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Abstract. Exponential polynomials, an important subclass of finite order entire functions,
as solutions of differential or difference or differential-difference equations are considered

in [} 10} 19} 20]. The critical domains of zeros and the quotients of exponential polynomials
are considered in [6]. In this paper, we proceed to consider the exponential polynomials as

solutions of some general complex differential-difference equations and extend existence results.
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1. INTRODUCTION

Assume that the reader is familiar with the standard notation and fundamental
results of Nevanlinna theory [4}[8,22]. A meromorphic function f(z) means meromorphic
in the complex plane. If a meromorphic function f(z) has at least one pole, then
f(2) is called a properly meromorphic function. Recall the definitions of the order

and the hyper-order for a meromorphic function f(z) as follows

log T loglog T
o(f) = limsup ET0S) i g 108108 ).
oo IOg’I" r—00 10g7“

Exponential polynomials, an important subclass of finite order entire functions with

the form
(1.1) f(2) :Pl(z)te(Z) +...+Pk(z)er(Z)

where Pj(z) and Q;(z) (j = 1,2,--- ,k) are polynomials in z. It is easy to find
that o(f) = max{deg@,} in . Exponential polynomials are the generalizations
of exponential sums which implies that max{deg@;} = 1 in (L.I). Recently, the
exponential polynomial solutions of complex differential or difference or differential-
difference equations are considered in [5, 10 19l 20]. The critical domains of zeros

of exponential polynomials and the quotients of exponential polynomials are also

1This work was partially supported by the NSFC (No.12061042, 11661052), and the Natural
Science Foundation of Jiangxi (No. 20202BAB201003).
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considered in [6]. More details on value distribution of exponential sums and exponential
polynomials could be seen in [1], [II]-[I5].
Let

¢ = max{deg(Q;) : @;(2) # 0},

and let wy, - - -, wy, be pairwise different leading coefficients of the polynomials @, (z)

with the maximum degree ¢q. Thus, (1.1) can be written as
(1.2) F(2) = Ho(2) + Hy(2)e ™" + -+ Hp(2)en™",

where H,(z) are either exponential polynomials of degree < ¢ or ordinary polynomials
in z. To express the characteristic function of 7 we recall the definition of convex
hull below.

We fix the notations W = {w1,--- ,0n}, Wy = {0,001, ,wm}. The convex
hull of a set W C C, denoted by co(W), is the intersection of all convex sets
containing W. If W contains only finitely many elements, then co(W) is obtained
as an intersection of finitely closed half-planes, and hence co(W) is either a compact
polygon (with a non-empty interior) or a line segment. We denote the perimeter
of co(W) by C(co(W)). If co(W) is a line segment, then C(co(W)) equals to twice
the length of this line segment. The following result for exponential polynomials is

given by Steinmetz [14].

Theorem A. Let f be given by (|1.2)). Then
q
(1.3) T(r, f) = C(co(wo));i7T + o(r9).
Yang and Laine [21I] investigated the existence of finite order entire solutions

f(2) of non-linear differential-difference equations of the form

f(2)" + Lz, f) = h(z),

where L(z, f) is a linear differential-difference polynomial, n > 2 is an integer. In

particular, Yang and Laine [2I] showed that the equation

(1.4) F2)? +a(2)f(z +1) = P(2),

has no transcendental entire solutions of finite order, where P(z), ¢(z) are polynomials.
Thus, there does not exist exponential polynomial solutions on . However, if
we replace g(z) with ¢(z)e?®) in (T4, there exist transcendental entire solutions
of finite order. Wen, Heittokangas and Laine [19] studied and classified the finite

order entire solutions f of non-linear difference equation

(1.5) F2)" +a(2)e?@ f(z + ¢) = P(2).
15
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For the statement on the properties of transcendental entire solutions below, we
give the following notations. Denote

I = {e*®) +d:d e C and a(z) is a non-constant polynomial},

I'o = {e*(*): a(2) is a non-constant polynomial},

I = {p(2)e®®) +-h(2): p(z) # 0, h(z) are polynomials and «(z) is a non-constant
polynomial},

Iy = {p(2)e*®): p(z) is a non-zero polynomial and a(z) is a non-constant

polynomial}.

