(
r,

1

q(z)[L(z, f)]t

)
6 N

(
r,

1

q(z)

)
+ tN

(
r,

1

L(z, f)

)
6 tkN(r,

1

f
) + S(r, f) = S(r, f).

(3.3)

Thus N
(
r, 1
G

)
+N(r, f) = S(r, f). Lemma 2.6 implies that

(3.4) G(z) =
(
f +

an−1
n

)n
.

If an−1 6= 0, using the second main theorem of Nevanlinna theory, we have

T (r, f) 6 N

(
r,

1

f + an−1

n

)
+N

(
r,

1

f

)
+N(r, f) + S(r, f)

6 N

(
r,

1

G

)
+N

(
r,

1

f

)
+N(r, f) + S(r, f) = S(r, f),

a contradiction. Thus an−1 = 0. Therefore, from (3.4) and (3.2), we have

an−1 = · · · = as = 0 ≡ P (z).

Proof of Theorem 3.1 (c). Since P (z) ≡ 0 and s > tk, then (3.1) can be written

as

H(z) : = f(z)n−kt + an−1f(z)n−kt−1 + · · ·+ asf(z)s−kt

= −q(z)eQ(z)

[
L(z, f)

f(z)k

]t
.

(3.5)

From (3.5), we have

(3.6) tN

(
r,
L(z, f)

f(z)k

)
6 N

(
r,

1

q(z)

)
= S(r, f).

Combining (3.6) with Lemma 2.1, we obtain

(3.7) T

(
r,
L(z, f)

f(z)k

)
= S(r, f).

Using the first main theorem of Nevanlinna theory, we have

(3.8) T

r, 1
L(z,f)
f(z)k

 = T

(
r,
L(z, f)

f(z)k

)
+O(1) = S(r, f).

From (3.5) and (3.8), we obtain

N

(
r,

1

H(z)

)
+N(r, f) 6 N

r, 1
L(z,f)
f(z)k

+N

(
r,

1

q(z)

)
= S(r, f).

Lemma 2.6 implies that

H(z) =

(
f(z) +

an−1
n− kt

)n−kt
= −q(z)eQ(z)

(
L(z, f)

f(z)k

)t
.(3.9)
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Case 1. There exists i0 ∈ {s, · · · , n− 1} such that ai0 = 0. From (3.9), we have

an−1 = · · · = as = 0. Thus, (3.1) can be reduced to the follows form

(3.10) f(z)n−kt = −q(z)eQ(z)

(
L(z, f)

f(z)k

)t
.

Since n > kt, then N(r, 1f ) = S(r, f). So λ(f) < σ(f).

Case 2. There does not exist i0 ∈ {s, · · · , n− 1} such that ai0 = 0. From (3.8)

and (3.9), we have

N

(
r,

1

f(z) + an−1

n−kt

)
6 N

r, 1
L(z,f)
f(z)k

+N

(
r,

1

q(z)

)
= S(r, f).

Using the second main theorem, we have

T (r, f) 6 N

(
r,

1

f(z) + an−1

n−kt

)
+N

(
r,

1

f(z)

)
+N(r, f(z)) + S(r, f)

= N

(
r,

1

f(z)

)
+ S(r, f).

Therefore, λ(f) = σ(f).

Proof of Theorem 3.1 (d). If f ∈ Γ′0, then λ(f) < σ(f) follows. From Theorem

3.1 (b), we have an−1 = · · · = as = 0 ≡ P (z).

On the other hand, we will prove that if P (z) ≡ 0 and there exists i0 ∈ {s, . . . , n−
1} such that ai0 = 0, then f ∈ Γ′0. The condition P (z) ≡ 0 implies that (3.1) reduces

to

(3.11) f(z)n + q(z)eQ(z)[L(z, f)]t = 0.

Since P (z) ≡ 0 and there exists an i0 ∈ {s, . . . , n − 1} such that ai0 = 0, from

Theorem 3.1 (c), then λ(f) < σ(f). The Hadamard factorization theorem implies

that

(3.12) f(z) = H(z)eα(z),

where α(z) is a non-constant polynomial with deg(α(z)) = deg(Q(z)) and H(z) is

an entire function satisfying

λ(H(z)) = σ(H(z)) = λ(f) < σ(f).

In the following, we will prove H(z) is a non-zero polynomial. Otherwise, if H(z)

is a transcendental entire function, from (3.12), then

f (vij)(z + c) = Hij(z + c)eα(z+c) (j ∈ 1, 2, · · · , n),

where Hij(z + c) is 1-homogeneous differential-difference polynomial in H(z + c).

