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A new method for finding the line widths of atomic lines produced by thermal energy 
fluctuations in a gaseous system is developed assuming that the atomic linear density change in 
the energy of the levels is equal to the linear density of the energy fluctuations per degree of 
freedom. A formula is derived for the atomic line widths that depends on temperature, the cubic 
root of the total number density of particles in the system and on the sum of the squares of 
the principal quantum numbers of the states that participate in the transitions that produce the 
lines. The calculated widths agree well with the published experimental and theoretical values. 
This formula will be useful for directly diagnosing the physical state of stellar atmospheres and 
plasmas.
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1. Introduction. The spectroscopic emission lines of the chemical ele­
ments produced by stellar atmospheres and plasmas show a characteristic 
intensity profile as a function of frequency with a central maximum that 
decrease away from this maximum. The width of this profile is an important 
measurable parameter for the diagnostics of the physical state of plasmas. The 
profile of the atomic lines in plasmas directly contains the information about 
the physical conditions of the gas under study. The line profiles depend upon 
the local density and temperature of the medium. Therefore, the line profiles 
provide a valuable experimental and theoretical diagnostic tool. There are several 
physical processes that produce a fuzziness of the atomic lines in a plasma, 
the line broadening. For an isolated atom the spectral lines are nearly perfectly 
sharp. The finite lifetime of the atomic levels due to radiative decay will itself 
naturally broaden the lines. Natural broadening takes place even for isolated 
atoms. In a plasma one observes an ensemble of atoms moving with a velocity 
distribution along the line of sight and the profile seen from the entire 
ensemble is a superposition of these Doppler shifted atomic profiles. In a 
plasma there would be additional broadening of the lines, called pressure 
broadening caused by perturbations of the wave-train radiated by the atoms 
through collisions with other atoms and charged particles in the gas. Pressure 
broadening is described by two approximate theories. One is the impact theory 



90 O.CARDONA

where the radiating atom is an oscillator that suffers an instantaneous collision 
that interrupts the radiation wave train with a sudden phase shift, or by 
inducing a transition. These collisions thus cause a finite duration of emission 
of the radiation that introduces a frequency spread in the radiated wave train, 
and a shift of the line away from its unperturbed frequency. The other is the 
statistical theory in which the atom is radiating in an electric field produced 
by an ensemble of particles. This field will fluctuate statistically about some 
mean value as a result of motions of the particles and produces shifts that alter 
the frequency of the line. The quantum theory of pressure broadening takes 
into account the structure of the atoms and yields profiles and shifts in good 
agreement with experimental determinations. The quantum theory has become 
very refined and several treatises exist on the general subject of line broadening 
[1-5]. The theories of pressure line broadening mentioned above are based on 
local inter-particle physical interactions and their generalizations, to try to take 
into account the whole ensemble of particles in the system.

On the other hand, in a perfect gas the only interactions that an atom 
can have with the other particles of the gas is through collisions and thermal 
energy fluctuations. The collisions are taken into account in the theories 
presented before. The thermal energy fluctuations in a perfect gas in thermo­
dynamic equilibrium are another physical process for broadening the atomic 
lines. A new method for finding the width of the atomic lines using the thermal 
energy fluctuations is presented in this work assuming that the perturbations 
of the levels are produced by these fluctuations. This is a thermodynamic and 
statistical mechanics approach for treating the line broadening similar to the 
methods used for finding the atomic partition function [6] and the widths of 
the hydrogenic lines [7]. Thermal energy fluctuations are a global collective 
phenomena by nature.

In what follows, section 2 introduces the results of statistical mechanics of 
the energy fluctuations that are used in the development of the model. The 
model is introduced in section 3 for hydrogenic atoms. In subsections 3.1 and 
3.2 for other atoms and ions, and in section 4 a comparison of the experi­
mental determinations of the line widths with the results of the model is made. 
Finally in section 5 some conclusions are presented.

