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1. NOTATIONS AND FORMULATION OF THE MAIN THEOREM

Let f be a 2w-periodic locally integrable function and

n
a
Sp(z, f) = ?O + Z(ak cos kx + by sin kx)
k=1
be the partial sums of the Fourier series of f with respect to the trigonometric

system.
Let () be a sequence of real numbers, where o, > —1, n=1,2,.... Suppose
o (x, ) = ZA%*S @, f)/Ax,
where

AP = (an + 1) (an +2) ... (0 + k) /K.

These means (generalized Cesaro (C, o, ) means) were introduced by Kaplan [7].
The author compared the methods of summability (C,a,) and (C, «) for number
series, and obtained necessary and sufficient conditions, in terms of the «,,, for
the inclusion (C,a,) C (C,«), and sufficient conditions for (C,a) C (C, ).
Later Akhobadze ([I]-[5]) and Tetunashvili [10]-[I5] investigated problems of (C, av,)
summability of trigonometric Fourier series.

If (o) is a constant sequence (o, = o, n = 1,2,...) then o~ (z, f) coincides
with the usual Cesédro o (x, f)—means [I8, Ch. III].

One of the most general test of convergence of Fourier series at a point was given
by Lebesgue [g].
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Theorem 1.1 (Lebesgue). Let f be 2m-periodic locally integrable function (f €
L(]0,27])) and at a point x the following conditions are fulfilled:
h

(1.1) h*1/|<p(x,t)\dt=o(1)

0

and

(1.2) /t’1|<p(:1:,t) (@t 4 B dt = o(1), h— 40,
h

where

(1.3) o(x,t) = flx+t) + flx —t) — 2f(z).

Then the trigonometric Fourier series convergence at the point x.
In 1930 Gergen [6] improved the last Lebesgue statement. In particular, he proved

Theorem 1.2 (Gergen). Let

O(z,t) = /@(x,u)du.
0

If f € L([0,27]) and at a point x relations (L1.2) and
(1.4) h=t®(x,h) = o(1), h — 40,
are valid, then the Fourier series of f convergence at the point x.

In 1981 Sahney and Waterman [9] proved

Theorem 1.3 (Sahney, Waterman). Let —1 < « < 0. Suppose that assumption

holds true and

™

/ 7 (1) — (et )| dt = o(n®), 0 =m/(n+ (a4 1)/2) = +0.

Moreover, let
(1.5) O(z,7) — O(x,m — h) =o(h™%), h — +0.
Then the trigonometric Fourier series is (C, «)-summable at x.

Long ago (in 1964) Zhizhiashvili (JI6]; see, also, [I7, Theorem 2.2.1]), proved

more strong result then the last theorem. In particular, he showed that condition

(1.5) is not necessary.
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Theorem 1.4 (Zhizhiashvili). Suppose —1 < a < 1. Then under assumptions (L.4))

and

(1.6) ho /fl*a (@, ) — p(a, £+ h)| dt = o(1), h — +0,
h

the Fourier series of f is (C, a)-summable at point x.

The object of this paper is to generalize the above result for (C, a, )-summability

method.

Theorem 1.5. Let -1 < a, <1, n=1,2,..., and

O(x,t) = sup |P(z,u)|.
0<u<t

Suppose that

™

1 D(z,t) Yy
(17) )n/ dt = of1),

1+ ay t3

(1.8) ———~— sup /til*a" lo(x,t) — p(z,t + h)| dt = o(1), n — oo,
<

hold true. Then the trigonometric Fourier series is (C, a,) -summable at x. Summability
is uniform over any closed interval inside interval of continuity where (1.7)) and (|1.8))

are satisfied uniformly.
Using the last statement it is easy to prove

Corollary 1.1. Let ag € [0, 1) and for all n natural number o, € (oo, 1). Then for

almost all © the trigonometric Fourier series is (C, —a,,)-summable at point x.

Corollary 1.2. Theorem[L.4) in the case —1 < o < 0 is a consequence of Theorem
L5l

2. AUXILIARY STATEMENTS

Let K2n(t) be the kernel of the (C, o, )-summability method.

