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Abstract. The problem of radiation produced by the bunch of relativistic positrons, channeled into 

the crystalline undulator, is considered, taking into account the polarization of a crystal medium. If 

a bunch energy is above the threshold energy, then the radiation is generated in the limited 

frequency range, due to the medium polarization. Both soft and hard boundary photons are emitted 

at a zero angle. When the ratio of the bunch energy to the threshold energy approaches unity from 

above, the peak of the bunch radiation spectrum is near the resonant frequency and can fall into the 

soft X-ray frequency range due a certain choice of the parameters of the crystalline undulator. In 

that case, it is necessary to use a low energy relativistic bunch. Method is effective because a fairly 

dense beam of soft X-ray photons is generated. It is shown the possibility of obtaining 

monochromatic, intense, directed photon beams in the water window region, important for medical 

and biological applications. 
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1. Introduction 

Let consider crystalline undulator (CU) with the sinusoidal form of the bending curvature, i.e. 

the trajectory of the oscillating positrons, channeled between the crystallographic planes, is on 

average sinusoidal too. Therefore, in addition to the channeling radiation, crystalline undulator 

radiation (CUR) is also generated. An idea of using an oscillating relativistic bunch of charged 

particles to form the radiation, belongs to Ginzburg [1]. The problem of X-ray undulator radiation 

was first considered by Korkhmazyan [2]. Gamma radiation of the particles, channeled into the 

crystal, was investigated by Kumakhov [3]. Channeling phenomenon explained by Lindhard [4]. 

Characteristics of undulator radiation in a dispersive medium were revealed in [5]. Various types 

and cases of spontaneous electromagnetic radiation are discussed in [6]. Generation of radiation, 

using crystalline undulator, was proposed in [7]. The spectral distributions of radiation, formed in 

CU, with [8] and without [9] taking into account the medium polarization, were investigated. 

Consideration of medium polarization, like in the case of bremsstrahlung radiation [10], 

significantly affects the characteristics and generation conditions of radiation. The upper threshold 

appears for the crystal bending degree, and is lower than the threshold [8] at which, due to presence 

of centrifugal force [11], dechanneling of a charged particle occurs. Modulated bunch coherent 

radiation at a resonant frequency, formed in a dispersive medium of CU, was obtained [12]. 

Experimental results on CUR were obtained in [13, 14], using positron bunches with energies 

0.3÷10 GeV. Papers on undulator radiation [15-18] have predicted that, at certain particle energies, 

the influence of medium polarization will lead to the narrowing of the radiation spectrum in the     

X-ray region. Investigated narrowing effect of the radiation spectral-angular distribution can be 
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important for the generation of stimulated radiation [9], as was shown for gas-filled free-electron 

lasers [19].   

Article shows the possibility to obtain a sufficiently intense monochromatic directed beam of 

photons within the energies 0.28÷0.54 keV or within the wavelengths 2.3÷4.4 nm. Absorption 

lengths of these biologically important water window soft X-ray photons are more and less in water 

and in carbon accordingly, than for the photons of other regions. 

Study is based on the effect of narrowing of the frequency-angular spectrum, which takes 

place when the parameters of CU are chosen so that the threshold energy for the formation of 

radiation in dispersive medium is equal to the positron bunch energy. Then zero angle radiated 

photons’ energy is defined only by the parameters of CU and a positron bunch with low relativistic 

energy is used. Choice of CU parameters defines the energy of emitted soft photons when the bunch 

energy exceeds the threshold energy [20]. Such photon beams can be generated also using the other 

methods [21, 22]. 

 

2. Conservation of Planar Channeling of Positrons in CU   

 

Relativistic positrons, falling parallel into the crystallographic planes of a crystal, interact with 

many atoms of a crystal simultaneously. Thus, positrons move between the crystallographic planes 

in the average potential field of the atoms, for which the harmonic law is a good approximation [6]. 