Remark that L(z, f) is a k-homogeneous differential-difference polynomial with the
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same shifts in (1.8), then

L(z, f) =

m∑
i=1

Hi1(z + c) · · ·Hin(z + c)ekα(z+c)

= ekα(z+c)
m∑
i=1

Hi1(z + c) · · ·Hin(z + c) =: ekα(z+c)Hk(z)

where σ(Hk(z)) < σ(f) andHk(z) is a k-homogeneous differential-difference polynomial.

Substituting (3.12) and (3.13) into (3.11), we have

(3.13) H(z)nenα(z) + q(z)eQ(z)+ktα(z+c)Hk(z)t = 0,

so

(3.14) H(z)n−kt + q(z)eQ(z)+ktα(z+c)−nα(z)
(
Hk(z)

H(z)k

)t
= 0.

By Lemma 2.1, we have

(3.15) m

(
r,
Hk(z)

H(z)k

)
= O(rσ(H)−1+ε).

From (3.14), the poles of Hk(z)
H(z)k

are the zeros of q(z), then

(3.16) N

(
r,
Hk(z)

H(z)k

)
= O(log r).

Thus,

(3.17) T

(
r,
Hk(z)

H(z)k

)
= O(rσ(H)−1+ε) +O(log r).

Hence, we have N
(

1
Hk(z)

H(z)k

)
= O(rσ(H)−1+ε) + O(log r). Since n > kt, so the zeros

of H(z) are the zeros of Hk(z)
H(z)k

or q(z), thus λ(H) < σ(H), which is a contradiction

with λ(H) = σ(H). So H(z) is a polynomial. Hence, f ∈ Γ′0.

Proof of Theorem 3.1 (e). If f, g ∈ Γ0, then an−1 = · · · = as = 0 ≡ P (z) follows

by Theorem 3.1 (b) and H(z) ≡ 1 in (3.12). From (3.13), we have q(z), Hk(z) are

also constants. If Hk(z) is a constant, then α(z) must be a linear polynomial and

ϕi(z) are also constants ϕi. We may assume that q(z) = q ∈ C and f(z) = eb1z+d1

and g(z) = eb2z+d2 , where bi(6= 0), di (i = 1, 2) are constants. Substituting f(z)

and g(z) into (3.11), we can get

(3.18) enb1z+nd1 + q(z)eQ(z)L1(b1)ektb1z+kt(d1+c) = 0,

and

(3.19) enb2z+nd2 + q(z)eQ(z)L1(b2)ektb2z+kt(d2+c) = 0,

where L1(z) =
∑m
i=1 ϕiz

ki1vi1 · · · zkinvin . Combining (3.18) and (3.19), we have

L1(b1)e(kt−n)b1z+(kt−n)d1 ≡ L1(b2)e(kt−n)b2z+(kt−n)d2 .
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Thus, we have b1 = b2 and e(n−kt)(d1−d2) = 1, which implies that f = ηg, where

ηn−kt = 1.

Proof of Theorem 3.1 (f). If P (z) 6≡ 0, from Lemma 2.1, Lemma 2.2 and the

second main theorem of Nevanlinna theory, then

nT (r, f) = T (r, fn + · · ·+ asf
s) + S(r, f)

6 N

(
r,

1

fn + · · ·+ asfs − P (z)

)
+N

(
r,

1

fn + · · ·+ asfs

)
+N (r, fn + · · ·+ asf

s) + S(r, f)

6 N

(
r,

1

fn + · · ·+ asfs

)
+N

(
r,

1

q(z)[L(z, f)]t

)
+ S(r, f)

6 kT (r, f) +N

(
r,

1

fn + · · ·+ asfs

)
+ S(r, f).

(3.20)

We will get a contradiction from (3.20) in every case of 1), 2), 3) to show P (z) ≡ 0

below. Thus, the conclusion of (f) follows by Theorem 3.1 (c) and (d).

Case 1). If s > k + 2, from (3.20), we have

(n− k)T (r, f) 6 N

(
r,

1

f(z)s(f(z)n−s + · · ·+ as)

)
+ S(r, f)

6 (n− s+ 1)T (r, f) + S(r, f),

which is a contradiction.

Case 2). If s = k + 1 and zn−s + · · · + as = 0 has at least one zero with

multiplicity 2. From (3.20), we have

(n− k)T (r, f) 6 (n− s)T (r, f) + S(r, f),

a contradiction.

