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Abstract. The problem of description of a wave field generating by a system of coherent point 
sources is considered. This problem is discussed for two well-known approximations, the Fresnel and 
Fraunhofer patterns, correspondingly. It is shown, that for validity of the both approximations the 
problem has to contain two dimensionless small parameters. First of them is the wave parameter of 
the sources area and the second one is the wave parameter corresponding to the observation area. In 
the framework of the Fraunhofer pattern the Laue conditions of diffraction maximums for a system of 
periodic arranged sources is derived. 
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1. Introduction 
 

In the paper we consider the problem of description of a scalar wave field (or a component of 
some vector filed) generating by the system of coherent emitting point sources. This problem has an 
important role in the wave theory and lies in the base of calculations of the working parameters for 
many optic system and phase lattices [1-7]. It is known that when the wave process excited by the 
sources is very weakly scattered or acted on them, then the superposition field is given by the 
following sum: 

0

1

( , ) cos
N

j j
j j

aU R t t kL
L

ω γ
=

 = − + ∑


 ,     (1) 

 
where N  is a number of the point sources, 0a  is the sphere wave amplitude  and the space vector 

R


 shows the observation point. Here jL  is the distance between the observation point and the j - 
source. The quantities ω  and k  are the frequency and the wave number of the generated wave 
field. We assume that the dispersion low ( )kω  can be in any form, for example, has a linear form: 
 

( )k ckω = ,       (2) 
 

where c  is the propagation velocity of waves. 
In the expressions of the space dependent parts of phases of sphere waves (see (1)), i.e. for the 

expressions 
( )j j jR kLj γ= −


  ( 1, 2, ,j N=  )    (3) 
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we took into account that the wave field generation by the different sources can differ by the phases 
at the initial time moment. So, the quantities jγ  are the initial magnitudes of the phases. 

In general, the study of expression (1) is rather difficult, except the case when 2N = , which 
corresponds to the well-known case of interference or the case of a diffraction grating, when 

1N >>  the emitters are located on the same straight line [8, 9]. However, if we restrict ourselves to 
considering the wave field only at certain points and at the same time impose certain conditions on 
the parameters of the problem, then, as is known, one can come to a more simplified form of 
writing the sum (1) that preserves the main features of diffraction (see, for example, [10-15]). 

In the framework of this paper we discuss the problem of description of the superposition field 
(1). In particular, we consider the problem of the determination of the space positions of the points 
corresponded to the maximum and minimum of the intensity of the wave field (1). It is clear that the 
position of these points is directly related to the spatial location of the emitters. In general, the 
presented work is devoted to the study of the expression of the superposition field (1) and its 
consideration in the so-called pictures of Fresnel and Fraunhofer. Below we consider the problem in 
general terms, as possible, and here the main emphasis is on the initial consideration of the fields of 
single sources in the corresponding figures, i.e., in a highly simplified form. 

 
2. The problem statement 

 
Let the source system be located near some point O , which we will call the center of the 

source area.  Let us also assume that the observations are carried out within a certain area and 
choose a point O′  inside the observation area. We will call this point as a central observation point. 
The straight line drawn through the points OO′  we call as a main observation axis and the distance 
between the points O  and O′ as an average light of observation. Below for description of the wave 
field we will associate with central point of the source area O  the origin of a rectangular coordinate 
system and direct the axis Z  along the main observation axes OO′  (see Fig. 1). In accordance with 
this choice of the coordinate system the plane ( , )X Y  will define the across directions of 
observation and the axis Z  will define the main observation direction. 

