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Abstract. The problem of description of a wave field generating by a system of coherent point
sources is considered. This problem is discussed for two well-known approximations, the Fresnel and
Fraunhofer patterns, correspondingly. It is shown, that for validity of the both approximations the
problem has to contain two dimensionless small parameters. First of them is the wave parameter of
the sources area and the second one is the wave parameter corresponding to the observation area. In
the framework of the Fraunhofer pattern the Laue conditions of diffraction maximums for a system of
periodic arranged sources is derived.
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1. Introduction

In the paper we consider the problem of description of a scalar wave field (or a component of
some vector filed) generating by the system of coherent emitting point sources. This problem has an
important role in the wave theory and lies in the base of calculations of the working parameters for
many optic system and phase lattices [1-7]. It is known that when the wave process excited by the
sources is very weakly scattered or acted on them, then the superposition field is given by the
following sum:

N
U(ﬁ,t):zliicos[a)t—ijerj] , (1)
=1

j

where N is a number of the point sources, a, is the sphere wave amplitude and the space vector

R shows the observation point. Here L, is the distance between the observation point and the j -

source. The quantities @ and k are the frequency and the wave number of the generated wave
field. We assume that the dispersion low @ (k) can be in any form, for example, has a linear form:

oK) =ck, @)

where C is the propagation velocity of waves.
In the expressions of the space dependent parts of phases of sphere waves (see (1)), i.e. for the
expressions

o, (R)=KL; -y, (j=12--,N) (3)
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we took into account that the wave field generation by the different sources can differ by the phases
at the initial time moment. So, the quantities y; are the initial magnitudes of the phases.

In general, the study of expression (1) is rather difficult, except the case when N =2, which
corresponds to the well-known case of interference or the case of a diffraction grating, when
N >>1 the emitters are located on the same straight line [8, 9]. However, if we restrict ourselves to
considering the wave field only at certain points and at the same time impose certain conditions on
the parameters of the problem, then, as is known, one can come to a more simplified form of
writing the sum (1) that preserves the main features of diffraction (see, for example, [10-15]).

In the framework of this paper we discuss the problem of description of the superposition field
(1). In particular, we consider the problem of the determination of the space positions of the points
corresponded to the maximum and minimum of the intensity of the wave field (1). It is clear that the
position of these points is directly related to the spatial location of the emitters. In general, the
presented work is devoted to the study of the expression of the superposition field (1) and its
consideration in the so-called pictures of Fresnel and Fraunhofer. Below we consider the problem in
general terms, as possible, and here the main emphasis is on the initial consideration of the fields of
single sources in the corresponding figures, i.e., in a highly simplified form.

2. The problem statement

Let the source system be located near some point O, which we will call the center of the
source area. Let us also assume that the observations are carried out within a certain area and
choose a point O’ inside the observation area. We will call this point as a central observation point.
The straight line drawn through the points OO’ we call as a main observation axis and the distance
between the points O and O’ as an average light of observation. Below for description of the wave
field we will associate with central point of the source area O the origin of a rectangular coordinate
system and direct the axis Z along the main observation axes OO’ (see Fig. 1). In accordance with
this choice of the coordinate system the plane (X,Y) will define the across directions of
observation and the axis Z will define the main observation direction.

Let as denote by 7, (j=12,---,N) the space vectors showing the positions of the sources;

r[=X;-€+Y,-€+2;-€,, 4

where X;,Y;,2; are the corresponding coordinates of the j- th source and €, €€ are the unit

dimensionless vectors showing the positive directions of the axis X,Y,Z. In accordance with (4)

(see Fig. 1 as well) the vector F?i directed from the location point of the j- th source to the
observation point can be presented as;

Ry =(x=%)-& +(y-Y,)-& +(z-2)E, ®)

where x,y,z are the coordinates of an observation point;

R=Xx-€+Yy-€+Z€,. (6)

Below we investigate the wave field pattern in the plane perpendicular to the main observation
direction Z (see Fig. 1). Let the observation plate crosses the Z in the point z. Then, the
observation point in the observation plane will be defined by the vector p;
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R=p+z-€ (6)
and
P=XE+YE, (7)

Fig. 1. The diffraction experiment scheme, where the source area and the observation area are indicated,
as well as the vectors necessary for the description are introduced.