Lemma 2.1. [3, Lemma 2| For every natural n and «, € (—1,1)

n 1

2.1 Ko < —.
(2.1) K@) € T+ 5
Lemma 2.2. If k,n and i are natural numbers then

Cr(0) (i + an) (i + 14 an) k" < A < Co(3) (i 4 an) (1 4+ 1 + ay ) kO,
5



T. AKHOBADZE, G. GOGNADZE

tn € (—i—1,—)f]
This lemma actually was proved in [3, Lemma 2].

Lemma 2.3. For every natural n and o, € (—1,1)

4n?
Kan ! < .
@) <
Proof. The proof of this lemma is a simple consequence of Jackson’s well-known
inequality (see, e.g., [I8, Ch. III, Lemma (13.16)]) and Lemma O

Using representation (1.12) (see [19, Ch. XI]) for sequence (a,) we get

Ko (t) = @pn (1) + 7 (b),

where
Qp (t) — Sin[(n + 1/2 + an/2>t - Oén7T/2]
o Afn (2sin(t/2))1+on
and
. . Qn — e*ll/
,,,an (t) — _]m 6_15 i Agn_] + el(n-‘rl/Z)t :%;ﬁ»l v _
n 245" sin L =~ (I—c )i " 24% smL  (1—e i)
1 L

2.2 - e, Im i (2sin - etU=Dt/2 gan=j 4
g ()

—4
1 Z Ao (281n2> ei("“_”)t}.

v=n-+1

Lemma 2.4. For every natural n and o, € (—1,1)
C
T (1+an)nt?

Proof. Using representation (2.2)) we get

3 —j—2
1 . t
(23) [ ()] = e Im Zi‘] (2sin2) (j+1) cos Sl 45077
1< £\
,Z —j+1 (QSm ) (j — 1)eili=Dt/2 gan—i _
2 n

—5
t t
4i E Agnt (2sin 2) cos 5@’(’”2"’”—

j=n+1

e —4 4
¢ 4
g Agnt (2 sin 2) (n+2— V)ez("”_”)t} =: E Ng.
k=1

v=n-+1

2In what follows by C1(i),C2(4),C, ... we denote positive constants, respectively, absolute or
dependent on parameters and indices which are, in general different in different formulas.
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By Lemma [2.2]it is easy verify that for ¢ € [7/n,

; 1
—J 42 _
)t _O((1+an)nt3

w

7]

).

(2.4) Ny =
j=1
(2.5)
3 .
1 A%»—J 1 1
2 Z:: t1+i AG 1+ o ; (nt Iy
(2.6)
1 O, poan—d
N3 =0<{ —— _
’ {A%" u:;rl t5

Furthermore, it is easy to see that

}‘O{Aiﬁ“”*”"g} dGr

).
).

(G

1 > ven=4n +2 — v
2. = _
0 » O{Azn P
1 a,, —4 Z Z 3
0 v—n— 2
(1 + an) ( A(’" t4 v=n-+3 Aa" ‘ v=2n+1
0 1 N nan—Q N nan—2 B
(1+ay,) (nt)*  Apnet - Agmed |

O<u+JM%J:O<<

_
14+ ap)nt® )
Therefore, according to . the lemma follows.

3. PROOFS OF THE RESULTS

Proof of Theorem 1.5l Let —1 < a,, < 1,n =1,2,3,....

(5.4)])
(3.1)

T/n

1

™
0

t/ﬂnmﬁ%@ﬁ+l
T

We have (see [I8, Ch. III,

s

/ o(x, ) K, *(t)dt =: I + I,

w/n

where ¢(z,t) is defined by (1.3]). Using Lemmas and by the formula for

integration by parts, we get

T/n
1 T™/n
62) Il =|; R @] 7 - 1 [ e K@) d) <
0
) 177/71
™ _ /
7<1>x,fHKn°‘" f‘—i— su z, )| |[Kom (z)] | dt <
o) S (e[ )]
1— s n 1 =« 4n? Yo T
“F (2, “4 T 3 (2, 7).
T (x’n)<1—an+2 n 1—an><1—an (I’n>
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On the other hand by the well-known representation [I8, Ch. III, (5.14)] we have
sin[(n+1/2 — ap/2) t + ap7/2]