Let as denote by jr  ( 1, 2, , )j N=   the space vectors showing the positions of the sources; 
 

j j x j y j zr x e y e z e= ⋅ + ⋅ + ⋅
     ,      (4) 

 
where , ,j j jx y z  are the corresponding coordinates of the j - th source and  , ,x y ze e e    are the unit 
dimensionless vectors showing the positive directions of the axis , ,X Y Z . In accordance with (4) 
(see Fig. 1 as well) the vector jR


 directed from the location point of the j - th source to the 

observation point can be presented as; 
 

( ) ( ) ( )j j x j y j zR x x e y y e z z e= − ⋅ + − ⋅ + − ⋅
   

,     (5) 
 

where , ,x y z  are the coordinates of an observation point; 
 

x y zR x e y e z e= ⋅ + ⋅ + ⋅
   

.       (6) 
 

Below we investigate the wave field pattern in the plane perpendicular to the main observation 
direction Z  (see Fig. 1). Let the observation plate crosses the Z  in the point z . Then, the 
observation point in the observation plane will be defined by the vector ρ


; 
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zR z eρ= + ⋅

          (6) 
and 

x yx e y eρ = ⋅ + ⋅
   .       (7) 

 

Fig. 1. The diffraction experiment scheme, where the source area and the observation area are indicated,  
as well as the vectors necessary for the description are introduced. 

 
Using (5) - (6) for the distance jL  between the observation point and the j -th source (see (1)) 

one can write: 
2 2 2( ) ( ) ( )j j j j jL R z z x x y y= = − + − + −


.     (8) 

 
Let us introduce the positive quantities ,d� d⊥  and ρ  which determine the linear sizes of the 

sources and observation areas, correspondingly. The parameter d�  will limit the magnitudes of the 
longitudinal size of the source area; 

 

jz d≤ �   ( 1, 2, ,j N=  )     (9) 
 

and the parameters ρ⊥ , d⊥  limit the magnitudes of the shear sizes of the problem; 
 

x ρ≤ , y ρ≤  and jx d⊥≤ , jy d⊥≤  ( 1, 2, ,j N=  ) .   (10) 
 

Now, by using (8) let us consider the amplitude part of a one sphere wave (see (1)); 

 

The area of sources 
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0 0
2 2 2( ) ( ) ( )j j j j

a a
L z z x x y y

=
− + − + −

.     (11) 

 
If the experimental conditions are such that the linear sizes of the both areas much less than 

the average distance of observation L ; 
 L z= ,         (12) 

i.e. when 
d L<<� , d L⊥ <<  and Lρ << ,      (13) 

 
then all amplitudes of the sphere waves can be consider as equal to each other [8, 9]; 

 

  0 0

j

a a
L L

≈ .      (14) 

 
This equality means, that under the conditions (13) when the across and longitudinal sizes of 

the source region and the observation area are much less than the average observation distance then 
the amplitudes of the waves arriving at the observation point from different sources can be 
considered equal to each other. At the same time the conditions (13) are not sufficient conditions to 
do corresponding simplifications in expressions of the wave phases ( )j Rj


. Indeed, the phase 

expression (3) appears in the argument of the oscillatory function, in this case in the cosine 
argument. It means that when the parameters of the problem change, then the phase change should 
be insignificant (see below). 

 
3. The phase of a sphere wave in the Fresnel and Fraunhofer picture 

 
As it was shown the paragraph 2 for a system of many point sources the problem of 

determination of the maximums and minimums of the superposition field intensity is reduced to 
investigation of the path differences for all possible pairs of sources. In the general case of sources 
with an arbitrary space location the consideration faces many difficulties. At the same time, when 
certain conditions are imposed on the parameters of the problem, the expressions for the sphere 
wave phases, in particular, their dependence on the spatial coordinates, are simplified. 