Using (5) - (6) for the distance L, between the observation point and the j -th source (see (1))
one can write:

Ly =[R)[=@-2)" + (=) +(y-y,)" (8)

Let us introduce the positive quantities d,, d, and o which determine the linear sizes of the
sources and observation areas, correspondingly. The parameter d, will limit the magnitudes of the
longitudinal size of the source area;

|z;|<d, (j=12N) 9)
and the parameters p , d, limit the magnitudes of the shear sizes of the problem;
X<, ly|<pand |x|<d,, |y|<d, (j=12,,N). (10)

Now, by using (8) let us consider the amplitude part of a one sphere wave (see (1));
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3 8
2= . (11)
L Jz-2) + (x=x) +(y-y,)

If the experimental conditions are such that the linear sizes of the both areas much less than
the average distance of observation L ;
L=z, (12)
i.e. when
d <<L,d <<Land p<<L, (13)

then all amplitudes of the sphere waves can be consider as equal to each other [8, 9];

% _ 8
—r—. 14

oo (14)

This equality means, that under the conditions (13) when the across and longitudinal sizes of

the source region and the observation area are much less than the average observation distance then

the amplitudes of the waves arriving at the observation point from different sources can be
considered equal to each other. At the same time the conditions (13) are not sufficient conditions to

do corresponding simplifications in expressions of the wave phases goj(ﬁ). Indeed, the phase

expression (3) appears in the argument of the oscillatory function, in this case in the cosine
argument. It means that when the parameters of the problem change, then the phase change should
be insignificant (see below).

3. The phase of a sphere wave in the Fresnel and Fraunhofer picture

As it was shown the paragraph 2 for a system of many point sources the problem of
determination of the maximums and minimums of the superposition field intensity is reduced to
investigation of the path differences for all possible pairs of sources. In the general case of sources
with an arbitrary space location the consideration faces many difficulties. At the same time, when
certain conditions are imposed on the parameters of the problem, the expressions for the sphere
wave phases, in particular, their dependence on the spatial coordinates, are simplified.

Now taking into account the conditions (13) (see (9), (10) and (12), as well);

XL IYL |y ]z << L =], (15)

we consider the question of the possibility of simplifying the phase (3) of the wave field of a point
source, namely, its spatially dependent part (see (8));

(/’j(ﬁ):l//j(ﬁ)_ﬂ: l,//j(F_é)El//(F_é,F.) (16)
and

w(RF) =KLy =k\(z—2;)" + (x= X)) +(y - ¥})" - (17)

Let us write down this expression in the form of:

w(R.T)=k|z-z|\1+4], (18)
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where
X=X ) +(y-y.)?
Aj:( i) (yz y;) | 19)
(Z_Zj)
As it seen from the conditions (15):
A;<<l. (20)
Expanding the radical of (18) into a Taylor series in powers of A, one gets:
(R.1)=k|z-z |(1+A AL (21)
VAR = M2 8 )
Using (19) for (21) it can be written:
_ | | o 1 o 1 o
w(R,F)=klz—z |+~ L4 L. (22)
2 Kfz-z)| 8 (k|z—zj|)2 16
where
X=X )+
- =k|2_zj|_Aj (x=x;)* +(y - y) 23)
2=z
Since we have considered that |z j|<< |z| (see (15)) for (22), (23) it can be found
Rr)—kL_z)+ 2L, 1 9 (z>0)  (24)
G)=K(L-Z)+—- —+ — z>
v T kL8 (kLY 16
where
X=X )2 +(y-V:)°
(TJ- — ( ]) (y y]) k (25)
L
Below we will assume that in (24) the ratio 1/ (k - L) << 1, which will mean that
AlL<<1, (26)

where A is a wave length.
In the diffraction theory the parameter o, is known as the wave parameter (see, for example,

[9]). If o; 0 27 when for the series (24) the following expression can be applied:

w(RF)=k(L-7, )+—'—ia— 27)
k-L8

The given expression is the sphere wave phase written for the Fresnel picture. If

o;<<2rm (28)
from (24) one gets:
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w(ﬁ,r):k(L—sz%, (29)

which is the expression of the sphere phase written for the Fraunhofer picture.
Using (25) the last expression can be presented as well:

[X*+y? + X +yi1-2[x-X; + Y- Y]
2L

w(RF)=k(L-2,)+ k. (30)

In the case of when the source locates in the origin of the coordinate system, i.e. when we
have x; =0, y; =0 and z; =0, itis easy to see that expression (30) takes the form of:

2 2
v(RO) =y, =k-L+k>—7 (31)
Let us introduce the quantity
X2+ Y21 -2[X- X, + Y-V,
a kg DRV Yy )
2L
When the phase (30) can be written as:
w(RF)=p,-A,. (33)
Note that when x; =0, y, =0 and z, =0 the quantity A; takes zero value:
A;=A(RT;) and A(R,0)=0. (34)

The last means that the value of the quantity A, shows the change of the sphere wave phase

in a point of a radius vector R when the source is moved from the coordinate system origin to a
point of a radius vector ;.