2. Fluctuations. The physical quantities which describe a macroscopic 
thermodynamic system in equilibrium are very nearly equal to their mean 
values. Nevertheless, deviations or fluctuations from the mean values, though 
small, do occur, and is essential to use the probability distribution of these 
deviations. The probability of the fluctuations of the thermodynamic variables 
in a system, using the entropy, is given by [8]

P(A5) = 0exp^, (1)
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where A S is the entropy production associated with a fluctuation that takes 
the system away from the equilibrium state, Q is a normalization constant 
introduced to make the sum of the probabilities over the possible fluctuations 
unity and k is the Boltzmann constant. Expressing A5 in terms of other 
thermodynamic quantities and expanding around the equilibrium values gives 
the mean square fluctuations of various physical quantities [9,10]. For example 
the mean square fluctuation of the energy, a2, is given by

ct
Cv' (2)

where Cv is the specific heat at constant volume and t is the mean energy. 
One can derive the mean square fluctuation in energy of a system of fixed 
volume in thermal contact with a reservoir using the partition function to relate 
the change in energy with respect to temperature to the mean square fluctua­
tions given by [11]

2 O = T —-— (3)\ Ux, Jy

where ct2 is the variance and U is the mean energy of the thermodynamic 
system and is equivalent to Eq. (1). The full width at half maximum (FWHM) 
for the distribution of the fluctuations is given by y = 2V2ln2cr. Equation (3) 
is the fundamental expression for developing the model in the following section.

3. Model. The basic idea of the model is relating the atomic energy of 
the levels to the energy fluctuations of the system considering that the change 
in energy of the levels is produced by the fluctuations in energy. The change 
in energy produced by the perturbations is divided by the size of the orbit of 
a given atomic state to obtain the linear density of the change that can be 
compared with the linear density of the fluctuations. The linear density is used 
because the orbit is changed slightly by the perturbations, therefore, one has 
to take into account the size of the orbit to distribute those changes during 
the motion of the electron in the orbit. In the other hand the thermal energy 
fluctuations are divided by the size of the box that is available to each atom 
in the system to obtain the linear density of the fluctuations. The principal 
assumption in this model is that these two linear energy densities are equal 
to each other. The model is developed first for the hydrogenic atoms and later 
generalized for other atoms and ions.

3.1. Hydrogenic Atoms. Starting with a thermodynamic system with total 
number of particles per cubic centimeter N and temperature T in thermodynamic 
equilibrium, the main variables in stellar atmospheres. The volume occupied by 
each particle in the gas is taken as cubic and of side L and so is defined by
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The energy of a hydrogenic atom in quantum state n is given by quantum 

mechanics as 

where Ry is the energy of one Rydberg. The change in energy due to a 
perturbation of a level can be expressed by

e 2RyZ2 -
5E„------ =y— 5n. (6)

/r
The mean square fluctuation, the variance of a Gaussian distribution, in 

energy for a systems with constant volume V is given by (Eq. 3),

(7)

where U=3kT/2, the mean energy of the system, was used in Eq. (3). The 
mean fractional energy fluctuation per degree of freedom is defined as

a <*2 kT
3U 3 ‘ (8)

The linear density of the fluctuations is obtained from the following 
expression

8U = ^֊ = kT^~. 
L 3

The linear density change in energy of the level is given by

8^n _ aRyZ2 
o----- --------3~°n2nr„ nrnn*

(9)

(10)

where r, is the radius of the orbit with principal quantum number n and a 
is a numerical factor that produces the FWHM of the level that has become 
a Gaussian distribution due to the perturbations produced by the fluctuations. 
Our principal assumption requires equating Eqs. (9) and (10) to obtain

8/i =
3 nrnn*

3a.RyZ2
kT'jN . (11)

Substituting Eq. (11) into Eq. (6) gives

8£„ = '^Ln2kT2/N , 
3a (12)

for the width of the level n. Now using in Eq. (12) rn = ajizIZ the radius of 
the orbit of the electron, the most probable distance, for the quantum state 
n, for a hydrogenic atom derived from quantum mechanics [12,14]; where 
is the Bohr radius and Z is the atomic number of the atom, to finally obtain

_ „ 2na0kT ITn n2
0 Ejn - ----------------------

n 3a Z (13)
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that represents the width of the level of principal quantum number n. For a 
line between two levels n։ and n2 by convolution of two gaussians the FWHM 
of the line is [3]

w = ^_kT^ni+n2\ (14)

