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Abstract. The fermionic condensate is investigated for a field localized on a finite radius 2- 
dimensional cone in the presence of a magnetic flux threading the cone apex. On the edge of the 
cone a boundary condition is imposed that differs from the MIT bag boundary condition, most 
frequently used for the confinement of fermions. The fermionic condensate is decomposed into the 
boundary-free and edge-induced contributions. Both these parts are periodic functions of the 
magnetic flux with the period equal to the flux quantum. 
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1.  Introduction 

In a number of planar condensed matter systems the long wavelength excitations of the 
electronic subsystem are described by a (2 +1) − dimensional fermionic field theory. Examples of 
this kind of systems are graphene, Weyl semimetals and topological insulators. In the 
corresponding Dirac equation the Fermi velocity appears instead of the speed of light (see, for 
example, [1, 2]). The effective field theory description of the condensed matter systems provides 
an interesting possibility to investigate the effects of topology and boundaries on the properties 
of the quantum vacuum. One-loop quantum effects in graphene made cylindrical and toroidal 
nanotubes have been studied in [3]-[8]. A more complicated geometry of hemisphere capped 
tubes is considered in [9]. The ground state charge and current densities of a fermionic field on 
curved graphene tubes with locally anti-de Sitter geometry were discussed in [10, 11]. 

Another class of topologically nontrivial structures correspond to graphene nanocones 
(for the electronic properties see [13]-[16]). They are obtained from the graphene sheet cutting 
one or more sectors with angle π 6 . For the number of the removed sectors nc = 1,2,..., 5 the 

opening angle of the cone is given by the formula 2π (1− nc 6) . Graphene cones with these 
angles have been observed in experiments [17]. The vacuum polarization in graphene with a 
conical topological defect is investigated in [19]-[27] within the framework of a long-wavelength 
continuum model. In the main part of those papers for cones with edges the MIT bag boundary 
condition was imposed on the fermionic field. In the present paper we consider the ground state 
fermionic condensate on a finite radius cone for a different type of boundary condition on the 
edge of the cone. 
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The organization of the paper is as follows. In the next section the geometry is  described 

and the mode functions of the fermionic field are given. The fermionic condensate is investigated 

analytically and numerically in section 3. The main results are summarized in section 4.  

 

2. Geometry and the modes 

 

We consider a charged spinor field 𝜓 on two-dimensional conical space. In the 

irreducible representation it has two components and the corresponding dynamics is described by 

the Dirac equation 

 

  0,i ieA m

             (1) 

 

where   is the spin connection and A  is the vector potential for a classical gauge field. The 

spacetime geometry under consideration is given by the line element 

 
2 2 2 2 2 ,ds g dx dx dt dr r d 

         (2) 

 

with the radial coordinate. The angular coordinate takes the values in the range  00 ,    

where 
02   is the measure of planar angle deficit for the conical space. For 0r   the 

geometry (2) is flat and the curvature tensor has delta type singularity at 0r   for 
0 0  . In (1) 

the 2 2  Dirac matrices are given in polar coordinates ( , ).r   If , 0,1,2,b b   are the 

corresponding matrices in Cartesian coordinates, then we have the relation ( )

( )

b

be     where 

( )be  are the tetrad fields. In the discussion below we will take (0) (1) (2)

3 1 2, , ,i i           

where 
1 2 3, ,    are the standard Pauli matrices. It is convenient to use the representation 

(0) (1,0,0)e   and  

 

 

(1)

(2)

0, cos( ), sin( ) ,

0, sin( ), cos( ) ,

e q q r

e q q r





 

 

 


    (3) 

with 02q   . We assume that the cone has a finite radius a . On the edge r a  the field is 

constrained by the boundary condition 

(1 ) ( ) 0,in x

        (4) 

 

where 
1n   is the inward pointing unit vector normal to the boundary. In the  discussion 

below the magnetic field configuration will correspond to an infinitely thin magnetic flux located 

at the apex of the cone. The vector potential for that configuration is given by (0,0, )A A   in 

the region 0.r   The component 3A A  is related to the magnetic flux   by the formula 

0A   .The boundary condition (4) differs from the MIT bag boundary condition, widely 

discussed in the literature, by the sign of the term containing the normal to the edge. The 
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fermionic condensate for the bag boundary condition has been investigated in [21]. The vacuum 

expectation values of the fermionic charge and current densities in conical rings, with boundary 

conditions that include also the condition (4), have been investigated recently in [27]. 

The fermion condensate in the vacuum state |0〉 is defined as the vacuum expectation value    

0 0 ,   where † 0    is Dirac adjoint and the dagger denotes Hermitian 

conjugation. For the evaluation of the FC we need the complete set of fermionic mode  functions 
( ) ( )x

  that obey the boundary condition (4). Here     and     correspond to the positive 

and negative energy functions and the collective index   stands for the set of  quantum numbers 

specifying the solutions. The mode functions are given by  

 

2

( )
2

( , )

( ) ,
( , )

j

j j

iq

iqj iEt
iq

j

J r e

x C e e
J r

E m





  


 

 




  









 
 

  
 

 

   (5) 

 

where ( )J x  is the Bessel function, 1 2, 3 2,..., 1jj       for j    and 1j    for 

,j    with (2 )e A q e     ,  and  

 

2,j jq j           (6) 

 

From the boundary condition (4) it follows that the allowed values of the radial quantum number 

  are the roots of the equation  

 2 2( ) ( ) 0.
j j jj J a m m J a               (7) 

 

The spectrum of   is discrete and the normalization coefficient in (5) is determined from the 

condition 

0

( )† ( )

0 0

( ) ( ) 1.

a

dr d r x x



 

           (8) 

 

The radial integral in the latter relation is evaluated by using the standard integral for the square 

of the Bessel function (see, for example, [28]). 