(2 sin %) t-om

dt+

ﬂ.A;an
™

(33) L= / (1)
/n

™

1
/wuﬁq%@a:g”+§%

s

w/n
where
(3.4) ey = -2 0 g <1
n I
n (251n§)
Besides,
| = %[‘I’(:c,t)?"ﬁa"(t)] i / Bz, 1) [ry " (@)] dt| <
T/n
X . ST c [ |@(e,t)
%|<D(x,7r)|+;’q> (ZE,E) Tn (ﬁ)’Jrﬂ(l_an)n / t3 dt.

T/n
Therefore, by (3.4) and (1.7) we can conclude that for the estimation I5 it suffices

(see (3.3)) to consider

™

M =: 1710‘;% / o(x,t)gn (t)cosntdt,
x/n
where
(3.5) gn(t) = cos ! _2ant (sin ;)O‘n 1 .
It may be easily verified that
-
(3.6) 2M = Jf;n / [o(z,t) — p(z,t + 7/n)] gn(t) cos ntdt+
x/n
r—7/m
/ o(x,t +7/n) [gn(t) — gn(t + 7/n)] cos ntdt—
r/n
7/n m 4
/ o(z,t +7/n)gn(t + 7/n) cosntdt + / p(x,t)gn(t) cosntdt p =: Z M;.
o an/n i=1

By the condition (1.8)) of Theorem we obtain

(3.7 M; =0(1), n — 0.
8
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Now from (3.6)), taking into account the estimation

(3.5 jgu(t /) — gu(t) < S0 0n)
and condition , we get
@ mn/m
(3.9) M,y — 171 ;n / o(z,t) [gn(t) — gn(t + m/n)] cosntdt| <
n/n
e mn/m
[ ettt/ = (e ) lgalt) - galt +m/m]de <
n/n
T—7/n
cnet [ ol mim) - (o 0] e <
n/n
T—7/n
Cn» / lo(x, t +7/n) — oz, )] tﬁ%n =0(1), n = oc.
7/
Therefore, instead of My it suffices to estimate
[e% ﬂ-iﬂ-/n
M = 171 ;n / o(x,t) [gn(t) — gn(t + 7/n)] cos ntdt.
s
Analogously to the representation of we have
N 27 /n
(3.10) 2M3 = ln_ ;n / o(z,t) [gn(t) — gn(t + m/n)] cos ntdt+
x/n
r—27/n
[ 10(et) = oot 1w 9a(0) = gt -+ /)] cosmtdr+
27 /n
r—27/n

oz, t +7/n) [gn(t) — 290 (t + 7/n) + gn(t + 27 /n)] cos ntdt—

21 /n
27 /n
/ olx, t+m/n) [gn(t + 7/n) — gn(t + 27/n)] cos ntdt+
0
r—n/n 0
/ o(x,t) [gn(t) — gn(t + 7/n)] cosntdt 3 =: ZM’
o in i=5

It is easy verify that for ¢ € [7/n, 7]

guio) < So=)

t3—an
9



T. AKHOBADZE, G. GOGNADZE

and ( )
C(1 - ay,
97(13)@)‘ < e,

Hence, using Lagrange theorem repeatedly, we obtain

1) (0) — gt + /)| < S 0n)
(3.12) |90 (t) = 2gn(t + 7/n) + g (t + 27 /n)| < %
(3.13) |97(t) — 295, (t + 7/n) + g, (t + 27 /n)| < %

Now applying formula for integration by parts and take into account piece wise

monotonicity of cosnr on [0, 27”] it follows by , ,

27 /n
[62%) 2 3
(3.14) |Ms| < & 9n (ﬂ) — gn ( W) / o(x,t) cos ntdt| +
1-— n n
0
5 T/n
In (ﬁ) — n (;)’ / o(x,t) cosntdt| +
n
0
27 /n ¢
o(x,7)cosnrdr - [g),(t) — g, (t + 7/n)] dt| <
7/n 0
1—a, n n
27‘(‘/7’7,7( )
Cn® 1—ay, D (z,t
—a. n / prm— dt = o(1), n — oo.
w/n
On the other hand, by (3.8) and (1.8]) we can conclude
T—27/n
Cnon 1—a, ) — (42
(3.15) M| < < 1o / lp(@,t) = (@,t +2m/n)] \,
1-— Qp n tZ_O‘"
27 /n
T—27/n
t) — t+2
On%n / |90(‘T7 ) ;’;Ea;) + 7T/n)|df: 0(1)7 n — oo.
27 /n
Let