Theorem B.[19] Let n > 2 be an integer, let ¢ € C\{0} and q(z), Q(z), P(z) be
polynomials such that Q(z) is not a constant and q(z) # 0. Then the finite order
transcendental entire solution f of satisfies the follows:

(a) Every solution f satisfies o(f) = deg(Q) and is of mean type.

(b) Every solution f satisfies A(f) = o(f) if and only if P(z) # 0.

(¢) A solution f belongs to Ty if and only if P(z) = 0. In particular, this is the case
ifn>3.

(d) If a solution f belongs to T and if g is any other finite order entire solution to
, then f = ng, where n" ! = 1.

(e) If f is an ezponential polynomial solution of the form (L1, then f € T4.
Moreover, if f € T1\I'y, then o(f) = 1.

Results in the spirit of Theorem B have been obtained by Li and Yang [9] for

more generalized complex difference equation of the form
(1.6) FE™ +an 1 f(2)" 4+ arf(2) + q(2)e? P f(z + ¢) = P(2),

where ¢(z), P(z), Q(z) are polynomials, n > 2 is an integer and Q(z) is not a
constant, ¢(z) # 0, ¢ € C\{0} and a4, ,a,—1 € C.

Note that and are complex non-linear difference equations. Motivated
by (L.F), Liu [I0] has classified the finite order entire solutions f of non-linear

differential-difference equations of the form
(1.7) FE)™ +q(2)e%F) P (z 4 ¢) = P(2),

where ¢(z), P(z), Q(z) are polynomials. The results in [19] regarding concern
the classes Ty and T'y. Meanwhile, the results in [I0] regarding concern the
classes I'|, and T'}.

We have two motivations as follows and will present some results and discussions

in the last two sections.
16
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Motivation 1: Can the results regarding the solutions of , and
be extended to differential-difference equations, where f(z + ¢) or f*)(z + ¢) is
replaced with a differential-difference polynomial?

Motivation 2: How to classify the properly meromorphic solutions of these
differential-difference equations?

For the discussions of Motivation 1, it should be very difficult for arbitrary
differential-difference polynomials. In this paper, we consider a complex k-homogeneous

differential-difference polynomial
(18) LS = @@ (a4 ea)F - [f) (z 4+ e,
i=1

where kiy + -+ kin =k, 0 =1,--- ;m and ¢;(2)(i = 1,--- ,m) are polynomials.
We also say L(z, f) has the same shifts, if ¢;; = ¢io =+ = ¢, ¢ = 1,--- ,m. For
example, f(z+c¢), f'(z4+c¢) — f(z+¢), fB(z + ¢) are 1-homogeneous differential-
difference polynomials with the same shifts, f(z+c¢)f'(z+¢)+ f"(z+¢) f"(z + ¢)

is a 2-homogeneous differential-difference polynomial with the same shifts.

2. LEMMAS

Given a meromorphic function f(z), recall that a(z) # 0,00 is a small function
with respect to f(z), if T(r,a) = S(r, f), where S(r, f) is used to denote any
quantity satisfying S(r, f) = o(T'(r, f)), and r — oo outside of a possible exceptional
set of finite logarithmic measure. The following lemma can be seen as the differential-
difference analogue of the logarithmic derivative lemma which is a combination [7]

Lemma 2.2] with the lemma on the logarithmic derivative.

Lemma 2.1. Let f be a transcendental meromorphic function with finite order

o(f), let ¢, h be two complex numbers, € > 0. Then

F® (= + h)
flz+¢)

Furthermore, if L(z, f) is a k-homogeneous differential-difference polynomial, then

(2.1) m (7‘, ) = O(r°V)=1%) 1 O(logr) = S(r, f).