 

3. Fermionic Condensate  

 

Having specified the mode functions and the eigenvalues of the radial quantum number 𝛾, 

the fermionic condensate is evaluated by using the formula ( ) ( )

, ,
2.

j

 

  
    The 

summation over   goes over the roots of the equation (7). For the summation of the 

corresponding series we can use the generalized Abel-Plana formula [29]. The details of the 

evaluation is similar to that given in [21] and we will give the final result. details. The fermionic 

condensate is presented in the form of the sum of two contributions: 
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0
.

e
         (9) 

 

The first term in the right-hand side, 
0

 , is the fermionic condensate in a conical space 

without edge (0 )r    and the second term is the part induced by the edge at r a . The 

renormalized value of the first part is given in [21]: 

 

[ /2]

02 sin( / )0
1

2 cosh

0
0

1 0

( 1) cot( / )
cos 2

2

sinh sinh[ (1 2 ) ]
cos[ (1 )]

cosh cosh 2 cos

lq

mr l q
l

mr y

m l q
l

r e

y q yq e
q dy

y qy q






  




 

 



 



 
  



 
   

 



 

  (10) 

 

where [ 2]q   is the integer part of 2q . For 1 2q   the term with the summation over l  is 

absent. In (10) the parameter 0  is defined by the relation 
0 0 ,n    where 

0n  is an integer 

and 0 1 2  . The contribution induced by the presence of the edge is presented in the form 

 

 
 

2 2

2
2 2

2 2

2 2 2 2

( ) ( )
Re

2 ( ) ( )

( ) ( )

j j j

j j j

j j j

e
j m

xK xa m i x m K xaq
dx

xI xa m i x m I xa

m m
i I xr i I xr

x m x m
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  

  











   
 


  

   
       

      


  (11) 

 

where ( )I x  and ( )K x  are the modified Bessel functions. By redefining the summation variable 

over j  we see that this contribution does not depend on the integer part 
0n  of  . Combining 

with (10) we conclude that the fermionic condensate is a periodic function of the magnetic flux 

with the period equal to the flux quantum 2 e .  

For a massless fermionic field the part 
0

  vanishes and the edge-induced part is 

transformed to 
2 2

2 2 2

0

( ) ( )
.

2 ( ) ( )

j j j

j j j

e
j

I xr I xrq
dx

a I xa I xa

  

  













     (12) 

 

The latter is always positive. As seen from (12), the fermionic condensate diverges on the edge. 

The leading term in the expansion near the edge is found in a way similar to that described in 

[21] and  21 8 ( )
e

a r   . Near the cone apex, 0r  , the edge-induced contribution 

behaves as 0(1 2 ) 1q
r

 
. In figure 1 we have plotted the fermionic condensate for a massless filed 

as a function of  r a  for different values of the parameter q  (the numbers near the curves) and 

for 0 1 4.    
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Figure 1:The fermionic condensate for a massless field as a function of  the 
radial coordinate for q = 1.5, 3,5  and α0 = 1/4 . 

Figure 2: The fermionic condensate for a massless field versus the 

parameter 𝛼0 for 𝑞 = 1.5, 3,5 and 𝑟 = 𝑎/2. 

 

 

 

 

 

 

 

 

 

 

 

 

In figure 2, the fermionic condensate is plotted versus the parameter 0  for a massless field and 

for fixed value of the radial coordinate 2r a . The numbers near the curves are the values of 

the parameter q .  

The dependence of the fermionic condensate on the mass of the field is displayed in figure figure 

3 for 0 1 4, 2,r a    and for different values of q  (numbers near curves). As it is seen from 

the graphs, the dependence on the mass is not monotonic. For large values of the mass the 

condensate tends to zero.   
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Figure 3: The fermionic condensate versus the parameter 𝑚 for 𝑞 =
1.5, 3,5,  𝑟 = 𝑎/2 and 𝛼0 = 1/4. 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

4. Conclusion  

 

We have investigated the fermionic condensate for a field localized on a finite radius 

cone with an arbitrary opening angle. On the edge of the cone the field obeys the boundary 

condition (4). The corresponding problem for the MIT bag boundary condition has been 

considered in [21]. The boundary condition (4) differs from the bag boundary condition by the 

sign of the term containing the normal to the edge. The complete set of fermionic mode functions 

are given by (5). The eigenvalues of the radial quantum number are quiantized by the boundary 

condition on the edge and are roots of the equation (7). The mode sum for the fermion 

condensate containes series over those roots. For the summation of the series the generalized 

Abel-Plana was used. That allowed us to extract from the condensate the part corresponding to a 

conical geometry in the absence of the edge and to obtain for the edge-induced contribution in 

the for well adapted for numerical investigations. The fermionic condensate is an even periodic 

function of the magnetic flux with the period of the flux quantum.  
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