T 2
=: -2 — — .
bn(t) =: gn(t) — 2gn <t+ n) + gn <t+ - )
Then

T—2m/n

Qn 2
|M7| = 1” b, (77 — 7T> cos(mn — 2) / @ (x77— + z) dr—
-« n n

0

10
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27 /n
2
bn <7T> cos(27) / ® (z,T + z) dr—
n n
0
T=27/n t
/ /ap ($7 T+ z) dr (b, (t) cosnt — nby,(t) sinnt) dt
n
2n/n 0
Now taking into account (3.12)), (3.13) and (1.7), we get
(3.16)
( ) T—7/n 37/n
Cn%n 1—a, 1-a,
‘M7|§1—Oén n2(7r72i)37a" / (P($7T)d7 +W / QD(ZL',T)dT"‘
n T/n w/n

=27 /n| t+7/n

l—a,  n(l-—ay)
/ / ¢ (z,7)dr -<n2t4an + — 5o )dt = o(1), n — 0.

27 /n w/n

In the same manner we can see that
(3.17) Mg = 0(1), n — oc.
Besides, by (3.8) simply obtain

(3.18) Mgy = 0(1), n — oc.

Now applying (3.10)), (3.14]) - (3.18]) we get that

(3.19) My = 0(1), n — oc.

On the other hand, for M3 (see (3.6])) as well easily we have
w/n

Qan o 2

(3.20) |M3| < 1Cn / % (:l:, 7r> n-n'Tmdt = o(1), n — oo.
—ap n

0

Furthermore, since g,, (t) is a decreasing function, by the second mean-value theorem

it follows (&, € (7 — Z, 7)) (see )

T En
nn nn ™
|My| = . / ¢ (z,t) gn(t)dt| = T (ﬂ—g) / ¢ (,t)dt| <
T—7/n T—m/n
Cne &n T—7/n
S| [ ewna- [ ewod -
27 /n 27 /n
T—m/n T—7/n
Cn®n s
go(x,t—i—én—l—f—W)dt— p(z,t)dt| <
1—a, n
7 /n4(m—E&n) 27 /n

11
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One T—m/n m/n+m—Ep
i / ’(p(m,t—an-i-I—ﬂ')—(p(l‘,t)’dt+ / o (x,t)dt
1—a, n
27 /n 2m/n

Hence according to the conditions of Theorem [I.5] we obtain
(3.21) My = 0(1), n = oc.

Finally, on the base of (3.1), (3.2), (3.6), (3.7, (3:9), (3-10), (3.14) - (3-21) the

proof of the first part of Theorem 1 is complete. It is easy see that in corresponding

restrictions uniform (C, «,,)-summability of trigonometric Fourier series can be

proved similarly. |

Proof of Corollary[L.2] By definition of ®(xz,t) there exists a ¢y € [0,¢] such that

to

D(,t) = /g@(w,u)du .
0
Thus
to
—®(x,t) < % p(z,u)du|.
0
Hence implies

O(x,t) =o(t), t — +0,

and for constant sequence o, (o, = o € (—1,0]) this in turn implies (1.7]).
Let a € (—1,0] and h € (0,7/n]. There exists hg € (0,7/n] such that

sup / 1% o(2,t) — @z, t + h)|dt =
0<h<m/n )

™

/t*ﬂwmaw—@u¢+hQWt

T/n
We have
T\ f —l-a
(7) sup t lo(x,t) — p(z,t+ h)|dt <
n/ o<h<z )
g [ €10 plat) — olat+ ho)ldt
ho
Hence (1.6)) implies (|1.8). O
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