(2.2) m (7’, Lf((zz’>£)> = 0=y L O(logr) = S(r, f).

Lemma 2.2. [2,[3] Let f(z) be a transcendental meromorphic function with o(f) <

o0, and let ¢ be a fixed non-zero constant. Then, for each € > 0, we have
T(r, f(z +¢)) = T(r, f(2)) + O(r" P ~+¢) 4 O(log ).

N(r, f(z +¢)) = N(r, f(2)) + 07D =1+%) + O(log ).
17
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Recall the following two results on the zeros of the 1-homogeneous differential-

difference polynomials f(*)(z2) and f(z + c).

Lemma 2.3. [22, Theorem 1.24] Let f(z) be a transcendental meromorphic function

and k be a positive integer. Then

801

1
N () ST) =T ) + N

and

N<n;b><NW;H%NWﬂ+SMﬁ~

Lemma 2.4. [9, Lemma 2.3] Let f(z) be a transcendental meromorphic function
with o2(f) <1, and ¢ € C\{0}. Then

N(r,1/f(z+¢)) = N(r,1/f) + S(r, f).

Related to the zeros of k-homogeneous differential-difference polynomials, we

obtain the result below.

Lemma 2.5. Let f(z) be a transcendental meromorphic function with finite order

and L(z, ) be a k-homogeneous differential-difference polynomial. Then

1 1
N (r, L(va)> <T(r,L(z, f) = T(r, f) + kN(r, ?) +S(r, f),

and

1 1
N (r, L(z,f)) < 2kN(r, ?) + AN(r, f) + S(r, f),

where A is a constant.

Proof. From Lemma [2.1] then

(2$m(“;)gm(“uﬁﬁ>+m(“m;ﬂ><m(“miﬁ>+““”

Using the first main theorem of Nevanlinna theory, we have

TWJ”—N<n;)<Tu¢uJ»—N<nL2

Using Lemma we obtain
18
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N (r, L(Zlﬁ> < T(r,L(z f)) = T(r, f*) + N (r, flk) +5(r, f)
- T (r, L(;,;f)f’“) —T(r, f*)+ N (r, flk> +S(r, f)
< T (r, L(;,;f)> +EN <7‘, }) +S(r, f)
¢ w(nHED) o () st
< N(r,L(z,f)) + 2kN (r, }) +S(r, f)
< AN(rf) +2kN <r, ch) LS50 ).

Remark. (1) If f is a transcendental entire function in Lemma then

1 1
N <T’L(z,f)) < kN(h?) + S(r, f),

using the similar reason as the above.

(2) The constant A depends on the expression of L(z, f), which can be obtained
by the second equality of Lemma and the trivial inequality N(r, f*)) < (k +
)N (r, f) + S(r, f). For example, A =3 for L(z, f) = f'(z+¢) — f(z+¢).

Lemma 2.6. [4] Let f be a meromorphic function. Suppose that
U(z) = anf(2)" + -+ ao(2)

has small meromorphic coefficients a;(z), a, # 0 in the sense of T(r,a;) = S(r, f).

Moreover, assume that

N(r, é) +N(r, f) = S(r, f).

V—a, <f+an—1>
na,

Lemma 2.7. [I9] Let ¢ € N, ao(2),--- ,an(z) be either exponential polynomials

Then

of degree < q or ordinary polynomials in z, and let by,--- ,b, € C\{0} be distinct

constants. Then

holds only when ag(z) = a1(2)

If
Il
S
3
—
S
N
If
o
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3. THE EXPONENTIAL POLYNOMIALS SOLUTIONS ON A GENERAL EQUATION

Remark that the equations (1.5)), (1.6) and (1.7)), the last term on the left hand
side has only one term f(z +c¢) or f*)(z4 ¢). It is natural to ask what will happen
f(z4c) or f®)(z4-c) is replaced with differential-difference polynomials. We mainly

consider the non-linear differential-difference equations
B fR)"Hanf()" T+t asf(2)° + a(2)e? DLz, )] = Pl2),

where L(z, f) is a k-homogeneous differential-difference polynomial. We will assume
that ¢(z), P(2), Q(z) are polynomials, k > 1 is an integer and ¢ is a positive integer,
n>s >tk > 1 and Q(z) is not a constant, ¢(z) £ 0 and as, -+ ,a,—1 € C. It is
easy to see that both equations and have no polynomial solutions, since
Q(z) is not a constant. However, there exist polynomial solutions with degree less
than k in and , resp. For example, f(z) = z is a solution of

F)" = a(2)e? P [z + 1) = 2.