Now taking into account the conditions (13) (see (9), (10) and (12), as well); 
 

, , , ,j j jx y x y z L z<< = ,      (15) 
 

we consider the question of the possibility of simplifying the phase (3) of the wave field of a point 
source, namely, its spatially dependent part (see (8)); 

 
( ) ( )j j jR Rj ψ γ= −
 

,     ( ) ( , )j jR R rψ ψ≡
  

   (16) 
and 

2 2 2( , ) ( ) ( ) ( )j j j j jR r kL k z z x x y yy = = − + − + −
  .    (17) 

 
Let us write down this expression in the form of: 
 

( , ) 1j j jR r k z zψ = − + ∆
  ,       (18) 
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where 
2 2

2

( ) ( )
( )
j j

j
j

x x y y
z z

− + −
∆ =

−
.       (19) 

As it seen from the conditions (15): 
1j∆ << .        (20) 

 
Expanding the radical of (18) into a Taylor series in powers of j∆  one gets: 
 

2 3

( , ) 1
2 8 16

j j j
j jR r k z zψ

 ∆ ∆ ∆
= − + − + −  

 
3 .      (21) 

 
Using (19) for (21) it can be written: 
 

( )
2 3

2
1 1( , )

2 8 16
j j j

j j
j j

R r k z z
k z z k z z

σ σ σ
ψ = − + − + −

− −

 
3      (22) 

where  
2 2( ) ( )j j

j j j
j

x x y y
k z z k

z z
σ

− + −
= − ⋅∆ =

−
.     (23) 

 
Since we have considered that jz z<<  (see (15)) for (22), (23) it can be found 
 

( )

2 3

2
1 1( , ) ( )

2 8 16
j j j

j jR r k L z
k L k L

σ σ σ
ψ = − + − + −

⋅ ⋅

 
3        ( 0z > )          (24) 

where 
2 2( ) ( )j j

j

x x y y
k

L
σ

− + −
= .        (25) 

 
Below we will assume that in (24) the ratio 1/ ( ) 1k L⋅ << , which will mean that 
 

/ 1Lλ << ,        (26) 
where λ  is a wave length. 

In the diffraction theory the parameter jσ  is known as the wave parameter (see, for example, 
[9]). If 2jσ π�  when for the series (24) the following expression can be applied: 

 
21( , ) ( )

2 8
j j

j jR r k L z
k L

σ σ
ψ = − + −

⋅

  .      (27) 

 
The given expression is the sphere wave phase written for the Fresnel picture. If 
 

  2jσ π<<         (28) 
from (24) one gets: 
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( , ) ( )
2

j
j jR r k L z

σ
ψ = − +

  ,        (29) 

 
which is the expression of the sphere phase written for the Fraunhofer picture.  

Using (25) the last expression can be presented as well: 
 

 
2 2 2 2[ ] 2[ ]

( , ) ( )
2

j j j j
j j

x y x y x x y y
R r k L z k

L
y

+ + + − ⋅ + ⋅
= − +

  .   (30) 

 
In the case of when the source locates in the origin of the coordinate system, i.e. when we 

have 0jx = , 0jy =   and 0jz = , it is easy to see that expression (30) takes the form of: 
2 2

0( ,0)
2

x yR k L k
L

yy
+

≡ = ⋅ +


 .     (31) 

Let us introduce the quantity 

 
2 2[ ] 2[ ]

2
j j j j

j j

x y x x y y
k z k

L
+ − ⋅ + ⋅

∆ = ⋅ − .      (32) 

 
When the phase (30) can be written as: 
 

 0( , )j jR rψ ψ= − ∆
 

.         (33) 
 

Note that when 0jx = , 0jy =   and 0jz =  the quantity j∆  takes zero value: 
 

 ( , )j jR r∆ ≡ ∆
 

 and ( ,0) 0R∆ =


.      (34) 
 

The last means that the value of the quantity j∆  shows the change of the sphere wave phase 

in a point of a radius vector R


 when the source is moved from the coordinate system origin to a 
point of a radius vector jr . 