Thereby, positrons are oscillating according to the harmonic law and with the frequency depending 

on the energy. The phenomenon of channeling is conserved at falling angles smaller than the 

Lindhard critical angle Θ 2ν / γL = , where ν  and γ  are the potential well depth and the positron 

energy respectively, in the units of the rest energy of a positron 2mc . At the large falling angles, the 

transverse kinetic energy becomes more than the potential well depth, and the movement becomes 

infinite.  

Let consider that longitudinal section of CU crystallographic planes has the sinusoidal form. 

Then channeling phenomenon will take place for the all positrons with the normal falling vector, 

and if the maximal angle of the crystal bending is smaller than the Lindhard angle maxΘ ΘL . CU 

parameter is defined as maxΘ γcuq = . Definition of the channeling parameter Θ γLchq =  laeds to the 

sufficient condition for existence of CU – the channeling conservation condition in CU – cu chq q . 

For sinusoidal CU, we have maxΘ 2π /A l= , where A  and l  are the amplitude and the space period of 

CU accordingly, therefore, the limiting condition for CU parameter is /π ν/ γ2 2A l  .  

 

3. Photon Number Spectral Distribution 

 

Radiation wave-vector depends on the dielectric permittivity of the medium. Since generation 

of the radiation occurs in the dispersive medium of CU, the permittivity is given by the following 

formula  
2
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where p  ,   is the radiation frequency, and p  is the medium plasma frequency. Ignoring that 

the positron velocity V  is changed at the radiation process, and supposing that it moves with the 

average longitudinal constant velocity V  in CU (dipole approximation), for the number frequency-

angular distribution of radiated photons turns out the following formula [5] 
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where 1/137 =  is the fine structure constant, 2 /c l=   is the oscillation frequency of a positron, 

l  and n  are the space period and the period number of CU accordingly, c  is the light velocity in 

vacuum, /V c = , max/ cV⊥ ⊥ =  , V⊥  is the maximum value of the positron transverse velocity, 

  and   are the polar and azimuthal angles of radiation respectively, k  is the harmonic number, 

kJ  is the Bessel function of the order of k . 

Objective of the article is to obtain directed radiation. At a zero angle, only the first harmonic 

of the radiation is formed. For the small parameter a  with the accuracy of 2 / 4a  in the formula (2), 

only the first harmonic retains. The photon number frequency-angular distribution for the first 

harmonic radiation, taking into account that 1  , has the following form 
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where cuq ⊥=  is the CU parameter. After integration over   one gets  
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Function ( )F z  takes it’s maximum value equal to one at 0z = . Since expression 
2 2 2 / 2⊥ = +  exists due to the sinusoidal nature of the transverse motion of a positron, then one 

gets 2 21 − = −   and 2 21 − = −  . Hence, the longitudinal Lorentz factor is / Q =  , where 
21 / 2Q q= + . In the laboratory frame, due to the Doppler effect, the frequency of the radiation of a 

relativistic positron is much more than CU frequency   . As a result, energy and impulse 

conservation law at 0z =  is satisfied at the small angles of radiation 1  
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where th  is the energy threshold for the generation of radiation in a dispersive medium. 

Phenomenon of in-plane channeling of positrons in CU persists if the maximum positron angle of 

the bunch, relative to the channel planes, is less than the Lindhard angle. Note that the number of 

emitted photons is proportional to 2 2 2/cuq⊥ =  . With decreasing  , the square of the angle ⊥  

increases quadratically and 2 2 /L =    increases linearly. Consequently, taking into account the 

condition L⊥   , the smaller Lorentz factor  , the greater the number of emitted photons. 