Recent results on complex differential-difference equations also can be found in
[16, 17, [18]. In this paper, we mainly consider the transcendental solutions in (3.1))

and obtain the following result.

Theorem 3.1. The finite order transcendental entire solution f of should
satisfy the following conclusions:

(a) Every solution f satisfies o(f) = deg(Q) and is of mean type.

(b) If M(f) < o(f), thenap—1 =---=as =0 and P(z) =0.

(¢) If P(2) =0, then 2" 5 +a,_12" 51+ - Fa, = (24 22=2)""5. Furthermore,
if there exists ig € {s,...,n—1} such that a;, = 0, then all the a;(j =s,...,n—1)
must be zeros as well and A(f) < o(f); otherwise A\(f) = o(f).

Furthermore, the following conclusions are true for a k-homogeneous differential-
difference polynomial L(z, f) with the same shifts.

(d) f €Ty if and only if P(z) =0 and there exists ig € {s,...,n — 1} such that
a;, = 0.

(e) If the solution f belongs to Ty, then o(f) = 1. What’s more, if g € Ty, then
f =ng, where n"* =1.

(f) If there exists ig € {s,...,n — 1} such that a;, = 0. Then

fery and P(z)=0=as="-=ay_1

provided that one of the following holds:
1) s> k+2;
2)s=k+1and 2" *+---+a, =0 has at least one zero with multiplicity 2;
20
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3) s < k+1 and either 2" *+---+as = 0 has at least two zeros with multiplicity

2 or at least one zero with multiplicity 3.
Remark 3.1. (1) Transcendental entire solutions with finite order of (3.1)) exist.
For example, the function f(z) = e* + a solves

f(2)? =2af(2) — 2¢* (2 — log2) = —a*.

(2) From Theorem B (e), we can not get o(f) = 1 when f belongs to I'g. For

example, the functionf(z) = e solves
f2)? = e 2T (2 + 1) = 0.
However, from Theorem (e), if f belongs to I'y, the solutions of the equation

P+ an-1f(2)" 7+t asf(2)° + a(2)e? P Lz, )] =0,

must satisfy o(f) = 1. Such solutions exist, for example, the function f(z) = e*

solves f(2)? —e*71f/(z+1) = 0.

Proof of Theorem [3.1](a). Assume that f(2) is a finite order transcendental entire
solution of . From Valiron-Mohon’ko theorem and Lemma we obtain

nT(r, f) = T(r, f* + -+ asf*) + S(r, f) = T(r, P(2) = 4(2)e?P[L(=, )]') + S(r, f)
m(r, P(2) = q(2)e? D [L(z, ) + 5(r, f)

<m(r, P(2)) +m(r,q(2)) + m(r,e9®) +m(r, [L(z, f)]") + S(r, )

<m(r, @) +m ( (L(Z’ /) )tf(Z)““> 50 f)

N

f(=2)*
<m(r,e%D) + kT (r, f(2)) + S(r, f).
Since n > tk, then

(n — tk)T(r, ) < m(r,e?®) + S(r, f),

which implies that o(f) < deg(Q(2)). If o(f) < deg(Q(z)), then o(L(z, f)) <
deg(Q(z)), which is impossible for (3.1). Hence, o(f) = deg(Q(z)). From the
definition of type, we get

i T(r, f)
7(f) = lim sup ~deE(@() € (0, +00),

T—00

which implies that f(z) is of mean type.

