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SOME MATHEMATICS

K. KRICKEBERG

Basically, I was a geometer. I liked to, and often had to, visualize mathematical
objects and relations when learning about a new topic or area, and when trying to
solve problems. Thus Erhard Schmidt was the perfect teacher for me. He introduced
me to complex functions via the geometrical Riemann approach and to measure theory
in the geometrical spirit of Caratheodory; see also "My encounters with martingales’

in this volume.

It was therefore natural that the subject of my Doctoral Thesis, viz. the Gauss-
Stokes integral theorems, combined measure theory and geometry. Part 1 [3] was
motivated by the desire to obtain the classical Gauss-Green formula in R? under
conditions that are necessary, too. This led me to a different way of looking at
the theorem. For example, given an open set G in R? with boundary F', necessary
and sufficient conditions on G were found for the existence of a measure m on F
(generalizing the (d — 1)-dimensional surface measure) and a function s defined on
F' (generalizing one of the components of the outer normal to F) with which the
formula holds for all functions defined on the closure of G such that the integrals in
question make sense. Here, m and s determine each other uniquely except for trivial

modifications.

Part 2 [4] contains the first definition and study of locally Lipschitzian manifolds,
which were to be investigated in the sequel by several topologists. They are situated
between continuous and differential manifolds, allow a natural definition of ’almost
everywhere’, and are indeed differentiable almost everywhere. StokesV theorem is
proved for differential forms on locally Lipschitzian manifolds under minimal assump-

tions.

Finally, part 3 {5] is purely historical. It traces the ideas underlying the proofs

of the various forms of the Gauss-Stokes theorems, starting with early papers by
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Lagrange (1760), Gauss (1813), Green (1828), Ostrogradsky (1831 and 1838), and
Stokes (1854).

The paper [12] took the Gauss-Green theorem up again, but under a very different
angle, viz. via distributions in the sense of Laurent Schwartz. As the main tool it
employed the decomposition of measures that was to play once more a decisive role

in the solution given in {31] of a problem formulated by Rollo Davidson.

Let D be a linear differential operator in R? and f a locally integrable function
defined on R?. A necessary and sufficient condition is given in order for Df, in the
sense of Schwartz, to be a measure. This generalizes the theorem concerning the case
d = 1 whereby the derivative of f is a measure if and only if f is locally of bounded
variation (more precisely: almost everywhere equal to such a function, but this fine

point will be disregarded in the sequel).

Four applications of this theorem are given. Firstly, it allows one to get an insight
into the nature of the various definitions of functions of bounded variation of several
variables. These definitions looked rather arbitrary before and are not equivalent.
It turns out that they simply correspond to different differential operators D. In
particular, f is locally of bounded variation in the sense of Tonelli if and only if its d
first partial derivatives are measures. For comparison (not proved in [12]), f is locally
of bounded variation in the sense of Vitali if and only if the derivative of f with

respect to all variables x4, ..., z4 together, i.e. 81187%“, is a measure.

The second application deals with the concept of an absolutely continuous function
in the sense of Tonelli. It is proved that f has this property if and only if its d first

partial derivatives are functions.

Thirdly, a very general form of the Gauss-Green formula for any open subset G
of R follows immediately from the Schwartz definition of a first derivative of the
indicator function f of G. This derivative is a Schwartz distribution carried by the
boundary of G. The usual form of the formula, similar for example to that discussed
in {3], is obtained when this derivative is a measure, and the third application of the
theorem above consists in necessary and sufficient conditions on G in order that this

be the case.

The last application concerns the Lebesgue surface measure a of a non-parametric
surface in R4t given by x4 1 = f(x1,...,2q) where f is defined and locally integrable

in an open subset G of R? but not necessarily continuous. Let [ be the Lebesgue
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measure in G. Then, a is finite if and only if {(G) is finite and f is of bounded
variation in the sense of Tonelli. In this case, a is the total variation of the vector
measure ([, m1,...,my) where m; denotes the i — ¢h partial derivative measure of
f. This generalizes the classical formula, which holds for an absolutely continuous

function f.

The article [22] deals with stochastic convergence of generalized sequences of
random variables (nets, Moore-Smith sequences). While every ordinary sequence
that converges stochastically contains an almost surely convergent subsequence, it is
shown, among other results, that the analogous statement is not true for nets: there

exist stochastically convergent nets that have no essentially convergent subnets.

The papers [24, 25, 27, 28] were originally motivated by a problem stated by
Eberhard Hopf in §17 of his classical book on ergodic theory "Ergodentheorie (Springer
1937)’. While the so-called baker’s transformation in the unit square was well under-
stood, and in particular known to be mixing, the nature of the corresponding transfor-
mation in the entire plane was hardly elucidated and the problem of its mixing
properties open.