Case 3). If s 6 k + 1 and zn−s + · · · + as = 0 has at least two zeros with

multiplicity 2 or at least one zero with multiplicity 3, we also get a contradiction

from (3.20).

4. Properly meromorphic solutions

In this section, we will consider the properly meromorphic solutions on non-linear

differential-difference equations.

Wen etc. [19] proved that there is no properly meromorphic solutions with hyper-

order less than one on (1.5) by considering the poles multiplicities provided that

n > 2, which is also true for (1.6). In fact, we know that both (1.5) and (1.6) has

no any properly meromorphic solutions by the follows statements. We assume that

f(z) is a properly meromorphic solution of (1.5) or (1.6) and f(z) has a pole z0,

then zk = z0 +kc are also the poles of f(z), where k is any integer, thus f(z) should

have infinitely many poles. Let E be the set of all poles multiplicities of f(z) and m
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be the minimum of E, where m is called the index of f(z). Obviously, f(z + c) has

the same index m, but the index of f(z)n is mn, which is impossible for (1.5) or

(1.6), when n > 2. Thus, f(z) has no poles. Similarly, if L(z, f) is a linear difference

polynomial, then (3.1) has no properly meromorphic solutions.

Remark that if L(z, f) includes the derivatives of f(z) or the derivatives of

f(z + c), then (3.1) may have properly meromorphic solutions, which can be seen

by the examples below.

Examples (1) Properly meromorphic function f(z) = 1
1−ez solves the follows two

equations

f(z)2 − e−zf ′(z + 2πi) = 0, f(z)2 − e−zf ′(z) = 0.

(2) Properly meromorphic function f(z) = 1
ez+1 solves

f(z)3 − 5

2
f(z)2 + 2f(z) +

1

2
ezf ′′(z) =

1

2
.

and f(z) = 1−ez
2(ez+1) solves

f(z)3 − f(z)2 +
1

4
f(z) +

1

2
ezf ′′(z) = 0.

(3) Properly meromorphic solutions with infinite order of (3.1) also exist. For

example, the function f(z) = 1

e−e−z−1
solves

f(z)2 + f(z) + ezf ′(z) = 0.

and the function f(z) = 3e−e−z
−2

e−e−z−1
solves

f(z)2 − 5f(z)− ezf ′(z) = −6.

Remark that some functions are periodic functions in the above examples, so f ′(z)

can be replaced with f ′(z + c) in the above equations for suitable constants c. An

elementary calculation to find that the non-linear differential equation

(4.1) f(z)2 + eQ(z)f
′
(z) = 0

has solutions f(z) = 1
C+
∫
e−Q(z)dz

, C is a constant. In addition, the solutions of

(4.2) f(z)2 + a1f(z) + q(z)eQ(z)f ′(z) = 0

can be expressed by f = 1

e

∫ a1
q(z)

e−Q(z)dz

(∫
e−Q(z)

q(z)
e

∫ −a1
q(z)

e−Q(z)dz
dz+C

) .
Question 1: How to classify the properly meromorphic solutions of

(4.3) fn + an−1f
n−1 + · · ·+ a1f + q(z)eQ(z)L(z, f) = P (z),

where L(z, f) is a k-homogeneous differential-difference polynomial, k > 1 is an

integer and q(z), P (z), Q(z) are polynomials, a1, · · · , an−1 are constants.
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In the paper, using the exponential polynomials, we consider the simple case of

n = 2, L(z, f) = f ′(z) and P (z) ≡ 0 in (4.3), that is

(4.4) f2 + a1f + q(z)eQ(z)f ′(z) = 0,

where Q(z) = bqz
q + · · · + b0, bq 6= 0, a1 is a constant and q(z) is a non-zero

polynomial.

It is easy to find that the meromorphic solutions of (4.4) have only finitely many

zeros. For the simplified expressions, we can consider the meromorphic solutions f

with the form

f(z) =
1

g(z)
=

1

G0(z) +G1(z)eω1zq + · · ·+Gm(z)eωmzq
,

where g(z) is an exponential polynomial and Gj(z)(j = 0, 1, · · · ,m) are either

exponential polynomials of degrees < q or ordinary polynomials in z.

Theorem 4.1. (i) If a1 = 0, then (4.4) admits properly meromorphic solutions of

the form f = 1
g = 1

d+Aeω1z , where d,A, ω1 are constants.

(ii) If a1 6= 0, then (4.4) has no meromorphic solutions of the form f = 1
g .