Proof of Theorem [3.1) (). If A(f) < o(f), that is the value 0 is a Borel exceptional
value of f(z), then f is of regular growth (or normal growth) [22] Theorem 2.11].
Thus, N(r, %) = S(r, f) follows by [22, Theorem 1.18]. Let

(32) G(2) == f(2)" +an—1f(2)" "+ +a.f(2)° = P(2) = —q(2)e* P [L(z, f)]".

From the Remark after Lemma and f is an entire function, we have
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(3.3)
1 1 1
<N (r, q(z)) +tN (r, M) < thN(r, ?) +S(r, f) = S(r, ).
Thus N (r, %) + N(r, f) = S(r, f). Lemmaimplies that
(3.4) G(=) = (f+ a’;;l)".

If a,,—1 # 0, using the second main theorem of Nevanlinna theory, we have

T(r, f) < N(r,f_’_lann_l>+N<7‘,}>+N(7‘,f)+5(r,f)

_ 1 _ 1 _
< N(ng)+¥(n7) + N0 +500) =501,
a contradiction. Thus a,_; = 0. Therefore, from (3.4) and (3.2), we have

p—1 =---=as=0= P(2).

Proof of Theorem (c). Since P(z) =0 and s > tk, then (3.1) can be written

as
H(Z) .= f(z)nfkt + an,lf(z)”fktfl S asf(z)sfkt
(3.5) Lz, )1
- _ Q(») ’
- ot [ 252
From , we have
L(z, f) 1Y _
(3.6) tN (r, ) > <N (r, q(z)) =S5(r, f).
Combining with Lemma we obtain
Lz f)\ _
(3.7) T (r, BL ) = S(r, f).
Using the first main theorem of Nevanlinna theory, we have
1 L(z f)

From (3.5) and (3.8)), we obtain

N < Hb) + N ) <N ( L(lf)> o (q(1)> -

fz)F

Lemma [2:6] implies that

59 e (f(z) L >"_kt — _q(z)e”® <L(z,f)>t.
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Case 1. There exists ig € {s,--- ,n — 1} such that a;, = 0. From (3.9)), we have

ap_1=---=as =0. Thus, (3.1) can be reduced to the follows form
_ L(z, £)\'

3.10 F(2)" R = —q(2)eQ®) ( . )

(3.10) (=) (2690 (S

Since n > kt, then N(r, %) = S(r, f). So A(f) < a(f).

Case 2. There does not exist ig € {s,---,n — 1} such that a;, = 0. From (3.8)

and (3.9), we have

— 1 — 1 _
N(m)“ nzg )+ () =S

f(2)*

Using the second main theorem, we have

T(r, f) <N <T,M

>+NQ,1>+Nmﬂm+Smﬁ

_ ¥ (r, f(lz)) + S0 f).

Therefore, A(f) = o(f).
Proof of Theorem (d). If f €Ty, then A(f) < o(f) follows. From Theorem
(b), we have a1 = -+ =as =0= P(2).

On the other hand, we will prove that if P(z) = 0 and there exists ig € {s,...,n—
1} such that a;, = 0, then f € I'j. The condition P(z) = 0 implies that reduces

to

(3.11) F(2)" +a(2)e?P[L(z, )] = 0.

Since P(z) = 0 and there exists an ig € {s,...,n — 1} such that a;, = 0, from
Theorem [3.1f (¢), then A(f) < o(f). The Hadamard factorization theorem implies
that

(3.12) f(z) = H(z)e*®),

where a(z) is a non-constant polynomial with deg(a(z)) = deg(Q(z)) and H(z) is

an entire function satisfying

A(H(2)) = o(H(2)) = AM(f) < o(f).
In the following, we will prove H(z) is a non-zero polynomial. Otherwise, if H(z)
is a transcendental entire function, from (3.12)), then
f(vij)(z 4 C) _ Hij(Z + C)ea(z+6) (j €1,2,--- 7n),

where H;;(z + ¢) is 1-homogeneous differential-difference polynomial in H(z + ¢).