Minimum value of   is limited by the threshold value th . At minimum value of Lorentz factor 

th =  , photons are emitted at a resonant frequency 2 /r p =  . Note that the argument of the non-

negative function ( )F z  changes within [0,1] when the absolute increment of the argument is 

  z =  , i.e. the area bounded by the function ( )F z  is equal  . At the resonant frequency, 

( ) 0r  =  with the angular spread ( )2 2 / rn =   . Neglecting the term 2 2/ / 2 / n   =        
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( 1n ) in (4), and as a result of integration (4) over the variable 2 , for the frequency distribution, 

one obtains 

2
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Frequency spread of the photons emitted at a zero angle 0 = , as follows from the formula for 

( , )z   , is 2 /r n =  . For the number of photons, generated in the sinusoidal CU with the 

amplitude A , spatial period l , plasma wavelength in the medium 
p , one obtains the following 

simple formula 
2
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taken into account the relation ( )2 /A l⊥ =  . The parameter   is limited by the channeling 

condition L⊥   , which imposes a condition on the amplitude 

CA A ,         2
2

p

C p r

r

A


=  


,                                                (8) 

where r  is a resonant wavelength of the photon. It should be noted that the value of CA  is weakly 

dependent on the choice of the crystal.  

 

4. Discussions and Calculations for Diamond 
 

Let positrons of the bunch fall at a zero angle into the sinusoidally curved planes of a crystal. 

Then the maximum angle of deviation of positrons from crystallographic planes is ( )2 /A l⊥ =  . 

Provided that L⊥   , the channeling phenomenon will not be disturbed. Let estimate the 

parameter cu thq ⊥=   , when the resonant wavelength r  is from the water window frequency range 

2.3 4.4r   nm. Taking into account that ( )/th p r Q =    for cuq , one obtains the constraint 

2 /cu th L p rq Q   =   . Since / 10p r   , 410−  , 1Q  , then 25 10cuq −  . Consequently, the 

radiation has a dipole character 1Q = . The contribution of higher harmonics to radiation is 

negligible. 

Let consider CU consisting of diamond crystal with sinusoidally curved (1 1 0) planes with 

amplitude A  and spatial period l . For the depth of the potential well of the average parabolic 

potential of the planar channel, we will use the value 0 23U = eV [6] ( 53.75 10− =  ), and for the 

plasma wavelength of the medium the value 63.2 10p

− =  cm ( 38.8p = eV [23], where 

/ (2 )h=  , h  is Planck’s constant). 

Let the positron bunch with energy 5 MeV ( 9.785 = ) has the following parameters – the 

positron number in a bunch is 91.56 10bN =  , the transverse section is 61.18 10S −=  cm2                    

( 46.12 10r

− =  cm). We believe that it is possible to obtain a positron bunch with the same 

parameters as the LCLS electron bunch. 

To generate a directed photon beam with the wavelength 2.56r = nm (with the energy of 

0.484keV), it is necessary to use CU with 54 10l −=   and 1.3A = Å. Restriction (8) for the amplitude 

is taken into account, since 1.56CA = Å. We will assume that the dechannelling length is 0.2 cm. 

Hence, the number of positron oscillations in curved planar channels CU is 35 10n =  .  

The number of photons emitted by a single positron of the bunch, calculated by the formula 

(7), is equal to 47.56 10phN −=  , and the number of photons emitted by a positron bunch is 
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61.18 10tot b phN N N=  =  . The density of photons directed at a zero angle with the energy of     

0.484keV and the energy spread of 22 10−  is equal to 12/ 10totN S = .  

 

 

5. Conclusion 

 

It is shown that CU with chosen parameters can serve as a compact emitter for generation of 

the soft X-ray photons, using a relativistic positron bunch. The value of the article lies in the fact 

that the number of emitted photons does not depend on the bunch’s energy. It is possible in two 

cases – at the bunch’s energies equal to the threshold and, in the case, when it is much higher than 

threshold energy. The first case is more effective, since low energy relativistic positron bunch 

energy is more realistic. A specific example shows the possibility of generating a monochromatic 

intense and directed beam of photons with the energy in the water window region. Such beams of 

photons are required for biological research and for practical applications in medicine.  
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