First of all let us note that by using the formula (25) the condition (28) providing the 
observation of the Fraunhofer picture can be transformed into the following conditions: 

 
2

2x k
L

π<< , 
2

2y k
L

π<<  and 
2

2jx
k

L
π<< , 

2

2jy
k

L
π<< .   (35) 

 
From these conditions it follows that: 
 

2
2

jx x
k

L
π

⋅
<<  and 2

2
jy y

k
L

π
⋅

<<        (36) 

as well. 
In accordance with the above results the wave field (1) generated by a system of point sources 

in the Fraunhofer picture is given by the following expression; 
 

0
0

1

( , ) cos
N

j j
j

aU R t t
L

ω ψ γ
=

 = − − ∆ − ∑


 ( 0z > ),    (37) 
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It is easy to see that for any space point by means of the shift of the time origin calculation      
( 0 /t ψ ω∆ = ) this sum is reduced to: 

 
2 2

0

1

[ ] 2[ ]
( , ) cos

2

N
j j j j

j j
j

x y x x y yaU R t t k z k
L L

ω γ
=

 + − ⋅ + ⋅
= − ⋅ + − 

  
∑


 .   (38) 

 
As it follows from this expression the character of the superposition field depends on the shear 

coordinates of the observation point  ,x y  linearly. This dependence as a function of the shear 
coordinates of the sources ,j jx y  also has a quadratic term. 

Using the connection 2 /k π λ=   and the notations (10) one can present the conditions of the 
Fraunhofer picture (35) as: 

2

1
L

ρ
λ

<<  and 
2d
Lλ
⊥ .        (39) 

 
Taking into account the conditions (see (10) and (15)); 
 

 / 1Lρ <<  and   / 1d L⊥ << ,       (40) 
 

it can be seen that the consideration of the conditions (39) is reduced to investigation of the values 
of the following fractions:  

/ρ λ   and /d λ⊥ .        (41) 
 

Note it is assumed that / 1Lλ <<  as well (see (26)). 
On the base of (39)-(41) it can be distinguished the following four situations, when for the 

superposition field the Fraunhofer approximation can be applied: 
 

λ ρ<< , dλ ⊥<< ;       (42) 
λ ρ<< , dλ ⊥� ;        (43) 
λ ρ� , dλ ⊥<< ;       (44) 
λ ρ� , dλ ⊥� .        (45) 

It is clear that when 
λ ρ>>  or dλ ⊥>> ,        (46) 

 
then the wave field description should be done be means of a higher approximation, for example, by 
means of the Fresnel approximation.  

In the usual problems of the interference and diffraction we observe the situations which 
correspond to the cases of (42), (43). So, for the interference problems the values of the parameters 
are approximately as follows: 

710λ −� m , 310ρ −� m , 310d −
⊥ � m. 

 
In the case of the optic diffraction gratings: 
 

710λ −� m , 310ρ −� m , 610d −
⊥ � m. 

 
Note that in experiments on optical diffraction, in addition to condition (44), we also have: 
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d ρ⊥ << .        (47) 
 

The last means that in the expression of the superposition field one can take: 
 

,j jx y << ,x y        (48) 
 

and consider the wave field in the form of: 
 

0

1

( , ) cos
N

j j
j j

j

x x y yaU R t t k z k
L L

ω γ
=

⋅ + ⋅ 
= − ⋅ − − 

 
∑


.    (49) 

 
As we will show below, by mean of the wave field presentation (49) many well-known results 

of diffraction theory for periodic structure can be easily derived. 
It is interesting to show the transition of the expression (38) into (49), where the  

superposition field dependence on the coordinates of the sources  has a linear character. Applying 
the well-known trigonometric relation about the cosine of the sum of two angles to expression (38) 
we obtain: 

2 2
0

1

2 2
0

1

( , ) cos cos
2

sin sin .
2

N
j j j j

j
j

N
j j j j

j
j

x y x x y yaU R t k t k z k
L L L

x y x x y ya k t k z k
L L L

ω

ω

=

=

 + ⋅ + ⋅ 
= − ⋅ − −   

    
 + ⋅ + ⋅ 

− − ⋅ −   
    

∑

∑



   (50) 

 
Since 

2 2

0
2

p px y
k

L
+

≥ , 

 
and in accordance with (35) this ratio is a small one can take: 
 

2

cos 1
2

px
k

L
 

≈ 
  

 and 
2

sin 0
2

px
k

L
 

≈ 
  

.      (51) 

 
Using (51) it is easy to see that the sum (50) takes the form of (49). 