Remark that L(z, f) is a k-homogeneous differential-difference polynomial with the
23
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same shifts in (1.8]), then

L(z, f) Z Hii(z 4 ¢) - Hin(z + )bt
i=1

eka(zte) ZH“(Z 4 C) A Hm(z + c) =: eka(Z+C)Hk(Z)
=1

where o(Hy(2)) < o(f) and Hy(z) is a k-homogeneous differential-difference polynomial.

Substituting (3.12) and (3.13)) into (3.11), we have

(3.13) H(2)"e" ) 4 q(z)e@@EFhRtat4e) ()t = g,
o
_ N Hi(2)\'
n—kt Q(z)+kta(z+c)—na(z k _
(3.14) H(z)" 7kt 4 g(2)e@@) thta(zte)—nal(z) (H(Z)k> =0.
By Lemma [2.1] we have
Hi(2) o (H)—
(3.15) " (ﬂ H(z)k> = O(r=1e),
From (3.14)), the poles of g’(‘z()z,z are the zeros of ¢(z), then
Hy(z
(3.16) N (T, lei)z) = O(logr).
Thus,
H
(3.17) T <r, H’ZS’Z) = O(r*H 1%y L O(log ).

Hence, we have N (I‘Ikl(z)) = O(reH)=1%¢) 1 O(logr). Since n > kt, so the zeros
H(z)F

of H(z) are the zeros of g,zz()zg or ¢(z), thus A\(H) < o(H), which is a contradiction

with A\(H) = o(H). So H(z) is a polynomial. Hence, f € I'j.
Proof of Theorem (e). If f,g € Ty, then a,—1 = -+ = a; = 0 = P(z) follows
by Theorem (b) and H(z) =1 in (3.12)). From (3.13]), we have ¢(z), Hy(z) are

also constants. If Hy(z) is a constant, then «(z) must be a linear polynomial and
— eblz+d1

vi(z) are also constants ¢;. We may assume that ¢(z) = ¢ € C and f(z)
and g(z) = e?*T% where b;(# 0),d; (i = 1,2) are constants. Substituting f(2)

and ¢g(z) into (3.11), we can get

(318) enb1z+nd1 + q(z)eQ(z)Ll(bl)ektb1z+kt(d1+c) — 0,
and
(319) enbzerndQ + q(z)eQ(z)Ll(bQ)ektbgz+kt(d2+c) _ 07

where Ly (z) = > it pizPivit ... zFinvin Combining (3.18) and (3.19), we have

Ly (bl)e(ktfn)bler(ktfn)ah =1, (b2)e(kt7n)b2z+(kt7n)d2 )
24
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Thus, we have by = by and e(?—*t)(d1—d2)

n—kt
n =1
Proof of Theorem (f). If P(z) # 0, from Lemma 2.1, Lemma 2.2 and the
second main theorem of Nevanlinna theory, then

(3.20)
WT(r, f) =T (r. f" + -+ asf*) + 5(r. f)

1 _ 1 o S
<N<T’f"+"'+asfs—P(z))+N<T’W>+N(rvf +dasf5) + S(r, f)

_ 1 — 1
SN ( o +asfs> N ( q<z>[L<z,f>]t) 5 1)
S ICT(T, f) +N (T, W) + S(’/‘, f)

We will get a contradiction from ({3.20)) in every case of 1), 2), 3) to show P(z) =0
below. Thus, the conclusion of (f) follows by Theorem (c) and (d).
Case 1). If s > k + 2, from (3.20)), we have

= 1, which implies that f = ng, where

_ 1
(n—ki)T(’I“, f) <N (7“, f(z)s(f(z)nfs'k""'_as)
<(n—s+1)T(r f)+S(r, ),

)R

which is a contradiction.
Case 2). If s = k+ 1 and 2"+ --- + a;, = 0 has at least one zero with
multiplicity 2. From (3.20)), we have

(n=Fk)T(r, f) < (n=s)T(r, f) + 5(r, f),

a contradiction.
Case 3). If s < k+ 1 and 2" ® +--- + a; = 0 has at least two zeros with

multiplicity 2 or at least one zero with multiplicity 3, we also get a contradiction

from (3.20).