First of all let us note that by using the formula (25) the condition (28) providing the
observation of the Fraunhofer picture can be transformed into the following conditions:

W2 y2 X2 y?
—k<<2r,>~k<<27r and Lk<<2r, “Lk<<2r. (35)
L L L L

From these conditions it follows that:

XX
Lk << 27 and

Y ik e 2n (36)
2L

as well.
In accordance with the above results the wave field (1) generated by a system of point sources
in the Fraunhofer picture is given by the following expression;

U(F_i,t):a ZN:COS[a)t—y/O—AJ—)/J(Z>O), (37)

-0
L j=1
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It is easy to see that for any space point by means of the shift of the time origin calculation
(At =y, /) this sum is reduced to:

_ N X+ Y2 ]-2[X- X +Y-V.
U(R,t)za—LOZCos a)t—k~zj+[J yil 2[L ’ yy,]k_yj : (38)
j=1

As it follows from this expression the character of the superposition field depends on the shear
coordinates of the observation point x,y linearly. This dependence as a function of the shear

coordinates of the sources X, Y; also has a quadratic term.

Using the connection k =27/ A and the notations (10) one can present the conditions of the
Fraunhofer picture (35) as:

2 2
%«1 and % (39)

Taking into account the conditions (see (10) and (15));

plL<<l and d /L<<1, (40)

it can be seen that the consideration of the conditions (39) is reduced to investigation of the values
of the following fractions:

plA and d, /4. (41)

Note it is assumed that 4/ L << 1 as well (see (26)).
On the base of (39)-(41) it can be distinguished the following four situations, when for the
superposition field the Fraunhofer approximation can be applied:

A<<p, A<<d; (42)

A<<p, A0d,; (43)

Al p, A<<d; (44)

Al p,A0d,. (45)
It is clear that when

A>>por A>>d , (46)

then the wave field description should be done be means of a higher approximation, for example, by
means of the Fresnel approximation.

In the usual problems of the interference and diffraction we observe the situations which
correspond to the cases of (42), (43). So, for the interference problems the values of the parameters
are approximately as follows:

A0107m, p010°m, d, 010°m.
In the case of the optic diffraction gratings:

A0107"m, p010°m, d, 010°m.

Note that in experiments on optical diffraction, in addition to condition (44), we also have:
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d, << p. (47)
The last means that in the expression of the superposition field one can take:
|xj|,|yj|<<|x|,|y| (48)

and consider the wave field in the form of:
_ N X-X:+VY-V.
U(R,t):acho{a)t—k-z.—‘fyy’k—yj] (49)

As we will show below, by mean of the wave field presentation (49) many well-known results
of diffraction theory for periodic structure can be easily derived.

It is interesting to show the transition of the expression (38) into (49), where the
superposition field dependence on the coordinates of the sources has a linear character. Applying
the well-known trigonometric relation about the cosine of the sum of two angles to expression (38)
we obtain:

X:+y:

N . v v
U(M=—i°2co{Tylk}o{m_k.zj %k}
j=1

N X2 +y? X- X + 0
~ 203 sin| S sin{wt—k-zj—¢k}
L4 2L L

Since
2 2
XP + yp
2L

k>0,

and in accordance with (35) this ratio is a small one can take:
X X
cos| ==k |~1 and sin| ==~k [~ 0. (51)
2L 2L

Using (51) it is easy to see that the sum (50) takes the form of (49).
4. The wave field generated by the system of periodic arranged sources

In this section we will consider the problem of description of the wave field generated by the
system of periodic arranged sources. Below we consider the sum (49), when the coordinates of
sources will correspond to nodes of some regular lattice. In the case of a three-dimensional
structure, the locations of the sources are conveniently indicated by means of three indexes, rather
than one index. Describing the emitting structure by mean of three indexes the wave field (49) can

be presented in the form of:
N, Ny N,

URD=23Y cos[wt+4,, |, (52)

hal
L h=1 p=1 I=1
where
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XKV Yy
hpl *

A (53)

hpl = —k- I
It is clear that the number of sources of such structure N =N, N N, .
As it was mentions above the quantities y, (y,,) are the initial magnitudes of the phases

goj(ﬁ):ij —y; (see (3)). Let the radiation of sources are induced by the presence of some
primary field, which will define the magnitudes of the quantities y, . This field is an external

mechanism for creating forces for all sources, under the action of which the sources begin to
generate waves. It is clear that, if we neglect the influence of the secondary field created by the
sources on the sources themselves, then the oscillations of the sources will be determined only by
the magnitude of the primary field at the points of the sources and its polarization. For example, in
the diffraction of X-rays on a crystal lattice, when the primary X-ray penetrating into the volume of
the crystal, leads to the excitation of secondary waves on the atoms of the lattice. As is known, in
this case, the difference in wave paths from different atoms is determined not only by their mutual
position, but also by the directionality of the primary beam [10-15].