This is the main result of the model for the line width at half maximum 
for hydrogenic atoms in ergs. The convolution of the Gaussian distribution of 
the fluctuations with the Lorentzian of the natural broadening produces a Voigt 
profile for the lines, where now a is composed of some numerical factors to 
obtain the FWHM of the level and of the line times the normalization constant 
of the Voigt function [13] and is defined by

a = 7tVrt(2V21n2 j (15)

3.2. Non-hydrogenic atoms. The above results can be generalized to 
non-hydrogenic atoms and ions using the effective charge that the electrons 
feel and the effective quantum numbers of the levels involved in the transition. 
The effective charge is obtained considering that the electron making the 
transition is in a field produced by the screened atomic nucleus by the inner 
or core electrons. The screening can be taken into account using as the effective 
charge 7^=7+ 1, where Jis the ionization state of the chemical element with 
J=0 for neutral atoms, J= 1 for single ionized atoms, etc. The effective 
quantum numbers are obtained from the tables of experimental and theoretical 
energy levels of the atoms [15,16] and are expressed by

where £ is the energy of the level with respect the continuum in Rydbergs 
Ry obtained from the tables. Then instead of Eq. (15) one has the expression

w = (17)

for the full width at half maximum of the line for the non Hydrogenic atoms 
in ergs

4. Comparison with Experimental Results. The comparison between 
theoretical and experimental line widths is difficult because the experimental 
line widths are given for temperature and electron densities nc and some times 
the proportion of the constituents is not given, and the Eqs. (14) and (17) 
depend on the total number density of particles in the given medium. For a 
gas composed of pure hydrogen, one can obtain the total number density from 
the expression

(18)
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where
1(7) = 72exp'*'/kT , (19)

Uq \ n J
is the Saha factor and the (Ts are the partition functions of the neutral and 
ionized hydrogen, h is Planck’s constant, and Xi is the ionization potential 
for hydrogen. When the gas is a mixture of different atoms the composition 
given by their concentrations or abundances must be known. Given the electron 
densities and following the normal calculations of the equation of state [3,17] 
one can obtain the total number density of particles. Equations (14) and (17) 
are expressed in frequency units (7/z) and the results are transformed into 
wavelength units, angstroms (A) using

AA = —Av, (20)
c

where AX and Av are the widths in wavelength and in frequency units, 
respectively and X is the wavelength of the given line. For hydrogen lines the 
calculations are made with pure hydrogen, and for helium lines with pure 
helium due to the lack of information about the exact concentrations of the 
experimental and theoretical mixtures.

The curves in Fig.l show the width of hydrogen Lyman-a in A as a 
function of electron number density for the temperatures 104, 1.2 x 104, 1.5 x 104 
and 2xlO4K. The asterisks are the experimental FWHM of the hydrogen 
Lyman-a line emitted from an argon plasma studied in the benchmark 
experiment by Grotzmacher and Wende [18-20] for the different temperatures. 
The theoretical results [21] are very close to the experimental values that is

Fig.1. The curves show the width of hydrogen Lyman-a in A from the model for the 
temperatures in the right upper comer, compared with the experimental FWHM of the hydrogen 
Lyman-a line emined from an argon plasma [18-20] for the different temperatures. The calculated 
results [21] are very close to the experimental values that is difficult to distinguish them in the figure.
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difficult to distinguish them in the figures. The results of the model for a pure 
hydrogen plasma are in good agreement with both results for the temperature 
of 1.27xI04K. Fig.2 shows the width of Ha in A as for Fig.l compared with 
experimental FWHM of the hydrogen Balmer-a line emitted from argon, 
plasmas studied in benchmark experiments by Wiese et al. [22] and by Vitel 
[23], and emitted by a helium plasma of the gas-linear pinch studied by Boscher

N, (cm՜3)

Fig.2. The curves show the width of hydrogen Balmer- a in A from the model for the 
temperatures as in Fig.l, compared with experimental FWHM of the hydrogen Balmer-a line 
emitted from argon plasmas [22] and by Vitel [23], and emitted by a helium plasma of the gas- 
linear pinch [24]. The calculated results [21] for argon are very close to the experimental values 
that is difficult to distinguish them in the figure and the ones for helium are shown by crosses.