4. PROPERLY MEROMORPHIC SOLUTIONS

In this section, we will consider the properly meromorphic solutions on non-linear
differential-difference equations.

Wen etc. [19] proved that there is no properly meromorphic solutions with hyper-
order less than one on by considering the poles multiplicities provided that
n > 2, which is also true for (1.6). In fact, we know that both and has
no any properly meromorphic solutions by the follows statements. We assume that
f(2) is a properly meromorphic solution of or and f(z) has a pole zy,
then zp, = 2o+ kc are also the poles of f(z), where k is any integer, thus f(z) should
have infinitely many poles. Let E be the set of all poles multiplicities of f(z) and m
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be the minimum of E, where m is called the index of f(z). Obviously, f(z + ¢) has
the same index m, but the index of f(z)™ is mn, which is impossible for or
(1.6), when n > 2. Thus, f(z) has no poles. Similarly, if L(z, f) is a linear difference
polynomial, then has no properly meromorphic solutions.

Remark that if L(z, f) includes the derivatives of f(z) or the derivatives of
f(z+¢), then may have properly meromorphic solutions, which can be seen

by the examples below.

1
1—e*

Examples (1) Properly meromorphic function f(z) = solves the follows two

equations

FEE— e f (4 2mi) =0, f(2)2—ef(z) =0

(2) Properly meromorphic function f(z) = # solves
5 1 1
FEP = 2f + 20+ e 1) = 5.
and f(z) = 2(1;751) solves

3 2 1 1 z gl _
&) = (2 + 7 £(2) + 5671 (2) = 0.

(3) Properly meromorphic solutions with infinite order of (3.1)) also exist. For
1

e—e 71

f(2)2+ f(2) +e*f'(2) = 0.

and the function f(z) = 3::%_’12 solves

F(2)? = 5f(2) = €*f'(2) = 6.

solves

example, the function f(z) =

Remark that some functions are periodic functions in the above examples, so f'(2)
can be replaced with f’(z + ¢) in the above equations for suitable constants c¢. An

elementary calculation to find that the non-linear differential equation
(4.1) FEP QP () =0

has solutions f(z) C' is a constant. In addition, the solutions of

= m
(4.2) F(2)? + a1 f(2) + q(2)e?@ f'(2) = 0

can be expressed by f =

91 _—Q(2)qz —Q(2) [ =M e—QR(2)ax
ef q(z) d f%el q(z) a dz+C

Question 1: How to classify the properly meromorphic solutions of
(4.3) fU ot anaf" 4+t anf +q(2)e9P Lz, f) = P(2),

where L(z, f) is a k-homogeneous differential-difference polynomial, ¥ > 1 is an

integer and ¢(z), P(z), Q(z) are polynomials, a1, -+ ,a,—_1 are constants.
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In the paper, using the exponential polynomials, we consider the simple case of
n=2, L(z, f) = f'(z) and P(z) =0 in (4.3), that is
(4.4) PPt af +q(2)e?@f(2) =0,

where Q(z) = bgz? + --- + by, by # 0, a1 is a constant and ¢(z) is a non-zero
polynomial.

It is easy to find that the meromorphic solutions of have only finitely many
zeros. For the simplified expressions, we can consider the meromorphic solutions f

with the form

f(z) ! !
zZ) = = 5
9~ Gl F D@ Tt Gz
where g(z) is an exponential polynomial and G,(z)(j = 0,1,---,m) are either

exponential polynomials of degrees < ¢ or ordinary polynomials in z.

Theorem 4.1. (i) If a1 =0, then (4.4) admits properly meromorphic solutions of

_1_ 1
the form f = 5 = 7=,
(ii) If a1 # 0, then (4.4) has no meromorphic solutions of the form f =1

g°

where d, A,wy are constants.