Let the primary field has the form of a harmonic plane wave;

@(F,t) = ®, cos(wt — KR) (54)
where @, is the amplitude of the primary wave and K its wave vector. Note that the modules of
the waves vectors K and k (see (2)) should be equal to each other:

K=k. (55)

Since the time delays associated with the processes of absorption and re-emission of the
energy of the external field for all sources are the same, we will write the initial phases y; as:

7 =K, (56)
or
Vi = Koo X + K-y +K -z (57)
Using (57) for (53) one can write:
Aot = 0%, =0, Y, =0, -7, (58)
X y
O =7 k+Koa, =Tk+K,, g, =(k+K,). (59)

Let us consider the intensity of the superposition field,;

.
|=1ju%Rom, (60)
T 0
Using (52) one can get:
1 a 2N>< Nx NY NY Nz Nz
I :E(Toj > COS(Apy = Apprr) - (61)
h=1h'=1 1=1 I'=1 p=1 p'=1
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As it should be the intensity depends on the phase differences A, — A, between the waves
emitted by sources. Note that the number of members in the sum (61) equals to NINJN7. As it

follows from this formula if
Apy = Appyr =27mM =0,£1,%2,--+) (62)

then the wave the wave filed oscillates with ta maximum value;

2
e =[ 2] W2NNZ 63

For a periodic structure, when the coordinates of sources can be presented in the form of
X, =x+a-(h-1),y =y +b-(1-1), z, =z +c-(p-1), (64)
the phase differences can be written:
Apy = Appy =a(h’ =h)q, +b(1"=1)q, +c(p’ - p)d, - (65)

In this case the sum (61) can be calculated:

) b-N .
1 zsinz[qxazNX}sin{qy 5 y}sinz[qZCZNz}
| :—[af)] . (66)
2 . a .

As it is seen from this result the intensity takes the maximum, when

q,a=27n,, q,b=2zn,, q,c=27n,, (67)

where n,, n, n, =0,£1,+2 .- and the maximum value is (63). In fact, the obtained formulas (67)

are the well-known Laue conditions, which determine the diffraction maximums of X-rays scattered
on the crystal lattice (see, for example, [16, 17]).

Let us introduce the quantities ,, B,, B,, which are the angles between the vector K (see
(55)) and the X,Y,Z axis;
K =k(cos[B,] €, +cos[,]-€,+cos[3,] €,). (68)

Since K, =kcos[f,], K, =kcos[3,], K, =kcos[f,] the conditions (67) can be written in
the form of:

X n.a
E+cos[ﬂx]: Rk (69)
Y 1 cos[B,] = no 70
L ﬂy - 2 ' ( )
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n,c
T

(1+cos[p,]) = (71)

It is important to note that the angles f,, S, , p, defining the direction of the incident wave
are not independent from each other parameters, as it can appear at first glance. Indeed in the
cylindrical coordinate system the vector K can be presented as:

K =k(sin[B]-cos[¢]-&, +sin[ B]-sin[p]-€, +cos[ 5] €,), (72)

where S, =/ is the angle of incident and ¢ is the polar angle in the X,Y plane;
cos[B,]=sin[B]-cos[p], cos[p,]=sin[B]-sin[¢]. Using (72) the conditions (69)-(71) can be
presented as:

Xt sin[8]-cos[p] = ™2, (73)
L a

Y | sin[]-sinfg] = 74
Y+ sin[g]-sinfp] = 2 7
(L+cos[A]) = ”;’1 . (75)

These formulas are the conditions defining the locations of maximums of a wave field
generated by a system of periodic arranged sources.

It is visible, that the obtained result includes the solutions of many well-known diffraction
problems. So, in the case of normal incident =0 from (73)- (75) one gets:

x=nAiL/a, y=nAL/b, n,A=2c. (76)

The first and second equations correspond to the maximum condition of for the one
dimensional diffraction and the last equation corresponds to the well-known Wolf-Bragg formula.

5. Conclusion

Within the framework of this work, the problem of description the wave field created by a
system of point sources was considered. We have shown that for a simplified description of the
field in the Fresnel or Fraunhofer pictures, in addition to the conditions for the smallness of the
source region and the remoteness of the observation region, it is also necessary to have two small
parameters. First of them is the wave parameter of the sources area and the second one is the wave
parameter corresponding to the observation area. We also obtained the expression of the
superposition field for a three dimensional periodic system. On the base of the developed approach
we derived the well-known Laue conditions determining the diffraction maximums of X-rays
scattered on the crystal lattice.
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