The main contribution of [24] is twofold. Firstly, it was recognized that the natural
setting for defining mixing properties of transformations (endomorphisms) of measure
spaces with infinite total measure are topological measure spaces, not pure (abstract)
measure spaces, and the endomorphisms in question are to be not only measure
preserving but also almost everywhere continuous.

Examples come from the theory of Markov chain whose state space Z is a set
of integers such that there exists a positive invariant measure [ on Z. The measure
! together with the given transition probabilities determines a measure m on the
space X of all “trajectories’, i.e. all sequences (z,),n = 0,£1,4+2, ... with z, in Z,
topologized by the product topology where each factor Z is discrete. Then, the shift
transformation 1" in X is a homomorphism of the topological measure space (X, m). It
turns out that the strong ratio limit properties of the original Markov chain as defined
by Kai Lai Chung and Pruitt are intimately connected with mixing properties of T
Next, isomorphisms in the sense of topological measure spaces are defined as maps
that are measure preserving and almost everywhere continuous in both directions. The
second main contribution of the paper is the construction of isomorphisms between
a subset Y of the plane endowed with (infinite) Lebesgue measure and the measure

space (X, m) derived from a suitable Markov chain as above, such that, for example,
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the baker’s transformation in Y corresponds to the shift 7" in X . By applying known
results from the theory of Markov chains to T, one finally obtains a precise description

of the type of mixing including the ergodic index of the baker’s transformation.

The paper {25] deals with the question of the abundance or paucity of mixing
transformations of an infinite topological measure space (X, m) in the space of all
measure-preserving transformations of (X, m), endowed with the weak topology. Ana-
logously to the case of a finite measure m, it turns out that the set of all mixing

transformations is dense but of first category.

The isomorphisms constructed in [24] with a view of solving a specific problem then
gave rise to a general reflection on the role of topological measure spaces in integration
and probability theory. Bourbaki’s dogma that the only reasonable measure theory
is the one in locally compact spaces had already been contested because, while it is
true that the measure spaces used in the representation of stochastic processes often
have a natural topology, this topology does not make them locally compact; they are
mostly Polish spaces. Nevertheless, it was shown in [27] and [28] that these topological
measure spaces are usually isomorphic to the Lebesgue measure in the unit interval.
The isomorphisms as defined above form the natural category of isomorphisms of
topological measure spaces. They preserve neither the dimension of the space in any
sense nor local compactness. If, finally, we recall LebesgueV¥s classical theorem to the
effect that a bounded function defined in an interval is Riemann integrable if and only
if it is almost everywhere continuous, we see that the natural setting for Riemann
integration is a general topological measure space, in contrast to Lebesgue integration
that belongs to abstract measure theory. The isomorphisms defined above preserve

Riemann integrability and the Riemann integral.

In the paper {31] the method of decomposition of measures was used to solve a
problem posed by Rollo Davidson about the correlation measure g of a second order
line process in the plane. He had proved that if g is stationary (isotropic, i.e. invariant
under rotations and translations), it is also invariant under reflections provided that
it has a density with respect to the Lebesgue measure, the so-called g—function. He
had asked whether the latter assumption was superfluous; the answer given in {31] is

affirmative.

Davidson had also stated a conjecture to the effect that every non-degenerate

strictly stationary second order line process in the plane is a Cox (doubly stochastic)
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process. Much later, Olav Kallenberg constructed a counterexample but Davidson
showed that for every second order line process with stationary correlation measure
which has a density, there exists a Cox process with the same correlation measure.
This was extended in {34] to higher order point processes in a fairly general space
Xand an equally general transformation group G acting in X. Let k£ be a positive
integer. Then for any point process in X with a locally finite G—invariant k — th

moment measure there exists a Cox process that has the same k—th moment measure.

The paper {32] had already supplied some techniques needed to deal with these
problems. It also initiated the use of functional analytic methods in the theory of
point processes, to be elaborated in {41], [45] and [55]. These allow, for example, to
derive the Radon-Nikodym integrand of a point process with respect to another one
in a very simple and transparent way, and to investigate more easily certain problems

around Palm measures.

In [54] and [55] there is a proof, using conditioning arguments, of the general
'0 — 0o law’ of stochastic geometry. Given a stationary (translation invariant) point
process in R? and a positive integer k, let C' be any set of 'k—configurations’, i.e.
a subset of (RY)*, which is invariant under the ’diagonal’translation group (maps
of the form (z1,...,2%) — (21 + u,..., 2 +u)). An example: £ = 2 and C =
{(z,y) : |x —y| > 1}. Then the realizations of any stationary point process in R¢
contain are almost surely no or infinitely many configurations of C. Rollo Davidson
has treated a particular case by L?—methods for stationary second order processes

having a g—function.

Finally, problems around the statistical analysis of point processes were treated in
the book [41] and in a series of papers, in particular [44], [45], [54] and {55]. They
culminated in the construction of unbiased estimators of moments of point processes
that are only assumed to be translation invariant but not stationary; such processes

often appear in applications. The main problem is the correction of edge effects.
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