Proof of Theorem 4.1. (i) If a1 = 0, substitute f = 1
g and

g(z) = G0(z) +G1(z)eω1z
q

+ · · ·+Gm(z)eωmz
q

into (4.4), then

(4.5) 1−q(z)eQ0(z)(G′0(z)ebqz
q

+G1,1(z)e(ω1+bq)z
q

+ · · ·+Gm,1(z)e(ωm+bq)z
q

) = 0,

where Q0(z) = Q(z)− bqzq is a polynomial of degree 6 q − 1 and

(4.6) Gk,1(z) = G′k(z) + qωkz
q−1Gk(z) 6≡ 0

for k = 1, · · · ,m.

Ifm > 2, from Lemma 2.7 and (4.5), we get that at least one of q(z)eQ0(z)G1,1(z)

and q(z)eQ0(z)Gm,1(z) is equal to zero, thus G1,1(z) or Gm,1(z) is equal to zero,

which is impossible.

If m = 1, then (4.5) reduces to

(4.7) 1− q(z)eQ0(z)
(
G′0(z)ebqz

q

+G1,1(z)e(ω1+bq)z
q
)

= 0.

Let h1(z) = q(z)eQ0(z)G′0(z)ebqz
q

and h2(z) = q(z)eQ0(z)G1,1(z)e(ω1+bq)z
q

. Thus,

h1(z) + h2(z) = 1. Using the second main theorem of Nevanlinna theory for h1(z),

we have h1(z) and h2(z) must be constants. Hence, G′0(z) = 0 and ω1 = −bq by

the expressions of h1(z) and h2(z). Let g(z) = d+G1(z)eω1z
q

. We proceed to prove

that q = 1. Otherwise, (4.7) can be written as

(4.8) q(z)eQ(z)+ω1z
q

(G′1(z) +G1(z)qω1z
q−1) = 1.
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(4.8) means that q(z) is a non-zero constant. Furthermore, Q(z)+ω1z
q and G′1(z)+

G1(z)qω1z
q−1 must be constants, otherwise G1(z) is of order q. Hence, q = 1 and

G1(z) is a non-zero constant A. Thus, g(z) = d+Aeω1z.

(ii) If a1 6= 0, substitute f = 1
g into (4.4), we have

1 + a1(G0(z) +G1(z)eω1z
q

+ · · ·+Gm(z)eωmz
q

)− q(z)eQ0(z)(G′0(z)ebqz
q

+

G1,1(z)e(ω1+bq)z
q

+ · · ·+Gm,1(z)e(ωm+bq)z
q

) = 0,(4.9)

where Gk,1(z) are the same as (4.6). If G′0(z) 6= 0, then bq, ω1 + bq, · · · , ωm + bq

are m+1 distinct constants, hence {ω1, · · · , ωm} 6= {bq, ω1 + bq, · · · , ωm+ bq}, then
there exists i ∈ {0, 1, 2, · · · ,m} such that ωi+bq 6= ωj , j = 1, · · · ,m and ω0 = 0. By

Lemma 2.7, we have Gi,1(z) ≡ 0, which is a contradiction. Thus, we have G′0(z) = 0

and {ω1, · · · , ωm}={ω1+bq, · · · , ωm+bq} form > 1, which is also impossible unless

bq = 0.

Remark 4.1. (1) The case (i) shows that all properly meromorphic solutions with

the form f(z) = 1
g are of order 1. However, if a1 = 0 and q(z) is a rational function,

then (4.4) has properly meromorphic solutions f with finite order σ(f) > 1. For

example, the function f(z) = 1
ezn+1

solves

f(z)2 +
1

nzn−1
e−z

n

f ′(z) = 0.

(2) If P (z) 6≡ 0 in (4.3), the equation

(4.10) f2 + a1f + q(z)eQ(z)f ′(z) = P (z)

may admit properly meromorphic solutions of the form f = h
g , where h(z) and g(z)

are exponential polynomials. The functions f1(z) = 1
ez−1 and f2(z) = 1−ez

2ez−1 solve

f(z)2 + 2f(z) + ezf ′(z) = −1.

Hence, to classify the general ratios of exponential polynomials for non-linear differential-

difference equation is deserved to considering.

(3) We have the basic discussions on L(z, f) = f ′(z) in (4.4). However, if L(z, f)

includes differential-difference polynomials, for example L(z, f) = f ′(z + c), the

corresponding substitution will be more complicated than (4.5). In this case, it is

not clear for the expressions of properly meromorphic solutions of (4.3).
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