 
4. The wave field generated by the system of periodic arranged sources 

 
In this section we will consider the problem of description of the wave field generated by the 

system of periodic arranged sources. Below we consider the sum (49), when the coordinates of 
sources will correspond to nodes of some regular lattice.  In the case of a three-dimensional 
structure, the locations of the sources are conveniently indicated by means of three indexes, rather 
than one index. Describing the emitting structure by mean of three indexes the wave field (49) can 
be presented in the form of: 

0

1 1 1

( , ) cos
yx zNN N

hpl
h p l

aU R t t
L

ω
= = =

 = + ∆ ∑∑∑


,     (52) 

where  
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h p
hpl l hpl

x x y y
k z k

L
γ

⋅ + ⋅
∆ = − ⋅ − − .     (53) 

 
It is clear that the number of sources of such structure x y zN N N N= . 
As it was mentions above the quantities ( )j hplγ γ  are the initial magnitudes of the phases  

( )j j jR kLj γ= −


 (see (3)). Let the radiation of sources are induced by the presence of some 
primary field, which will define the magnitudes of the quantities hplγ . This field is an external 
mechanism for creating forces for all sources, under the action of which the sources begin to 
generate waves. It is clear that, if we neglect the influence of the secondary field created by the 
sources on the sources themselves, then the oscillations of the sources will be determined only by 
the magnitude of the primary field at the points of the sources and its polarization. For example, in 
the diffraction of X-rays on a crystal lattice, when the primary X-ray penetrating into the volume of 
the crystal, leads to the excitation of secondary waves on the atoms of the lattice. As is known, in 
this case, the difference in wave paths from different atoms is determined not only by their mutual 
position, but also by the directionality of the primary beam [10-15]. 

Let the primary field has the form of a harmonic plane wave; 
 

0( , ) cos( )r t t KRωΦ = Φ −
         (54) 

 
where 0Φ  is the amplitude of the primary wave and K


 its wave vector. Note that the modules of 

the waves vectors K


 and k


 (see (2)) should be equal to each other: 
 

K k= .         (55) 
 

Since the time delays associated with the processes of absorption and re-emission of the 
energy of the external field for all sources are the same, we will write the initial phases jγ  as: 

 
j jK rγ = ⋅

         (56) 
or 

hpl x h y l z pK x K y K zγ = ⋅ + ⋅ + ⋅ .     (57) 
Using (57) for (53) one can write: 
 

hpl x h y p z lq x q y q z∆ = − − − ⋅ ,       (58) 
 

x x
xq k K
L

= + , y y
yq k K
L

= + , ( )z zq k K= + .    (59) 

 
Let us consider the intensity of the superposition field; 
 

2

0

1 ( , )
T

I U R t dt
T

= ∫


,      (60) 

Using (52) one can get: 
2

0

1 1 1 1 1 1

1 cos( )
2

y yx x z zN NN N N N

hpl h p l
h h l l p p

aI
L ′ ′ ′

= = = = = =′ ′ ′

 = ∆ − ∆   ∑∑∑∑∑∑ .     (61) 
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As it should be the intensity depends on the phase differences hpl h p l′ ′ ′∆ − ∆  between the waves 
emitted by sources. Note that the number of members in the sum (61) equals to 2 2 2

x y zN N N . As it 
follows from this formula if 

 
2hpl h p l jmp′ ′ ′∆ − ∆ = ,  ( 0, 1, 2,jm = ± ±  )     (62) 

 
then the wave the wave filed oscillates with ta maximum value; 
 

2
2 2 20

max x y z
aI N N N
L

 =   
 .       (63) 

 
For a periodic structure, when the coordinates of sources can be presented in the form of 
 