N, (cm՜3)

Frg.3. The curves show the width of hydrogen Balmer- 3 in A from the model for the 
temperatures as in Fig.l compared to the experimental FWHM of the hydrogen Balmer-p 
from Wiese et al. [22] and from Fig. 18 of Griem [2], shown as a thin straight line, and the 
thick straight line are the relaxation theory results [25]. 
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et al. [24]. The asterisks are experimental results for argon, and squares for 
helium plasmas, for different temperatures. The theoretical values [21] are 
represented by crosses. The results of the model for pure hydrogen are of the 
order of the experimental and theoretical values. But the difference between the 
asterisks and squares shows that the different concentrations of hydrogen with 
respect to aigon and helium and different experimental set ups are fundamental 
for the correct evaluation of the line widths. Fig. 3 shows the width of H0 
in A as in Fig.l compared to the experimental FWHM of the hydrogen 
Balmer-0 from Wiese et al. [22] and from Fig.18 of Griem [2], shown as a 
thin straight line and the relaxation theory results as a thick straight line [25]. 
Here again the problems of the concentrations and of the experimental set ups 
appear as for the Ha line. Therefore the results are in agreement within the 
experimental errors. Fig.4 shows the width of Hy in A compared with 
experimental FWHM of the hydrogen Balmer-y line from Wiese et al. [22], 
straight thick line and from Fig.21 of Griem [2]. The relaxation theory results 
[25] are drawn with a thin straight line. The results of the model are similar

N։ (cm՜3)

Fig.4. The curves show the width of hydrogen Balmer-y in A from the model for the 
temperatures as in Fig.1, compared with experimental FWHM from Wiese et al. [22] and from Fig 71 
of Griem [2], thick straight line and the thin straight line are the relaxation theory results [25].

to those of H0. Fig.5 shows the FWHM of the He II Paschen-a line 
measured in different experiments collected in Fig.4.10 of Griem [26] compared 
with the line widths of He II Paschen-a at 4686 A as in Fig.l. The results 
of the model for pure helium have a different behavior that the calculations 
of Griem and Shen [27], represented by the double point line, and agree with 
the experimental values for higher densities and with the experimental values 
of Pittman and Fleurier [28], asterisks, the higher points in the low density 
regime. Apparently, the collective effects do not cease to exert the perturbations 
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over the levels as could happened in the local theories, producing a greater 
width of the lines. Fig.6 shows the FWHM of the He II Balmer-a at 1640.7 A 
in pm measured in the benchmark experiment by Grützmacher and Johannsen 
[20]. The results of the calculated values for pure helium are of the order of 
the experimental and theoretical ones because the information over the con­
centrations of the mixture is absent. The values of the conventional theory by 
Griem [27] are two times lower than the experimental determinations. The

N, (cm՜3)

Fig.5. The curves show the width of ionized helium Paschen- a in A from the model for 
the temperatures as in Fig.l, compared with experimental widths from different authors, 
crosses, and with the theoretical calculations of Griem and Shen [27], dash point line. The 
results of the model for pure helium have a different behavior that the calculations of Griem 
and Shen [27], represented by the double point line and the experimental values of Pittman 
and Fleurier [28] are shown as asterisks.

Fig.6. The curves show the width of ionized helium Balmer- a at 1640.7 in pm from the 
model for the temperatures as in Fig.l, compared with experimental widths [20].
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line width of He I (2/>‘P-4i/lZ)) at 4922A from the line profile measurements 
by Adler and Piel {29] from Figs.4.7 and 4.8 of Griem [26] and from Fig.7.6 
of Fujimoto [5] are in accordance with the calculated values. The line width 
of C I (3sxP- 4plD ) at 5052 A measured by Jones and Wiese [30] represented 
in Fig.4.11 of Griem [26] shows good agreement with the calculated values. 
The calculated ratio w(Hy)/w(Hp) from formula (14) is 1.32, close to the 
experimental values and greater than the theoretical values given in Table IV of 
Griem [2]. The problem of the abundance of the elements in the different 
experiments make it very difficult to know the contribution of the line broadening 
by the thermal energy fluctuations to the total broadening of the lines. From 
the stellar atmospheres point of view it is difficult to make comparisons with direct 
observational profiles because one generally cannot measure local values of the 
plasma emission, but must infer them from averages over several contributing 
volume elements in the stellar atmosphere. Nevertheless, the line widths of some 
Balmer lines, like H-alpha, beta and gamma for the solar atmosphere [31] are 
well reproduces by the model using the values given by stellar model atmospheres, 
with the effective temperature of 5770 K and gravity g = 3.16 x 104 cm/s\ that give 
the total number density of particles N= 10'6cm’J and a temperature of 4500 K 
at the region of formation of the lines, for solar abundance of the elements [32].