Proof of Theorem (i) If a; = 0, substitute f = é and
9(2’) = Go(z) + Gl(z)ewlzq N Gm(z)ewmzq

into (4.4)), then

(4.5) 1—q(2)eQ@(Gp(2)e?™ + Gy (2)e TP 4o L G,y i (2)e@m 0027y = 0,
where Qo(z) = Q(z) — byz? is a polynomial of degree < ¢ — 1 and

(4.6) Gr1(2) = Gi(2) + quizt'Gr(2) 20

fork=1,---,m.

If m > 2, from Lemmaand (475), we get that at least one of ¢(2)e@°*)Gy 1 (z)
and ¢(2)e@ )G, 1(2) is equal to zero, thus Gy 1(2) or Gy,1(2) is equal to zero,
which is impossible.

If m =1, then (4.5) reduces to
(4.7) 1 — g(z)e@0() (Gg(z)equq + Gl,l(Z)e(w1+bQ)Zq> ~0.

Let hi(2) = q(2)e9 3Gl (2)eb*” and hy(z) = q(2)eQE) Gy 1 (2)el@1H0a)2" | Thus,
hi1(z) + ha(z) = 1. Using the second main theorem of Nevanlinna theory for hy(z),
we have hi(z) and ho(z) must be constants. Hence, G{(z) = 0 and wy = —by by
the expressions of hy(z) and hy(z). Let g(2) = d+ G1(z)e¥*". We proceed to prove
that ¢ = 1. Otherwise, can be written as
(4.8) q(2)eQ@H = (G (2) + Gy (2)qui297h) = 1.
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means that ¢(z) is a non-zero constant. Furthermore, Q(z)+w12? and G} (z) +
G1(2)qw1277! must be constants, otherwise G1(z) is of order ¢q. Hence, ¢ = 1 and
G1(z) is a non-zero constant A. Thus, g(z) = d + Ae“1*.
(#) If a1 # 0, substitute f = é into , we have
14 a1(Go(2) + G1(2)er* 4+ -+ + Gpu(2)em*") — q(2)e2° ) (G (2)ebs*" +
(4.9) Gl’l(z)e(wwbq)zq N Gm,l(z)e(wm%q)zq) -0,

where Gy 1(z) are the same as . If G{)(z) # 0, then by, w1 + by, -+, wm + by
are m+ 1 distinct constants, hence {w1, -+ ,wm} # {bg, w1 +by, - -+ ,wm + by}, then
there exists i € {0,1,2,---,m} such that w; +by # w;, j =1,--- ,mand wy = 0. By
Lemma we have G; 1(z) = 0, which is a contradiction. Thus, we have G(z) =0
and {w1, -, wm f={w1+byg, -+ ,wm+by} for m > 1, which is also impossible unless
by = 0.

Remark 4.1. (1) The case (i) shows that all properly meromorphic solutions with
the form f(z) = é are of order 1. However, if a; = 0 and ¢(z) is a rational function,
then has properly meromorphic solutions f with finite order o(f) > 1. For
example, the function f(z) = solves

PP+ e () =0
(2) If P(z) #0 in ([4.3), the equation

(4.10) f2+aif +q(2)e?P f'(z) = P(z)

1

may admit properly meromorphic solutions of the form f = %, where h(z) and g(z)

1—e®

507 solve

are exponential polynomials. The functions fi(z) = ﬁ and fo(z) =

F(2)2+2f(2) + e f(2) = —1.

Hence, to classify the general ratios of exponential polynomials for non-linear differential-

difference equation is deserved to considering.

(3) We have the basic discussions on L(z, f) = f'(z) in (4.4). However, if L(z, )
includes differential-difference polynomials, for example L(z, f) = f'(z + ¢), the
corresponding substitution will be more complicated than . In this case, it is
not clear for the expressions of properly meromorphic solutions of .
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