1 ( 1)hx x a h= + ⋅ − , 1 ( 1)ly y b l= + ⋅ − , 1 ( 1)pz z c p= + ⋅ − ,   (64) 
 
the phase differences can be written: 

 
( ) ( ) ( )hpl h p l x y za h h q b l l q c p p q′ ′ ′∆ − ∆ = − + − + −′ ′ ′ .    (65) 

 
In this case the sum (61) can be calculated: 
 

22 2
2

0

22 2

sinsin sin21 2 2
2 sinsin sin 22 2

y yx x z z

x y z

q b Nq a N q c N
aI

q a q b q cL

⋅ ⋅ ⋅   
           =         

         

.    (66) 

 
As it is seen from this result the intensity takes the maximum, when 
 

2x xq a nπ= , 2y yq b nπ= , 2z zq c nπ= ,      (67) 
 

where xn , yn , 0, 1, 2zn = ± ±   and the maximum value is (63). In fact, the obtained formulas (67) 
are the well-known Laue conditions, which determine the diffraction maximums of X-rays scattered 
on the crystal lattice (see, for example, [16, 17]). 

Let us introduce the quantities xβ , yβ , zβ , which are the angles between the vector  K


(see 
(55)) and the , ,X Y Z  axis; 

(cos[ ] cos[ ] cos[ ] )x x y y z zK k e e eβ β β= ⋅ + ⋅ + ⋅
   

.     (68) 
 

Since cos[ ]x xK k β= , cos[ ]y yK k β= , cos[ ]z zK k β=  the conditions (67) can be written in 
the form of: 

cos[ ] x
x

n ax
L

β
λ

+ = ,        (69) 

cos[ ] y
y

n by
L

b
λ

+ = ,        (70) 
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(1 cos[ ]) z
z

n c
β

λ
+ = .        (71) 

 
It is important to note that the angles xβ , yβ , zβ  defining the direction of the incident wave 

are not independent from each other parameters, as it can appear at  first glance. Indeed in the 
cylindrical coordinate system the vector  K


 can be presented as: 

 
(sin[ ] cos[ ] sin[ ] sin[ ] cos[ ] )x y zK k e e eβ ϕ β ϕ β= ⋅ ⋅ + ⋅ ⋅ + ⋅

   
,   (72) 

 
where zβ β≡  is the angle of incident and ϕ  is the polar angle in the ,X Y  plane; 
cos[ ] sin[ ] cos[ ]xβ β ϕ= ⋅ , cos[ ] sin[ ] sin[ ]yβ β ϕ= ⋅ . Using (72) the conditions (69)-(71) can be 
presented as: 

sin[ ] cos[ ] xnx
L a

λ
β ϕ+ ⋅ = ,        (73) 

sin[ ] sin[ ] yny
L b

λ
bϕ + ⋅ = ,        (74) 

(1 cos[ ]) zn
c
λ

β+ = .         (75) 

 
These formulas are the conditions defining the locations of maximums of a wave field 

generated by a system of periodic arranged sources. 
It is visible, that the obtained result includes the solutions of many well-known diffraction 

problems. So, in the case of normal incident 0β =  from (73)- (75) one gets: 
 

/xx n L aλ= , /yy n L bλ= , 2zn cλ = .       (76) 
 

The first and second equations correspond to the maximum condition of for the one 
dimensional diffraction and the last equation corresponds to the well-known Wolf-Bragg formula. 

 
5. Conclusion 

 
Within the framework of this work, the problem of description the wave field created by a 

system of point sources was considered. We have shown that for a simplified description of the 
field in the Fresnel or Fraunhofer pictures, in addition to the conditions for the smallness of the 
source region and the remoteness of the observation region, it is also necessary to have two small 
parameters. First of them is the wave parameter of the sources area and the second one is the wave 
parameter corresponding to the observation area. We also obtained the expression of the 
superposition field for a three dimensional periodic system. On the base of the developed approach 
we derived the well-known Laue conditions determining the diffraction maximums of X-rays 
scattered on the crystal lattice. 
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