5. Conclusions. The width of the atomic lines is derived using the linear 
density of the change in energy of the atomic states and the linear density 
of the fluctuations in thermal energy per degree of freedom of the gas assuming 
that these two densities are equal. Another result of the model is that the widths 
at half maximum of the individual atomic levels are given by Eq. (13). The 
resulting equations are simple and are functions of the temperature, total 
number density of particles in the gas and of the principal quantum numbers 
of the levels that take part in the transition. The formulas obtained are 
compared with some experimental line width for the hydrogenic atoms and 
also for some non-hydrogenlc atoms and ions. The results agree fairly well 
with the experimental results, taking into account that the results of the model 
are for pure elements and not for the mixtures used in the different experi­
ments. At high densities the model results are of the order of the experimental 
determinations of the line widths and at lower densities the calculated values 
are greater than the theoretical values obtained, for example, from Griem and 
Shen [27] and close to the experimental values of Pittman and Fleurier [28] 
for the He II Paschen- a line. One can infer from these results that the effects 
of the global collective ensemble of particles do not stop perturbing the levels 
of the atoms, even at low densities. Therefore the widths of the lines would 
be greater than those calculated with other methods and could eliminate the 
so-called "microturbulence” effect in stellar atmospheres. The so-called 
microturbulence in the stellar atmospheres context is introduced when the ob-
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servational width of the lines does not conform with a predicted theoretical 
value with a given theory in the curve of growth analysis in stellar atmospheres. 
To explain this difference, it has been customary to postulate the existence of 
additional nonthermal motions of the stellar material, which are usually referred 
as microturbulence [3]. An extra term is introduced in the definition of the 
most probable speed for the temperature of the medium under study

This fudge factor does not have anything to do with any real physical 
phenomena. This factor is used in the calculation of model atmospheres as 
a free parameter. This works shows that one does not need that factor to explain 
the width of the lines in the low density regime as in the case of stellar 
atmospheres. The treatment in the article differs completely with the other 
mechanisms presented in the different theories because it is a global interaction 
not a local one as in the other theories. The experimental results do not permit 
to discriminate between the different theories. In all the works the Natural and 
Doppler broadening are taken into account, but the values are small and do 
not changes the results very much. The model of the line widths with only 
thermal energy fluctuations explains the gross characteristics of the broadening 
of the lines, it would be necessary to have better experimental and observational 
results to study the contribution of this type of line broadening to the general 
broadening of the lines in stellar atmospheres and plasmas.
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РАСШИРЕНИЕ АТОМНЫХ ЛИНИЙ, 
ОБУСЛОВЛЕННОЕ ФЛУКТУАЦИЯМИ ТЕПЛОВОЙ 

ЭНЕРГИИ В ЗВЕЗДНЫХ АТМОСФЕРАХ И 
ДИАГНОСТИКА ПЛАЗМЫ

О.КАРДОНА

Развивается новый метод для нахождения ширин атомных линий, 
обусловленных флуктуациями тепловой энергии в газовой системе в 
предположении, что изменение линейной плотности энергии атомных 
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уровней равно линейной плотности флуктуаций энергии, приходящуюся на 
каждую степень свободы. Получена формула для ширин атомных линий, 
которая зависит от температуры, корня кубического от плотности полного 
числа частиц в системе и суммы квадратов главных квантовых чисел 
состояний, участвующих в переходах, образующих линии. Вычисленные 
ширины хорошо согласуются с опубликованными экспериментальными и 
теоретическими значениями. Формула будет полезна при непосредственном 
диагностировании физического состояния звездных атмосфер и плазмы.

Ключевые слова: атомные процессы֊пиния:профили - звезды:атмосферы
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